10.5 — Arc length for Parametric Curves

Recall: Formula for finding the arc length of a curve in rectangular form:

L(c) =j\/1+[f'(x)]2dx = +6)

Formula for finding the arc length of a curve in polar form:

-

B
L(c)= _[ \/[r(a)f +[r(®)] do r(e)=

New: Formula for finding the arc length of a curve in parametric form:

L(c)= j\/l:x'(t)]z + [y'(t)]zdt/
N4 v otr
—~——

Velocity and Speed (magnitude of velocity)

If the position of a particle at time t is given by
s(®) = (x(2), »(t))

then the velocity is given by
v(t)=(x'(1),y'®))

and the speed is given by

speed = ”v(t)” = \/ [x'(t)]z + [J"(t):|2




Let C be a curve in the upper half-plane (see figure). The curve can meet the x-
axis, but only at a finite number of points. We will assume that C is parametrized by a
pair of continuously differentiable functions

x=x(t), y=y0, tel[cd]

Furthermore, we will assume that C is simple: no two values of t between ¢ and d give
rise to the same point of C; that is, the curve does not intersect itself.

y C y

&

If we revolve C about the x-axis, we obtain a surface of revolution. The area of that
surface is given by the formula

d
o f 20y (VFOF + Y OF dr.
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Question 1 x' (_’t\ -1 \6—‘ ('k} - 7

You did not answer the question. 7

Find the length of the curve of x(¥) = 21t, y(t) =7t —4, fort € [0, 6].

b
b
a) 6V33 YDW A4 =L‘(’3j:’)(}\b

b) 9V53

(A
o 12V53 =\X?5‘ ‘B“=ZDV5/5

d) 1853
e) 34/53

Question 2

You did not answer the question.

Find the length of the curve of x(7) = 2 13, y(t) =4 t2 + 4, fort € [0, 1].
61 \ = 2 -
S X (£) =t y D= 34

"7 waww M—LJMW&t

122
c) 9 W= 3 (ﬂ.tz'\'(oaq
244 (r = T2k At
d) 5= _‘/ J r dM / L%
122 17—
e) 57 71 6 by
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Question 3

You did not answer the question.

Find the length of the curve of x(¢) = 3 cos(41), y(¢) = 3 sin(4 1), for ¢t € [0, 2].

X () = = (9 sn(ut) N () =12 cos( Yt)

a) 48

b) 24 f {ILMSW(%\HW&S’(#B dt
o 72
@7 S- \]\L\L\ (st + uss‘(qrt\)

d 96

Question 4

You did not answer the question.

Which of the following 1ntegrals will find the length of the curve of
x(t) = 2t—1 y(t) = t2 431, fort € [2,6]?

)&L‘k\ Ué'\ (&) 9t +3
/\/4+(2r+3) dr

6 2
/\/(Zt—1)2+(l‘2+3t> dr
2
6 2
/\/4+<t2+3t) dt
2
6
/\/(2t—1)2+(2t+3)2dt
2
6
/\/(2t+3)2+ldt
2

Question 5

You did not answer the question.

Which of the following integrals will find the length of the curve of
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x(t) = 3 — cos(t), y(t) = 6t + sin(t), fort € [3,6]?

6
a) / \/ 2 (cos(£))? + 6 cos(t) + 45 dr
3

6
b) A \/(COS(Z‘))2 + 12 cos(¢) + 37 dt

6
0 / \/10 + 12 ¢sin(0) + 3612 — 6 cos(t) dr
3

6
d) / \/ (sin())” + (61 + sin())” dr
3

6
e) / \/37 + 12 cos(?) dt
3

Question 6

You did not answer the question.

The equations x(f) = £ and y(r) = > give the position of a particle at each time ¢ from ¢ = 0 to ¢ = 3.
Find the initial speed of the particle, the terminal speed, and the distance traveled. —

(4% £2) v e (74,38) vl = ge7+ apt

85v/85 8
a) initial speed = 0, terminal speed = 2\/ 85: distance traveled =57 " 57 _‘_u m. % P ad
9+/85 85v85 8 IS [\ |
b) initial speed = 0, terminal speed = —=— distance traveled =——==— — == Va"\‘ w1
2 27 27 .‘—/ 3
85v/85 8
¢) initial speed = 0, terminal speed = 3v/85; distance traveled =——==— — ==
27 27
2 + 724
170v/85 16
d) initial speed = 0, terminal speed = 6+/85 ; distance traveled =—>57— 57
. , 3485 8585 4 J 7 lﬂ
e) initial speed = 0, terminal speed = —=— distance traveled =7 " 737

Quest,ion 7

- 3
| herast &b -fai aedt
[see £2)

o ;
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The equations x() = 3 €’ sin(r) and y(r) = 3 €’ cos(r) give the position of a particle
t = 0tot = x. Find the initial speed of the particle, the terminal speed, and

Lbﬁ_d-x-s-ta-nec-t-ra-v'c-l-ed-..\
190™ (st b+ sttt + (o2t 4 G st - Downt st )
a)  initial speed = 64/2, terminal speed = 6 v/2€”; distance traveled =6 /2 (e - 1 3 etq ‘ ¢ 9 bk -l'{

b) initial speed = 24/2 , terminal speed = 2 V2e”" ; distance traveled =3 \/ 2 (6 — 1) S‘L

each time f from

2 _
¢) initial speed = 9\2/_ , terminal speed = 9/2 v/2e” ; distance traveled =3 /2 (e” — 1)5‘)26&' 5(;!: ﬁ

T
= t
d),/ initial speed = 3v/ 2, terminal speed = 3 2e"; distance traveled =3 v2 (" — 1) A{S’t = f Nz e A"b
L] b

2 _
e) initial speed = , terminal speed = 3/2 v/2¢€” ; distance traveled =3/2 /2 (e” — 1)

2

Question 8

You did not answer the question.

Find the surface of revolution if the curve x(f) = 1> —2, y(f) = 2, fort € [0, 4] is revolved around

the x-axis.
X'({\ =1t l% ('l:

3
(22 3)
0 (57-3) 5: fop 4z da

w=t"t

(34\/ﬁ_3> Y

ANERELV R 3 S e O
34V17 2 ’ 11

i 2”( 3 ) Lhrj, W dw

Question 9

<68x/ﬁ 4
a) 7a| ——— —

[ At (2B (26)> + (2)* Ak

Wl
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You did not answer the question.
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Find the surface of revolution if the curve x(t) = 31+ 2, y(tf) = 5t, fort € [0, 4] is revolved around

the x-axis.

a) 160347 f: ALy (S’D \)7(531"' (5>z ot

b) 80v34
¢) 40V34zx
d) 80v34x
e) 40v34

Question 10

You did not answer the question.

b1
Find the surface of revolution if the curve x(f) = 5 cos(?), y(t) = 5 sin(¢), fort € [O, 3 ] is revolved

around the x-axis. 1“}

W S I (5sunt) \ 5ant + 250msH 4t

b) 257 ©
2
2 @100s f 5dir snt oK
d 50 0
Sn
e) 5
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