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The words democracy, socialism, freedom, patriotic, realistic, jus-
tice, have each of them several different meanings which cannot be
reconciled with one another. In the case of a word like democracy,
not only is there no agreed definition, but the attempt to make one is
resisted from all sides. It is almost universally felt that when we call
a country democratic we are praising it: consequently the defenders
of every kind of regime claim that it is a democracy, and fear that
they might have to stop using the word if it were tied down to any
one meaning. [19, p. 162] —George Orwell

The word “proof” changes its meaning, just as the word “chess”
changes its meaning. By the word “chess” one can mean the game
which is defined by the present rules of chess or the game as it
has been played for centuries past with varying rules. [22, p. 39]
—Ludwig Wittgenstein

Abstract
Philosophy is here conceived as an investigation into alternative courses
of action and of the reasons for and against each. Philosophy can be rele-
vant to the practice of mathematics—even though much prominent work
in the philosophy of mathematics does not seem to be.

1 Introduction

Paul Benacerraf, a well-known philosopher of mathematics, recently wrote:
“The philosophy of mathematics is ...philosophy without the sugar coating
of a pretense to Relevance to Life.” [2, p. 10] There is good reason to believe
that the philosophy of mathematics has not been relevant to the practice of
mathematics. My own view is that the philosophy of mathematics can be rel-
evant to the practice of mathematics. I discuss these claims in the following
essay.

These claims cannot be defended without clarifying how the phrase “phi-
losophy of mathematics” is used. A single word or phrase can, of course, have



more than one use. This fact is important enough that I will illustrate it with
a pair of examples. Consider the words “smith” and “liberalism.” The word
“smith” can serve both to name some particular person and to specify those
people with certain metalworking skills. The economist Milton Friedman once
fretted about how the use of the word “liberalism” had changed—that its pre-
dominant use had been to name a political philosophy which is fundamentally
wary of the State, while the term had since come to be predominantly used to
name a political philosophy which embraces the State. If he is right, we would
say that the word “liberalism” is used to name (at least) two distinct concepts.

There is every reason to believe that the word “philosophy” is used in dis-
tinct, if related, ways. The word “philosophy,” is sometimes defined as “the
love of wisdom;” it can be taken to describe the investigations of figures like
Socrates and Nietzsche; or to those of contributors to journals like The Journal
of Philosophy; or to the writing of books classified as “Eastern Philosophy” in a
large bookstore; or to the methods a basketball coach uses to prepare his team
(a “coaching philosophy”). Do these uses of “philosophy” all name the same
concept? I doubt it. It would be difficult for any explanation to encompass both
Socrates’ investigations and certain practices from “Eastern Philosophy” which
seem antithetical to rational investigation. I will use “philosophy” to specify
the investigation of the alternative courses of action available to a person in a
given situation and of the reasons for and against each. This use, I claim, agrees
with a wide variety of its ordinary uses. Socrates’ investigations, for instance,
can be described as belonging to the activity I use the word to name.

Those discussions of Socrates with his fellow Athenians (and recorded by his
student Plato) are often remembered principally as investigations of various ab-
stract concepts such as “justice.” If these investigations involve proposing and
considering various definitions and the reasons for and against accepting them
then my definition of “philosophy” applies to these investigations with great
ease. It is worth noting that Socrates’ investigations could be very relevant to
the lives of the participants of his discussions—himself included. For instance,
to characterize his well-known dialogue with Euthyphro [20] merely as an inves-
tigation of the concept of “piety” is to ignore the relevance of the investigation
to Euthyphro’s life: Euthyphro faced a decision of whether to prosecute his own
father for the murder of a servant or to pursue some alternative course of action.
His reason for favoring prosecution was that this course of action was “pious.”
Socrates’ investigation may have led him to reconsider his intended action. His
investigation, it is worth noting, might better be described not as an investiga-
tion of the concept of “piety” but as one of the concept Euthyphro named by
that term. (An investigation of the concept which some other Athenian used
the term “piety” to name may have had different results.)

The term “philosophy of mathematics” also has distinct uses. I will use this
term in the way that I use the term “philosophy” when applied to the activities
of a mathematician: that is, it is the investigation of alternative mathematical
practices and of the reasons for and against these practices. Defined in this way,
it is the nature of the philosophy of mathematics to be relevant to the practice
of mathematics. Given the variety of uses in which a term may be employed,



there always remains some danger of ambiguity. Sometimes the intended use
should be clear from the context. At other times the term may be enclosed
with quotation marks to remind the reader of the importance of the term in
its current context—and the importance of distinguishing this use from other,
possibly incompatible, uses.

In the first of the four following sections I discuss a pair of examples which
are meant to provide an idea of the kind of investigation I propose for the
philosophy of mathematics. In the second section I explain why this philosophy
of mathematics is more likely to be relevant to the practice of mathematics than
certain more familiar pursuits are. The next section addresses whether any good
reasons exist for a mathematician to consider any practices alternative to the
most widely accepted ones. Some reasons may be found in considering the
relationship between mathematics and the natural sciences. In the final section,
I discuss the pursuit of the philosophy of mathematics in light of the desire that
philosophy be continuous with investigation in other fields.

