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ABSTRACT. We prove several new versions of the Hadamard—Perron
Theorem, which relates infinitesimal dynamics to local dynamics for a
sequence of local diffeomorphisms, and in particular establishes the exis-
tence of local stable and unstable manifolds. Our results imply the clas-
sical Hadamard—Perron Theorem in both its uniform and non-uniform
versions, but also apply much more generally. We introduce a notion of
“effective hyperbolicity” and show that if the rate of effective hyperbolic-
ity is asymptotically positive, then the local manifolds are well-behaved
with positive asymptotic frequency. By applying effective hyperbolicity
to finite orbit segments, we prove a closing lemma whose conditions can
be verified with a finite amount of information.

1. INTRODUCTION

Every five years or so, if not more often, someone “discov-
ers” the theorem of Hadamard and Perron, proving it either
by Hadamard’s method of proof or by Perron’s. I myself have
been guilty of this.

D.V. Anosov, 1967. [3, p. 23]

Following in the footsteps of Anosov and many others, we prove several
new versions of the Hadamard—Perron theorem on the construction of lo-
cal stable and unstable manifolds (taking our inspiration from Hadamard’s
method of proof). This theorem in its various incarnations is one of the
key tools in the theory of hyperbolic dynamical systems, both uniform and
non-uniform. Informally, it may be thought of as the bridge between the
dynamics of the derivative cocycle in the tangent bundle and the dynamics
of the original map on the manifold itself.

Although the theorem is primarily used to study a diffeomorphism f on
some Riemannian manifold M, it is typically stated in terms of a sequence of
germs of diffeomorphisms. That is, one fixes an initial point x € M and then
writes f,, for the restriction of the map f to a neighbourhood 2, of f™(z).

Date: April 12, 2014.
The authors were partially supported by NSF grant 0754911. Ya. P. is partially sup-
ported by NSF grant 1101165. V.C. was supported by an NSERC postdoctoral fellowship.
1



2 VAUGHN CLIMENHAGA AND YAKOV PESIN

Using local coordinates from T'pn(,) M, we can view (2, as a neighbourhood
in R? and write f,,: Q, — R?, where d = dim M.

Roughly speaking, the content of the Hadamard—Perron theorem is as
follows: if there is an invariant splitting R = E¥ @ E$ and A < 1 such that
IDfr(0)|Es || < A < | D £, (0)| 5| ~* for every n, then under some additional
assumptions on f, there are urqiquely defined local stable manifolds W > 0
tangent to E2 at 0 such that d(f,,(z), fn(y)) < Ad(z,y) for every z,y € W
Moreover, if V,, is any admissible manifold transverse to E} at 0, then the
sequence of admissible manifolds f~*(V;,) converges to the stable manifolds
W, _,. as k — oo.

Within this general framework, various versions of the theorem have been
stated in which the precise hypotheses and conclusions vary. In these ver-
sions one usually works with stable manifolds, as described above; the local
unstable manifolds are then obtained as being stable for the sequence of
inverse maps f,, 1. We stress that for some technical reasons and in view
of some applications of our results (see Section 5) we will construct local
unstable manifolds first.

In Section 2, we describe how the present paper fits into previous results
and give the precise setting and notation in which we will work.

In Section 3, we give results applying to sequences of C1T maps. We in-
troduce the notion of effective hyperbolicity, and show that for an effectively
hyperbolic sequence of C1*® diffeomorphisms {f, | n > 0}, one can control
non-uniformities in the admissible manifolds and their associated dynam-
ics. Our main result is Theorem A, a new version of the Hadamard—Perron
theorem that deals with pushing forward an admissible manifold under the
maps f,. While the images may not have good properties for all n, they
do have good properties on the set of effective hyperbolic times, which has
positive asymptotic frequency provided the sequence of maps is effectively
hyperbolic.

While Theorem A is of interest in its own right, it is also used in our
companion paper [5] to construct SRB measures for general non-uniformly
hyperbolic attractors; a description is given in Section 5 (in particular, see
Theorem 5.1). Effective hyperbolicity can be established in situations where
the system has good recurrence properties to a part of the phase space with
uniformly hyperbolic behaviour, and where we have some control on the
behaviour of the map when the trajectory leaves this region.

