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Quiz 5 Sample

1. Consider the problem for a linearly elastic string fixed at the end points:

utt = c2uxx, x ∈ (0, L), t > 0,
u(0, t) = 0,
u(L, t) = 0,
u(x, 0) = f(x),
ut(x, 0) = g(x).

Show the details in obtaining the solution of this initial-boundary value problem using the method of sepa-
ration of variables.

2. Using what you found in problem 1, solve the following initial-boundary value problem:

utt = 4uxx, x ∈ (0, 1), t > 0,
u(0, t) = 0,
u(1, t) = 0,
u(x, 0) = 0
ut(x, 0) = 3 sin 2π.

3. Write and solve the ODEs that results from the initial boundary value problem for the damped string:

utt = uxx − ut, x ∈ (0, 1), t > 0,
u(0, t) = 0,
u(1, t) = 0,
u(x, 0) = f(x)
ut(x, 0) = 0.

Write the ”general” solution as a superposition of separated solutions un(x, t) = φn(x)hn(t) that you just
found.

4. True or false: Every solution of the wave equation can be written as a sum of a forward moving traveling
wave and a backward moving traveling wave.

5. Show that u(x, t) given by the D’Alambert formula below satisfies the wave equation utt = c2uxx:

u(x, t) =
1
2

[f(x− ct) + f(x+ ct)] +
1
2c

∫ x+ct

x−ct

g(s)ds.

Hint: Use d
dx

∫ f2(x)

f1(x)
g(s)ds = f ′2(x)g(f2(x))− f ′1(x)g(f1(x)).

In fact, more generally, the following holds:

d

dx

∫ f2(x)

f1(x)

g(s, x)ds = f ′2(x)g(f2(x))− f ′1(x)g(f1(x)) +
∫ f2(x)

f1(x)

∂g

∂x
(s, x)ds.
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