2 Investigating Mathematical Practice

A mathematician’s practice can be described essentially as the adoption (or
rejection) of various mathematical theories he encounters, the conjecture of the-
orems in the adopted theories, and the deduction of theorems in these theories.
A theory is represented by certain sentences in a certain vocabulary (the lan-
guage of the theory). Just as a word can be used in different ways, so can a
sentence be used in different ways. We say sentences represent propositions. So
a single sentence can be used to represent multiple propositions. The sentence
“6 + 7 = 17, for example, represents a different proposition in the theory of
natural numbers than in the theory of natural numbers modulo 12.

A theory is specified by certain initially given sentences together with a prac-
tice for deducing propositions from the propositions these sentences represent.
These propositions are the theorems of the theory. In the case of the sentence “6
+ 7 =1, it represents a theorem of the theory of natural numbers modulo 12,
but not one of the theory of natural numbers. The practice of deducing theorems
from given theorems may be represented by rules for forming sentences that rep-
resent a deduced theorem from sentences which represent accepted theorems.
The proof of a theorem may be represented by a sequence of sentences: initial
sentences representing accepted theorems followed by sentences representing
theorems which can be deduced from the previously represented theorems—the
last sentence in the sequence represents the proved theorem.

Two theories are different if there is a theorem in one that does not belong to
the other. Of course, at any moment each theory is represented by only a finite
number of sentences—there may be theorems which have never been deduced
and represented by sentences. If a theorem is known to belong to one theory
but not another, the theories may nevertheless be the same—if the theorem
can in fact be deduced in the latter theory. Two theories may, at a given
moment, be represented by exactly the same sentences and, yet, the theories



may be different—if the proof practices of one of the theories is stronger than
that of the other. Even when two theories are different, interesting relationships
between the two may exist—for instance, the theories may nontrivially intersect.

A mathematician may face choices between competing theories. Consider
the following two types of choices (among others). One type is the choice be-
tween two theories in which every sentence known to represent a theorem of
one also represents a theorem of the other—these theories may or may not be
different. How should a mathematician choose between them? This question
was faced by mathematicians at the turn of the twentieth century: at least two
theories of Euclidean geometry existed—one whose proof methods were ancient
and diagram dependent, and another whose modern proof methods made no
appeal to diagrams.

Another type of theory-choice is that between two theories which are different
but for which a mathematician’s interest in each case depends only on a certain
subtheory—and every sentence known to represent a theorem of one subtheory
represents a theorem of the other. Are the subtheories the same? Which theory
should be adopted? Mathematicians in the first half of the nineteenth century
faced the question of whether or not to replace the theory of the real numbers
based on the geometric conception of the continuum with one based on an
arithmetic conception of the continuum. Both theories shared a subtheory that
included certain theorems considered essential to the theory of real numbers
and which were represented by the same sentences. Both theories contained
theorems, for instance, represented by the sentence: “Every bounded, increasing
sequence of real numbers converges to some real number.”

There are many other types of choices between theories. One which I will
not discuss is that between a theory and its extension by a single statement—for
instance, the choice between graph theory and graph theory appended with the
Four Color Theorem. Are these theories the same? If not, which should be
adopted?

The first of the two examples I discuss regards competing theories of Eu-
clidean geometry. From a core set of definitions, common notions and axioms
Euclid deduced the geometric propositions bequeathed by his predecessors to-
gether with many original ones. What follows are examples of the axioms (also
called “postulates”) Euclid employed, the statement of one of his propositions,
and the beginning of its “proof” (that is, of the representation of a practice
employed by Euclid which the term “proof” is used to name).

Let the following be postulated:

1. To draw a straight line from any point to any point.

3. To describe a circle with any center and distance. [7, vol. 1,
p. 154]

Proposition 1. On a given finite straight line to construct an equi-
lateral triangle.

Let AB be the given finite straight line. Thus it is required to
construct an equilateral triangle on the straight line AB. With center



Figure 1: Do you see the point here?

A and distance AB let the circle BCD be described; again, with
center B and distance BA let the circle ACE be described; and from
the point C, in which the circles cut one another, to the points A, B
let the straight lines CA, CB be joined. ...[7, vol. 1, p. 241]

Euclid’s proof provides instructions for constructing a figure. (Fig. 1) corre-
sponds to the result of this construction.

Leibniz claimed that this proof is awed. He criticized Euclid for using
intuition to deduce existence of the point C where the two circles intersect. [15,
p- 1006] Morris line, in his history of mathematics, reports that Leibniz worried
that, although the two circles appear to intersect, they might not: perhaps there
is an imperceptible gap in one of the circles in the place where our intuition says
they meet.