In Theorem B, we use effective hyperbolicity to give criteria for the ex-
istence and uniqueness of local unstable manifolds for a sequence of C1T¢
diffeomorphisms {f, | n < 0}. Morally speaking, Theorems A and B, and
to some degree this entire paper, can be summed up as follows (definitions
of the three properties below can be found in (3.3), (3.4), and (3.5), respec-
tively):
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existence of local unstable
(stable) manifolds

uniform bounds on dynamics and
geometry of admissible manifolds

effective hyperbolicity =

effective hyperbolic times =

uniqueness of local unstable

asymptotic domination = (stable) manifolds

Our strongest result for C'*® maps is Theorem C, which gives more
precise (and more technical) bounds on the images of admissible manifolds
under the graph transform; these are used in the proofs of Theorems A
and B.

The bounds in Theorem C depend on two things:

(i) linear information on dynamics (controlling contraction and expan-
sion rates of D f,);

(ii) bounds on non-linearity of dynamics (controlling the modulus of
continuity of Df,) and non-uniformities in geometry (controlling
the angle between the directions of contraction and expansion).

Using effective hyperbolicity, we can obtain bounds that depend only on
the linear information in (i) and the frequency with which the quantities in
(ii) exceed certain thresholds (see (3.18) and Section 3.3). This is done in
Theorem D.

In Sections 4-6, we give some principal applications of our results to
diffeomorphisms of compact manifolds. First, in Section 4 we introduce
the concept of effective hyperbolicity and establish existence of stable and
unstable local manifolds along effectively hyperbolic trajectories. In Section
5 we show how our results can be used to establish existence of Sinai—
Ruelle-Bowen (SRB) measures for a broad class of diffecomorphisms that are
effectively hyperbolic on a set of positive volume. Finally, in Section 6 we
prove an adaptation of the classical closing lemma to effectively hyperbolic
diffeomorphisms.

Sections 7-10 contain the proofs. The key tool is Theorem 7.1, which is
a strengthened (and rather more technical) version of Theorem C for C*
maps. Theorem 7.1 leads to a result on unstable manifolds in Theorem 8.1,
which is used in the proof of Theorem B.

Following the proofs of the main results, in Section 11 we show that
Theorem 8.1 can be used to prove the classical uniform and non-uniform
Hadamard-Perron theorems for C' and C'*® diffeomorphisms, respectively
(see Theorems 11.1 and 11.3), and in Section 12 we give some examples illus-
trating the relationship between effective hyperbolicity and classical notions
of non-uniform hyperbolicity.

The following table shows the overall logical structure of our main results
and applications.
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admissible unstable
manifolds manifolds
—— —N—
Theorem 7.1
| \
Theorem C Theorem 8.1
3 i
Theorem 6.4 (Closing lemma) < Theorem D — Theorem B
\ +
Theorem 5.1 (SRB measures) <« Theorem A Theorem 4.1
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2. PRELIMINARIES

2.1. Notation and general setting. Given n € Z, write V,, = R%. Let

Q,, C V,, be an open set containing the origin, and f,: €, — V41 a sequence

of maps.! We make the following standing assumptions.?

(C1) Each f, is a C'** diffeomorphism onto its image for some a € (0, 1]
(independent of n), and f,(0) = 0.3

(C2) There is a decomposition V,, = E¥ @ E?, which is invariant under
Df,(0) —that is, Df,(0)Ey, = E7_, for 0 = s, u.

n

(C3) There are numbers A%, \? € R and 6,3, > 0 such that for every
vy € B}y and vs € E;, we have
1D £ (0) (va) | = e fvull,
1D £ (0) (vs)I| < €™ o],
K(Uu,’l)s) > 9717
max(L |Dfn‘a) < Bnsinbpy,

where |Df,|q is the Holder semi-norm of D f,, (defined in (2.7)).
(C4) There is L > 0 such that |\¢| < L, |X3| < L, and B,41 < X .

