Homework 9: March 2, 2017

Wave Equation

1. (Problem 4.2.1) (a) Using the wave equation

0% 0%u
Po(x)w = TO@ + po(2)Q(,t)

calculate the sagged equilibrium position ug(z) if Q(z,t) = —g. The boundary
conditions are u(0) =0, u(L) = 0.

(b) Show that v(z,t) = u(z, t) —ug(z) satisfies the homogeneous wave equation:

Pu 0%

o2~ o

2. (Problem 4.4.1-will cover material in class on March 7). Consider vibrating
strings of uniform density pp and tension Tj.

(a) What are the natural frequencies of a vibrating string of length L fixed at
both ends?

(b) What are the natural frequencies of a vibrating string of length H which is
fixed at x = 0 and “free” at the other end? Sketch a few modes of vibration as
in Fig. 4.4.1.

3. (Problem 4.4.2) Consider the vibrations of a uniform string that satisfies:

Pu 0%

oz = g T

(a) Show that if & < 0 the body force au is restoring (toward u = 0). Show
that if @ > 0, the body force au tends to push the string further away from its
unperturbed position v = 0.

(b) Do the separation of variables when « and ¢? are constant. Analyze the
resulting time-dependent ordinary differential equation.

(¢ ) Solve the initial boundary value problem if ov < 0 with the following initial
and boundary conditions:

Ju
u(0,t) =0, u(L,t) =0, u(z,0) =0, a(x,()) = f(z).

What are the frequencies of vibration?
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