Towards the close of the nineteenth century, various mathematicians—but
most famously David Hilbert—proposed new courses of action in response to
this and other problems. They proposed new representations of Euclid’s theory.
Hilbert, for instance, adopted a different and larger set of axioms as well as gen-
eral deductive practices—practices common to many areas of mathematics—
instead of ones idiosyncratic to geometry. The new geometric practices sup-
planted those passed down from Euclid. What follows are statements of one of
Hilbert’s axioms and one of his propositions together with the beginning of his
“proof” of the proposition.

A TIOM II, 2. For two points A and C, there always exists at least
one point B on the line AC such that C lies between A and B.

THEOREM 3. For two points A and C there always exists at least
one point D on the line AC that lies between A and C.
PROOQF. By Axiom I, 3 there exists a point E outside the line AC,



and by Axiom II, 2 there exists on AE a point F such that E is a
point of the segment AF ...[14, pp. 5-6]

Notice that Hilbert does not provide instructions for constructing a diagram.
The construction of points is replaced by the assertion of their existence. (While
they have no essential use, he does use diagrams as aides.)

Neither Leibniz nor Hilbert suggested that mathematicians abandon any
theorems of Euclidean geometry. They were only critical of Euclid’s method of
proof. Leibniz claimed that the diagrammatic proof of Euclid’s Theorem 1 is
“unrigorous.” Leibniz worried about whether the point  of the intersection
of the circles whose existence is appealed to in the proof does in fact exist.
Consider, in contrast, Hilbert’s proof of his Theorem 3. As he asserts the
existence of points free of appeal to any diagram, one can presume that this
proof would have allayed Leibniz’s worries. Furthermore, it might be said that
the rules for Euclidean proofs are not explicit, whereas Hilbert’s can be expressed
very simply. The following is representative: Given a theorem represented by
a sentence of the form “If P then ” and another theorem represented by the
sentence “P” then the sentence “ ” represents a theorem (modus ponens).

Hilbert is said to have specified a “formal system.” The most important
claim here is that Hilbert’s proof practices can be completely and unambiguously
represented by rules: in fact, specified in such a way that a computer could be
programmed to derive every theorem of the theory. As the example of Euclid’s
Proposition 1 showed, Euclid’s representation of his theory’s proof practices was
incomplete: he gave no explicit rule for the practice of deducing the existence
of a point at the intersection of two lines. Hilbert claimed that the sentences
he used to represent his system were “uninterpreted.” However this claim is
explained, his sentences nevertheless represent propositions. This is obvious as
they stand in a relation to each other and the specified proof practices. Any
of Hilbert’s sentences would have a different function in the representation of
a different theory. Furthermore, words like “point” and “line” name concepts.
The specification of Hilbert’s system specifies conditions for the concepts: for
instance, one necessary condition that something fall under Hilbert’s conception
of a “point” is that it is not a nondegenerate “line.”

Hilbert’s proof practices are not, in fact, completely represented by rules.
Given the theorems represented by the sentences “If A then B” and “A)” it
follows that the sentence “B” represents a theorem by the rule for modus ponens.
Of course no matter how many rules are given in representing a theory’s proof
practices, the practice of using the explicitly given rules is not represented (a
point suggested, if not explicitly made, in Lewis Carroll’s famous logic parable
“What the Tortoise Said to Achilles” [1 , pp. 2402 2405]). Note that when
we apply even a well-practiced rule like that of modus ponens, for instance
to deduce the theorem “B” from the previously mentioned theorems, there is
reason to believe that some sort of intuition was involved—before the rule can
be applied one must first conclude that the sentence representing the theorem
“If A then B” has the “form” of “If P then .” When does a sentence have
the same form as another? This seems like a task for the scorned “geometric



intuition.” Hilbert’s proof practices are not essentially clearer than Euclid’s.

There are other criticisms of the proof methods Euclid employed in his theory
of geometry. line, the historian, claims that Euclid’s methods can be used to
“prove” false propositions, for instance, that all triangles are isosceles. line
considers a triangle ABC and he draws lines to represent the bisector of the
angle A and the perpendicular bisector of side BC. He does not employ Euclid’s
methods though in constructing these lines. Euclid proved these bisectors can
be constructed—and he constructs them in this way when they are required
for other proofs. line, in contrast, does not construct them—he guesses their
rough location and draws them in. These lines he’s drawn are not the bisectors—
the bisectors are the results of a construction according to the practice I was
taught. lein, if he were ever taught such constructions, could not have been
taught otherwise. As line does not employ Euclid’s proof practices, he has no
difficulty deriving false propositions.

line then provides a second “proof” in which he purports to avoid the errors
of the aforementioned one. Here he requires two lines perpendicular to given
lines and, duplicating his previous error, he merely draws them in rather than
construct them. construct the perpendiculars. As he fails to follow the relevant
proof practices, it is no surprise that he derives a second false proposition. Of
course, even had line constructed these lines as required, he could have erred
and drawn the lines he did when he eschewed the rules of Euclidean proof. What
would the difference be? Either way he draws the same diagram. The difference
is that, in his original proof, he drew arbitrary lines. In this last case, while
the lines are wrong they are not arbitrary—they can be corrected. There is a
standard which differentiates the latter proof from the former.