~ o~ —~
= W N =
— — ~— ~—

Remark 2.1. Condition (C2) can be trivially satisfied by fixing any decom-
position Vp = Ef @ Ej and iterating it under D f,,(0). However, the point is
that the angle between E? and E} needs to be controlled by 6, as in (2.3),

Bach V., is identical to all the others, but we use this notation to make it easier to
keep track of the domain and range of various compositions of the maps f,.

2Although these are formulated for all n € Z, we will in fact mostly be interested in
situations where it is appropriate to consider only some subset of Z — see Remark 2.5.

3In the proofs, we will treat the more general (but technically messier) C* case where
D f,, have moduli of continuity that are not necessarily Holder.
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and our main results will require some control of 6,,. More generally, we
remark that the purpose of Condition (C3) is to control the dynamics of
D f,, with respect to the invariant decomposition V,, = E}! ® E;.

Remark 2.2. In applications, it is often more convenient to work with invari-

ant cone families rather than subspaces — that is, given Ef C V;, and ¢J > 0

(0 = s,u), one may consider the cones K7 = {v € V,, | £(v, E?) < (,} and

then replace (C2) and (C3) with the following conditions.

(C2*) There is a (not necessarily invariant) decomposition V,, = E' © E3
and cone families K;,* around E,* such that Df,(0)(KY) C K¥,

and Df,(0)"1(K:,,) C K¢.

(C3*) The bounds in (C3) hold for all v* € K and v* € K.

Given a cone family satisfying (C2*) and (C3*), one can derive splittings
E!' @ Ef satisfying (C2) and (C3). For the stable direction, take E? to
be any subspace (of the appropriate dimension) in the intersection f(fL =
Ninso Dfnt1(0)™ o0 Dfrpm(0)"1KS ., and similarly for E¥ but with
m < 0. In the event that we only consider a one-sided infinite sequence of
maps, one of the subspaces can be chosen arbitrarily in its cone.

Remark 2.3. Condition (C4) is automatic if the sequence of maps is ob-
tained from a diffeomorphism on a compact manifold via local coordinates
along a trajectory. We stress that 3, may become arbitrarily large and 6,
arbitrarily small; moreover the rate at which they become large and small
is not required to be subexponential (compare this with the requirements in
non-uniform hyperbolicity that sequences of constants be tempered).

Remark 2.4. If the sequence f, is obtained from a diffeomorphism f via
local coordinates along a trajectory, and if the splitting in Condition (C2)
comes from a dominated splitting for f, then A} < A¥ for all n. In this
case two nearby choices of E will have the same asymptotic behaviour as
n — +o00, while there is only one choice of E? for which limy,—yo0 05, > 0.
Similarly, two nearby choices of E? will have the same asymptotic behaviour
as n — —oo, while there is only one choice of E¥ for which lim,—s— oo O, > 0.

This behaviour in the tangent space still occurs if the splitting is only
asymptotically dominated — that is, if ZnNzl(/\qu — AJ) becomes arbitrarily
large with N, even though individual terms may be negative. An important
part of any Hadamard—Perron theorem is to establish this asymptotic be-
haviour not just for subspaces in the tangent space, but for submanifolds in
V,, itself.

Remark 2.5. The range of values that n takes will vary.

(1) In Section 3.1, we will consider all n > 0, since Theorem A concerns
asymptotic behaviour of admissible manifolds as n — oo.

(2) In Section 3.2, we will consider all n < 0, since Theorem B con-
cerns true unstable manifolds, which are defined in terms of their
asymptotic behaviour under the maps f, .
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(3) In Sections 3.4-3.5, we will consider finitely many n, say 0 <n < N,
since Theorems C—-D concern images of admissible manifolds under
finite compositions of the maps f,.

