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Practice Midterm Exam 2

1. (a) Solve utt = uxx for x ∈ R, t > 0, with the initial data u(x, 0) = 2 sinx
and ut(x, 0) = 4 cosx.

(b) What is the domain of dependence of the point (x, t) = (3, 1)? Sketch
it.

(c )What are the characteristic curves (or characteristic lines) passing through
the point (3, 1) (write their equations)?

2. (a) What is the Sturm-Liouville eigenvalue problem that results from solving
the following initial-boundary value problem for the heat equation with non-
constant coefficients:

3xut = 5uxx, x ∈ (0, L), T > 0,

and with the homogeneous Dirichlet boundary data u(0, t) = 0, u(L, t) = 0.

(b) What is the sign of the corresponding eigenvalues?
(Recall: Rayleigh quotient

λ =
[−pφdφ/dx]|ba +

∫ B

a
[p(dφ/dx)2 − qφ2]dx∫ b

a
φ2σdx

, for
d

dx

(
p(x)

dφ

dx

)
+q(x)φ+λσ(x)φ = 0.)

3. Consider a linearly elastic string on length L that is fixed at one end (u(0, t) =
0), while the other end of the string is moving with a prescribed motion u(L, t) =
sin t. Is the total energy of the string conserved? Prove your statement.

4. Find the solution of the Laplace’s equation in 2D:

4u = 0, x ∈ (0, 1), y ∈ (0, 2),

subject to the following boundary data:

u(x, 0) = 0, x ∈ (0, 1)
u(x, 2) = 0, x ∈ (0, 1)
u(0, y) = sin

πy

2
, y ∈ (0, 2)

u(1, y) = 0, y ∈ (0, 2).
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