We turn now to the second example of competing mathematical practices.
We consider two theories in which the following sentence represents a theorem:
every bounded increasing sequence of real numbers has a limit (call it “Bolzano’s
Theorem”). A “proof” which depends on a geometric conception of the contin-
uum may be sketched as follows. We assume the real numbers correspond to
the points on a straight line. The sequence is then represented by a sequence of
points on this line. Suppose the sequence begins with the point . Let the point

on the line be an upper bound of the sequence. The point is to the left of .
Note that every point to the right of is also an upper bound. Consider all the
points which are upper bounds. Clearly they form a connected line segment.
The segment cannot be the entire line as it cannot extend left beyond . There
is a point  which divides the line into two pieces, one of which is the segment
of upperbounds. can be shown to be the limit of the sequence.

This is a “proof” of Bolzano’s Theorem in a theory of real numbers where
the reals are conceived geometrically. Nineteenth century mathematicians such
as Bernhard Bolzano railed against this conception and sought an “arithmetic”
conception of the reals. In 1 17 he wrote:

[I]t is an intolerable offense against correct method to derive truths
of pure (or general) mathematics (i.e. arithmetic, algebra, analysis)
from considerations which belong to a merely applied (or special)



part, namely, geometry. [5, p. 160]

Later in the century Richard Dedekind, who shared Bolzano’s antipathy to
the geometric theory of the real numbers, wrote:

...I...felt ... the lack of a really scientific foundation for arithmetic.
... |E]specially in proving the theorem that every magnitude which
grows continually, but not beyond all limits, must certainly approach
a limiting value, I had recourse to geometric evidences. ...I made
the fixed resolve to ... find a purely arithmetic and perfectly rigorous
foundation for the principles of infinitesimal analysis. [6, pp. 1-2]

Dedekind defined a “Dedekind cut,” a certain division of the set of rationals into
two subsets. He showed that, with certain definitions of operations on these
cuts, the system exhibits features analogous to the real number system. He
then identified the cuts with the real numbers, asserting that these correspond
exactly with the points of the continuum. The following statements sketch the
idea of Dedekind’s proof of Bolzano’s theorem: The set of rational upper bounds
of the sequence can be shown to define a cut. This cut defines a real number
which is the limit of the sequence.

Neither Bolzano, Dedekind, nor any other critic of proofs like the geomet-
ric proof of Bolzano’s theorem expressed any doubt that the theorem should
be used in scientific application. The choice mathematicians faced was not be-
tween whether or not to adopt the sentence representing Bolzano’s Theorem,
but between whether to adopt one theory of the real numbers or another.

Bolzano and Dedekind both opposed the geometric conception of the reals.
They claimed that proofs in the geometric theory of the reals are not “rigorous.”
Why is Dedekind’s proof of Bolzano’s Theorem rigorous, while the geometric
proof is not? Is it because the existence of the point  depends on our vision,
or on the physical properties of the physical line? It can’t—not anymore than
the current position of a chess game we’re playing depends on our vision or
on physical properties of the pieces and the board—the current position does
not depend, for instance, on whether or not a breeze has shifted the pieces
(I have a pawn on 4 whether or not the physical pawn representing it has
moved.) What then is the difference? It might be said that the difference is
that, while both “proofs” accord with certain rules, the rules in the case of an
arithmetic proof are explicit, whereas those in the geometric case are implicit
in our practice—that is, our practices may not always be in agreement—we
may disagree as to what the rules are. There is no practical difference between
disagreeing about what the rules are and disagreeing as to the application of
the rules, that is, as to how they are used. Are the rules for an arithmetic proof
really more clear than for a geometric proof? Is the existence of the point in the
geometric proof which divides the line into two, the segment of upper bounds
and the rest of the line, any more doubtful than the existence of the point
which follows from the Completeness Principle, the assertion that every point
of the continuum corresponds to a unique Dedekind cut? The Completeness
Principle isn’t proved any more than any geometric rules are. The ordinary



reason adduced for adopting an arithmetic theory of the real numbers rather
than the geometric theory is not very compelling.

The investigations of this section suggest that philosophy can be relevant to
the practice of mathematics, and that a philosopher may uncover alternatives
and reasons that a mathematician hadn’t before considered. More careful in-
vestigations would report all previously advanced alternatives and reasons. Still
better investigations would advance original alternatives or reasons.

ruth and no ledge

I will now make a few remarks on the relevance of a more common investigation
to the practice of mathematics.

Recall that I am using “philosophy of mathematics” to specify the inves-
tigation of alternative mathematical practices and their reasons. I will use
“Fregean philosophy of mathematics” to specify certain more familiar investiga-
tions characterized by the investigation of the natures of “mathematical truth,”
of “mathematical knowledge,” and of the natural numbers. Such investigations
were prominent in the last century and can be said to have been initiated by
Gottlob Frege just prior to the onset of that century.

