
Homework 12: April 5, 2017

Laplace’s Equation

1. Solve:
4u = 0, x ∈ (0, L), y ∈ (0, H)

ux(0, y) = 0, y ∈ (0, H)
ux(L, y) = 0, y ∈ (0, H)
u(x, 0) = 0, x ∈ (0, L)
u(x,H) = f(x), x ∈ (0, L).

Answer: u(x, y) = A0y +
∑∞
n=1An sinh nπy

L cos nπxL , where the coefficients are
given by: A0 = 1

HL

∫ L
0
f(x)dx, and An = 1

sinh nπH
L

2
L

∫ L
0
f(x) cos nπxL dx.

2. Solve:
4u = 0, x ∈ (0, L), y ∈ (0, H)

ux(0, y) = 0, y ∈ (0, H)
u(L, y) = g(y), y ∈ (0, H)
u(x, 0) = 0, x ∈ (0, L)
u(x,H) = 0, x ∈ (0, L).

Answer: u(x, y) =
∑∞
n=1An cosh nπx

H sin nπy
H , where the coefficients are given

by: An = 1
cosh nπL

H

2
H

∫ L
0
g(y) sin nπy

H dy.

3. Solve Laplace’s equation inside a quarter circle of radius 1 (0 ≤ θ ≤ π/2,
0 < r ≤ 1) subject to the boundary conditions listed below:

4u =
1
r

∂

∂r

(
r
∂u

∂r

)
+

1
r2
∂2u

∂θ2
= 0, 0 ≤ θ ≤ π/2, 0 < r ≤ 1

∂u
∂θ (r, 0) = 0, r ∈ (0, 1)
u(r, π/2) = 0, r ∈ (0, 1)
u(1, θ) = f(θ), θ ∈ (0, π/2)

Answer: u(r, θ) =
∑∞
n=1Anr

2n−1 cos(2n− 1)θ.

Laplace’s equation in a circle will be covered in class next week; you may want
to wait to solve this problem until then.
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