We also make the standing assumption that the domain €, is large
enough. More precisely, once parameters 7, ry,, ¥, are specified (see (2.6)),
we have

(C5) Q, D BY(ryn) X BE (T + Ynrn),
where B(r,) is the ball of radius r,, in E centred at 0, and similarly for

B:. Tt will suffice to have Q,, D B(0,7) for some fixed > 0.
Given m < n, we will write

(2.5) Fron=fn-10fn—o0--0fnp

wherever the composition is defined, and we will let 2 be the connected
component of ﬂz;}n(ka)*l(Qk) that contains 0. We will be concerned
exclusively with the action of

Fon: Q, — Vi
in particular, given any W C V,,,, we will write
Fpn(W) = an(W‘Q%)

From now on we will use coordinates on V,, given by E* @ E?: for x € V,,,
we write © = x, + x5 = (Ty,zs), where x,, € E" and x5 € E3. We will
usually use the letter x for a point in V,, and the letter v for a vector in
EY. We will work with admissible manifolds given as graphs of functions
Y: BY(r,) C EY — E3, where graph¢ = {(v,¢(v)) | v € EX}.

Given sequences of numbers r,, > 0 (presumed small), 7,,0, > 0 (also
small), and k,, > 0 (presumed large), we will be interested in admissible
manifolds that arise as graphs of functions in the following class:

Cn = Cn(rannvo'nyﬁn)
(2.6) = {0 Bi(ra) = B3 | 4 is CH, [(0)]] < 7,
|DY(0)| < 0, and |DYla < #n .

where

D —D
(2.7) IDla = sup |1 D% (1) ?/;(Uz)ll‘
V102 EBY (1) lvr — va|

We will refer to ry,, 7, on, kn, collectively as the parameters of C,, and will
say that they are uniformly bounded on a set I' C Z if*

inf r, > 0, sup max{7,, o, kn} < 00.

A practice 7, 0, will actually be quite small, and so the battle will be to control r,
and Kq,.
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Remark 2.6. If we write 7, = oy, + kpr?, then the conditions in (2.6) imply
the bound || D <, for all ¢ € C,,, where
DYl == sup [ DY(v)].
vEBY (1)

In the proofs, and in particular in Theorem 7.1, we will give results that
allow us to consider the space of functions ¢ € C,, that satisfy ||Dvy| < v,
for some (potentially) smaller value of 7,,. Our main results (Theorems A—
D) will include the assumption that there is some small ¥ > 0 such that
On + knrd <7 for every n, so that in particular || Dy|| < ¥ for all ¢ € C,,.

Let W, be the space of admissible manifolds corresponding to C,, — that is,
the collection of submanifolds of V,, that arise as graphs of functions in C,.
If W = graph ¢ € W, is such that some relatively open set U C f,,(W) is in
Wyt1, then we let ) be the unique member of C,, 41 such that U = graph ).
We write G, : ¢ — 1) for the corresponding map, called the graph transform.

Note that G, is not necessarily defined on all of C,, since for a given
W € W, the image f,(W) need not have any subsets in W, ;. Thus an
important part of what follows is to give conditions on the parameters such
that G,,: C, = Cpa1 is defined on all of C,. If this is the case for every n,
then we write

Gn=Gnp-10Gp_—20---0Gy: Coy = Cy.

2.2. Relations to known results. In the uniformly hyperbolic setting,
the relevant version of the Hadamard—Perron Theorem may be found in [7,
Theorem 6.2.8]; we state a related result as Theorem 11.1. For this version,
one makes the following assumptions.
(i) Uniform expansion: inf, A% > 0.
(ii) Dominated splitting: inf, A\ > sup,, AJ.
(iii) Uniform transversality: inf,, 6,, > 0.
(iv) fnis Ct and ||Df,(x) — Df,(0)|| is sufficiently small.
Under these assumptions, the local manifolds W} are shown to have uni-
formly large size.
In the non-uniformly hyperbolic setting, the typical approach is to use
Lyapunov coordinates so that (i)—(iii) still hold, while the non-linear part
| D fr(z) — D fn(0)|| may be large, and in particular (iv) is replaced with

(iv') fnis C1T and lim,, 40 ﬁ log | D fpla < ainfy, A¥.

Then one uses the version of the theorem found in [4, Theorem 7.5.1], stated
below as Theorem 11.3. A key difference in the conclusion here is that the
size of the W} may decay as n — %00, although the rate of decay is slower
than the rate of contraction or expansion in the dynamics.