Frege was a mathematician by profession. Nineteenth century mathematics
is often remembered for its pursuit of “rigor.” Many areas of mathematics were
said to be inadequate in one way or another. Much work was done to find suit-
able concepts and methods that would capture and replace the defective ones.
Frege was a product of this age and the work for which he is now remembered
was done in conjunction with his pursuit of a “rigorous” theory of arithmetic
(the theory of natural numbers).

Frege presented statements and rules which represented basic theorems or
axioms in his theory of arithmetic together with the means of deriving others.
His axiom-statements were different from the statements in other existing rep-
resentations of arithmetic. He also proposed definitions to transform certain
statements into more familiar ones. Frege intended his axioms to be “self-
evident” and his deduction rules to be obviously “valid”—so that a mathemati-
cian employing his theory of arithmetic would always be justified in asserting
its theorems.

Frege presumably intended his pursuit of “rigor” to be a natural extension
of the work of contemporaries like Dedekind. While mathematicians saw reason
to adopt Dedekind’s analytic practices, for instance, they did not see reason to
adopt Frege’s arithmetic practices. That is, they did not accept Frege’s work as
an addition to their work on “rigorizing” mathematics. This suggest they had
a different concept of “rigor” than Frege did.

Frege proposed his alternative practice of arithmetic not only because it
was more rigorous than the existing practice but also because he thought it
would be instrumental in explaining the nature of “mathematical truth” and the
nature of the natural numbers. The questions he investigated have proven to be
very in uential. It is debatable whether Frege was motivated by any genuinely



mathematical concern. Whatever the case may be, most of the subsequent work
on Frege’s questions suggested no hint of any mathematical motive.

Paul Benacerraf has written two of the best known and in uential con-
temporary articles in the Fregean philosophy of mathematics. [3, 1] One of
these, “Mathematical Truth,” is famous for having posed Benacerraf’s Dilemma:
namely, given that accounts of the nature of “mathematical truth” and “math-
ematical knowledge” satisfy certain criteria, the success of either seems to pre-
clude the success of the other. An account of the nature of “mathematical
truth” is meant to explain what it is that makes certain mathematical proposi-
tions “true.” An account of the nature of “mathematical knowledge” is meant
to explain how it is we can “know” certain “truths” of mathematics.

It is not just pedantic, by the way, to continue setting off various terms with
quotation marks—this serves to remind the reader that one must be careful
to distinguish between different uses of the term. Mathematicians commonly
use the term “true,” for instance, in con icting ways. For some, “true” is used
to name a concept which applies to the axioms (among other propositions) of
their mathematical theories. For others, “true” is not used in this way—but to
name a concept which applies only to the propositions that follow from their
axioms. Interestingly, these con icting uses are typically of no significance to
the practice of mathematics.

Are accounts of “mathematical knowledge” and of “mathematical truth” rel-
evant to the practice of mathematics? How should a choice between competing
mathematical practices be made? The reasons for and against choosing each
are relevant. There are a plethora of sociological and psychological reasons for
choosing certain practices over others. A practice may be adopted for the sim-
ple reason that it is already accepted by one’s colleagues, or for the reason that
its use is required in order to achieve tenure, or an increase in salary or in the
mathematical standing of the practitioners of some field. A practice may be re-
jected for the reason that it may invite undesired scrutiny and possibly criticism.
Are there mathematical or scientific reasons to adopt or reject a mathematical
practice? An obvious reason to reject a mathematical practice is that it leads
to inconsistent propositions. There are also other reasons which are specific to
certain mathematical and scientific aims.

What possible relationship exists between a mathematical practice and ac-
counts of the nature of “mathematical truth” and of “mathematical knowledge”?
Suppose a mathematician considers adopting some new proposition (that is, of
adopting a new theory formed by appending its statement to the representation
of a theory he already employs).

Even if “knowledge” of the “truth” of a proposition is a reason for him to
adopt it, accounts of “mathematical truth” and of “mathematical knowledge”
may be of no use to him. Should he adopt ? He might first determine whether

satisfies the requirements specified in his reason—that is, that he “knows”
the “truth” of . If he is pursuing any mathematical (or scientific aims) he will
encounter the following problem: how is the fact that he “knows” that is “true”
relevant to the pursuit of his mathematical aims? Will adopting help advance
his aims? Or maybe they will be advanced if he rejects ? Either the accounts
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of “mathematical truth” and of “mathematical knowledge” are irrelevant to
answering this question or they will be of assistance. If they are relevant, the
accounts must specify some reason which explains why adopting (or rejecting)

will advance his mathematical aims. But—if he had such a reason—he could
have adopted at the outset—without ever appealing to the accounts of the
nature of “mathematical truth” and of “mathematical knowledge.” That is, any
such accounts would be irrelevant.

Philosophical investigations of the type sketched in the previous section
seem more relevant to the practice of mathematics. I will now elaborate on
some claims I made in that section. I claimed that various practices were
competitors—for instance Euclid and Hilbert’s geometric practices. Mathemat-
ical practices compete with respect to the aims they can be said to advance.
So a claim that certain practices compete should be accompanied by the spec-
ification of the relevant aims. The aim underlying the aforementioned pair of
geometric practices might be the pursuit of a “rigorous” theory of Euclidean ge-
ometry. If two practices share an aim as well as a vocabulary then these shared
terms are typically used to name the same concepts. Given two practices which
are not taken as competitors then, it should not be assumed that their common
vocabulary is used to name the same concepts. If two practices do not compete,
there may be reason to pursue both—regardless of their apparent similarities
(in vocabulary, etc.).

In the next section I will discuss one further example of mathematical prac-
tices which can be viewed as competitors, as advancing the same aim—mnamely,
the pursuit of questions in the natural sciences.

Mathematics and the atural ciences

Mathematicians may face real choices between mathematical practices. In fact
they are probably encountered in the course of most mathematician’s work.
Consider the practices of “constructive” mathematicians (or “constructivists”)
and of their dominant rivals, “classical” mathematicians. This example sug-
gests, at least, that many mathematicians should re ect on their aims—that
the unre ective adoption of the common practices of one’s teachers and imme-
diate colleagues may not best serve one’s aims.

The following sentence represents a “theorem” —of classical mathematics but
not one of constructive mathematics. There exist two irrational numbers and

such that  is rational. One classical proof goes as follows:

Take 2 . It is either rational or it is irrational. If it is rational,
take = = 2. If it is irrational, take it as and 2= . [21,
p. 161]

Constructive mathematicians reject at least the first statement of this “proof”
together with the form of reasoning applied in it. Such dissenters have existed for
at least eighty years and are spiritual descendants of L. E. J. Brouwer and Intu-
itionism. While many mathematicians have expressed sympathy for Construc-
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tivism, few have actually converted to its practices. Other mathematicians—
including Hilbert and G. H. Hardy—have found constructivism threatening.
Hardy, for instance, wrote:

[O]rdinary mathematics has a good deal at stake ... These contro-
versies have seemed to threaten methods which we have used with
confidence for nearly one hundred years. [11, p.2]

Errett Bishop, the best-known recent constructivist, seems to give life to
Hardy’s fears:

Theorem after theorem of classical mathematics ...is ...not con-
structively valid. Some instances of this are: the theorem that a
continuous real-valued function on a closed, bounded interval at-
tains its maximum; the fixed-point theorem for a continuous map of
a closed cell into itself; the ergodic theorem; and the Hahn-Banach
theorem. [4, pp.11 12]

How could a mathematician even consider some amputated version of mathe-
matics? What reason could there be to abandon these familiar theorems? On
the other hand, why are these theorems significant? Perhaps Hardy was only
expressing his attachment to the familiar?

The best-known difference between the practice of constructive mathemati-
cians and that of classical mathematicians is in the “logic” they employ: that is,
the rules they use to deduce new propositions from previously adopted ones. In
short, classical mathematicians rely on the Law of Excluded Middle and Proof
by Contradiction, whereas constructivists eschew them; and these groups differ
significantly regarding the deduction of existence sentences. For any mathemat-
ical proposition represented by the sentence , a classical mathematician will
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or not- .” Thus he will employ “ 2 is rational or it is
not (it is irrational).” The constructivist will not employ this sentence. Gen-
erally, the constructivist will use sentences of the form “ or ” only if he has
either a proof of the proposition which represents or one of . Specifically, he
will use “ or not- ” only if he has a proof of or of its negation. He cannot

use the sentence

use the sentence “ 2 is rational or it is not” unless he has either a proof of

the proposition represented by the sentence “ 2  is rational” or of “ 2 is
irrational.” Classical mathematicians will use the sentence given a proof of
the proposition represented by the sentence “not-not- ”—a rule fundamental
to the method of proof by contradiction. The constructivist will not. Given a
proof that 0 = 1 can be derived from , he will adopt not- . To him not-not-
means only that 0 = 1 can be derived from not- . The classical mathematician
will derive an existential proposition from the negation of universal one. The
constructivist will not—he will use an existential sentence if he knows the con-
struction of a specific object that satisfies the requirements of the proposition
the sentence represents.
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On what grounds can a mathematician make a choice between these prac-
tices? What reasons are there for and against each? The constructivists’ “logic”
is obviously weaker than that of classical mathematics—this suggests there are
theorems which can be proved with classical mathematics though not with con-
structive mathematics. These include the theorems Bishop claimed (in his quote
on the previous page) were not constructively valid.

The situation of classical mechanics at the end of the last century is in many
ways relevant to these questions regarding classical versus constructive math-
ematics. The nineteenth century physicist Heinrich Hertz, in the Introduction
to his Principles of echanics, specified his criteria for deciding among rival
scientific systems, that is, for deciding among certain competing practices in
the natural sciences. His three criteria were that the system be consistent, that
it successfully represent the phenomenon it was designed to model, and that it
be clear and simple. [13, pp. 324 325] There were, in fact, competing practices.
Hertz discussed the Newtonian system of mechanics—with space, time, force,
and mass as its primitive concepts—and the Hamiltonian system—with space,
time, energy, and mass as primitives. With respect to his criteria, Hertz found
fault with both these systems. Hertz recognized that practitioners of these
mechanical systems avoided the pitfalls he identified—mnevertheless, he thought
scientists should not settle with awed systems which they had thus far used
without error; un awed systems should be preferred as well as sought out.

Hertz’s specification of his criteria served two purposes: it served to clarify
his own reasons for favoring one scientific system over a rival and it served to
help him formulate a previously unconsidered course of action—he proposed a
new system of mechanics to compete with the existing ones he had criticized.
Hertz’s system—with space, time, and mass as primitives—was, in his own view,
free of the aws of the Newtonian and Hamiltonian systems while retaining their
essential virtues. In clarifying his reasons, Hertz can be viewed as pursuing the
Socratic injunction to “know thyself.” Insofar as we humans value deliberative
action over nondeliberative action, there are reasons to respect Hertz’s choice
of a system of mechanics, idiosyncratic as it was, over the choice made by those
who refused to consider any system other than what they had been taught—
those who might even dogmatically believe that the system they employ had
already obtained perfection.

For Hertz one of the most important reasons to develop mechanical sys-
tems stems from their applicability to the making of predictions about physical
phenomena. His Introduction to his Principles of echanics begins:

The most direct and in a sense most important problem that our
conscious knowledge of nature should enable us to solve is the antic-
ipation of future events, so that we may arrange our present affairs
in accordance with such anticipation. [13, p. 323]

Hence, systems of “mechanics” are competitors insofar as they can each be
employed in the deduction of predictions from the same physical descriptions.
Insofar as one is not interested in the application of “mechanics,” one could
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view the three systems of “mechanics” Hertz compared as distinct—as different
from one another as psychology is from astronomy.

Is constructive mathematics a competitor of classical mathematics—as Hardy
implied—or are these systems which mathematicians develop in the pursuit
of disjoint objectives? Just as with the case of Newtonian, Hamiltonian and
Hertzian mechanics, the answer is relative to the practices of each individual
researcher. What a mathematician seemingly faced with a choice between con-
structive and classical practices may find is that, with respect to his own mathe-
matical goals, they are not competitors at all—that there are reasons to pursue
both—one toward certain aims, the other toward other aims—it is nothing but
an oddity that these mathematical practices employ the same language. Inso-
far as mathematicians’ ultimate aims are grounded in the sciences, constructive
and classical mathematics are competing practices—both can be used as in-
struments for deriving new scientific propositions from the same set of given
ones—propositions which involve “real numbers” and other “shared” objects of
these theories.

Insofar as constructivism is a competitor of classical mathematics, what rea-
son is there to adopt one practice rather than the other? Does Hardy’s concern
regarding constructivists’ rejection of various theorems of classical analysis and
of its deductive weakness carry over to a concern regarding any loss of predic-
tive power among scientists who utilize constructive mathematics as opposed to
those who utilize classical mathematics?

The effects of the adoption of constructive mathematics and the abandon-
ment of classical mathematics among natural scientists has never been investi-
gated with any care. There hardly exists anything more than general statements
specifying areas of mathematics required in current scientific practice. Solomon
Feferman has, for instance, made the following claim:

[In general terms one can say that [science] makes primary use
of mathematical analysis on Euclidean, complex, and Riemannian
spaces, and of functional analysis on various Hilbert and Banach
spaces. Any logical foundation for scientifically applicable mathe-
matics should, at a minimum, cover all of 19th century mathematical
analysis of (piece-wise) continuous functions on the former kind of
spaces and should then go on to cover the theory of (Lebesgue) mea-
surable functions and basic parts of 20th century functional analysis
on the latter spaces. [ , p. 443]

nfortunately, he does not explicate this claim. Explicating this claim would
be one example of the kind of work that can be done to advance the investi-
gation of questions originating in mathematical practice. Why are Lebesgue
measurable functions, for instance, required for the practice of natural science?
Careful work on such questions should provide specific examples of the utiliza-
tion of Lebesgue measurable functions by scientists—including the predictions
they are used, directly or indirectly, to make. Given specific examples, one can
then investigate whether the prediction could in fact have been made without
employing Lebesgue measurable functions.
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Returning to a mathematician’s choice between constructive and classical
practices, such a careful, concrete examination of the use of constructively in-
valid classical theorems would be useful. When Bishop claimed that “the theo-
rem that a continuous real-valued function on a closed, bounded interval attains
its maximum; the fixed-point theorem for a continuous map of a closed cell into
itself; the ergodic theorem; and the Hahn-Banach theorem” are not construc-
tively valid, one would like to know e actly how these sentences are used, directly
or indirectly, in making predictions. Are there predictions that can only be made
by utilizing classical as opposed to constructive mathematics?

Some mathematicians may weigh a variety of criteria in choosing between
competing practices. Hertz’s criteria for judging competing scientific theories
were not restricted to their predictive value. One of his values was for theories
presented as simply and clearly as possible. He was critical, for instance, of
the Newtonian and Hamiltonian systems of “mechanics” for adopting super u-
ous primitive concepts. The system he proposed adopted neither “force” nor
“energy” as primitives. Simplicity was not merely some aesthetic concern for
him—the simpler the system the easier it is to evaluate it with respect to his
other favored criteria.

Mathematicians may also include simplicity among their own criteria for
judging competing mathematical practices. Suppose for instance that Lebesgue
measurable functions are not required in order to make any predictions—that
in every instance they are used other tools can be used to derive the predictions
they had been used to make. Nevertheless, these alternative derivations may
be unbearably cumbersome in comparison to those using Lebesgue measurable
functions. There is a sense in which their use yields a simpler system.

There are also senses, with respect to the application of mathematics in the
sciences, in which constructive mathematics is a simpler system than classical
mathematics. Suppose a mathematician seeks a solution to some given par-
tial differential equation (PDE) representing some physical situation. Suppose
classical mathematicians have proved that a solution exists, but that the proof
provides no construction of the function—and that the proof is constructively
invalid. The classical result can be used to deduce that a function exists whose
PDE is the one representing the physical situation. This, of course, is super u-
ous: the existence of the function is given in the physical situation. The classical
result adds nothing more.

Philoso h and Mathematics

Does the practice of investigating alternative courses of mathematical action
compete with the practice of investigating the nature of concepts like “mathe-
matical truth” and “mathematical knowledge”? (That is, do the pursuits which
T've termed “philosophy of mathematics” and “Fregean philosophy of mathe-
matics” compete?) This depends on the specific investigator and what he aims
to achieve in pursuing such investigations.

Some philosophers see their aims as coincident with those of science; others
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see their aims as independent. The nineteenth century physicist Ernst Mach
once claimed that there is a pattern in the historical relationship between a
“special science” (such as mechanics) and philosophy: at the inception of the
science, philosophical and scientific work are not distinguished; then, as the sci-
ence matures, philosophical and scientific work diverge. Mach warned scientists
that, despite the apparent irrelevance of much of the philosophical work of his
day, it would be a mistake to reject altogether philosophical pursuits and their
results. The reason he gave was that many of the incipient ideas that grew into
central concepts of science were the result of philosophical investigations. He
also claimed—without providing any examples—that philosophers have uncov-
ered “errors” which scientists should avoid.

[T]he seeds of thoughts which still fructify the soil of special research
[e.g., the natural sciences]|, such as the theory of irrationals, the
conceptions of conservation, the doctrine of evolution, the idea of
specific energies, and so forth, may be traced back in distant ages to
philosophical sources. Furthermore, to have deferred or abandoned
the attempt at a broad philosophical view of the world ...is quite
a different thing from having never taken it at all. The revenge of
its neglect, moreover, is constantly visited on the specialist [e.g., a
scientist] by his committal of the very errors which philosophy long
ago exposed. [16, p. 260]

Mach believed that philosophy, as it is generally pursued, was becoming less
estranged from the “special sciences” —even that one day their aims would again
be indistinguishable.

[P]hilosophy can consist only of mutual, complemental criticism, in-
terpenetration, and union of the special sciences into a consolidated
whole. As the blood in nourishing the body separates into countless
capillaries, only to be collected again and to meet in the heart, so in
the science of the future all the rills of knowledge will gather more
and more into a common and undivided stream. [16, p. 261]

Mach’s own philosophical work, it is worth noting, can be described as in-
cluding at least one famous investigation of alternative scientific practices and
of the reasons for each. Newton’s mechanics employed conceptions of “absolute
time” and “absolute space.” Mach argued that these concepts are of no value
for the activities of a scientist and he proposed an alternative mechanics that
dispensed with them. The essence of his reason for dispensing with the concept
of “absolute time” is that it cannot be measured: “it has therefore neither a
practical nor a scientific value.” [17, p. 273] Mach, of course, did not pursue his
proposal; rather it was Einstein who, equipped with novelties like his definition
of “simultaneity,” would carry it out.

We considered two philosophical practices. One involved investigating al-
ternatives and reasons. One reason to favor this philosophical practice is that
it is relevant to the work of mathematicians. In fact it can be relevant to the
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work of scientists insofar as we can determine reasons why a given mathemati-
cal pursuit is more likely to advance some specified scientific aim than another
mathematical practice is.

The other philosophical practice we have considered is that of providing
accounts of the nature of concepts like “mathematical truth” and “mathematical
knowledge.” The essential difference between these two philosophical practices
is that the former is necessarily relevant to the actual practice of mathematics.
It is interested in the actual reasons mathematicians favor and oppose competing
courses of action. The latter practice is not necessarily relevant to the choices
mathematicians face in pursuing their mathematical or scientific aims.

Further investigation may uncover other reasons to favor or oppose these
philosophical practices. And there may be alternative practices which might be
adopted in pursuit of the same aims. At any given moment a philosopher must
choose one or another of these practices. Nevertheless, there is reason to assume
that there are reasons and alternatives which have yet to be uncovered—that
one’s chosen practice is not necessarily the best, only the best that could be
chosen at a particular moment.
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