When the trajectories to which the non-uniform Hadamard—Perron the-
orem is applied are generic trajectories for a hyperbolic invariant measure,
one can conclude that although the size of the manifolds W,, may become
arbitrarily small, it nevertheless recurs to large scale and is bounded away
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from 0 on a set of times with positive asymptotic frequency. However, if one
wishes to use some version of the Hadamard—Perron theorem to construct
manifolds W,, that can be used in establishing the existence of invariant
measures with certain properties, as in [5], then the recurrence to large scale
must be established without recourse to ergodic theory.

This idea — that one may wish to obtain results on admissible manifolds
and unstable manifolds without needing to invoke the presence of a specific
invariant measure — is a principal motivator for the results in this paper.
We impose various conditions on the maps f, under which our results hold:
certain conditions hold whenever f,, is a typical sequence of germs for some
invariant measure, but we do not require any knowledge about such a mea-
sure for the theorems themselves.

We accomplish recurrence to large scale for admissible manifolds in The-
orem A, where we consider C'*® maps for which (i)—(iii) may fail. We in-
troduce the notion of effective hyperbolicity for the sequence {f,}; roughly
speaking, this requires that the expansion in the unstable direction over-
comes the defect from domination and the decay of the angle. For an
effectively hyperbolic sequence of maps, there is a certain sequence of ef-
fective hyperbolic times along which a sequence of admissible manifolds is
well-behaved, and in particular the graph transform

Gn: CO('Fa 0,0, R) — Cn(Fv 0,0, R)

is well defined. These effective hyperbolic times are obtained via Pliss’
lemma and are analogous to the well-established notion of hyperbolic times.
However, there is a key difference between these two notions: while at hy-
perbolic times the derivative of the map acts uniformly hyperbolically on
the tangent space, at effective hyperbolic times it is the map itself whose ac-
tion is locally uniformly hyperbolic. Although the set of effective hyperbolic
times is a subset of the set of hyperbolic times, it nevertheless has positive
asymptotic density under the hypotheses of the theorem.

Theorem B deals with the unstable manifolds themselves (rather than the
admissibles), which exist as soon as the sequence is effectively hyperbolic and
are unique as soon as the splitting is asymptotically dominated.

Theorem C gives precise conditions on the parameters ry, Tn, Opn, Vn, Kn
for the graph transform to be well-defined, and Theorem D uses effective
hyperbolicity to explicitly determine sequences of parameters satisfying the
conditions of Theorem C.

3. MAIN RESULTS

3.1. Effective hyperbolic times and recurrence to large scale. We
now describe a setting in which the C, can be chosen so that the graph
transforms are defined for all n and the parameters are uniformly bounded
on a set of times with positive asymptotic density.

Our approach is modelled on the notion of hyperbolic times, which were
introduced in [1]. These are times n such that the composition f,_10---0
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fr+1 © fr has uniform expansion along E}' for every 0 < k& < n. In our
setting, where the splitting V,, = EY @ E; may not be uniformly dominated,
we must strengthen this notion to that of an effective hyperbolic time, where
the good properties of the derivative cocycle can be brought back to the
maps f, themselves. The set of effective hyperbolic times is contained in
the set of hyperbolic times, but there may be hyperbolic times that are not
effective.

Abundance of hyperbolic times is assured by assuming that A" has asymp-
totically positive averages. For abundance of effective hyperbolic times, we
introduce a quantity that depends not just on A%, but also on A% and £,.°
If this quantity has asymptotically positive averages, then there is a positive
frequency of effective hyperbolic times.

Let {fn | » > 0} satisfy (C1)—(C5). The following quantity may be
thought of as the defect from domination (recall that o € (0, 1] is the Holder
exponent of D f,):

Ay — AL
(3.1) Ay = max (O, "an> .

Note that A, = 0 if A}, < A%, which is the case when the splitting E © E,
is dominated. Fix a threshold value 8 and define

{Az—An if 8, < 3,

(3.2) A = min ()\% _ Am < ) if B, > B.

Obviously A\¢ depends on the choice of 3, but we will suppress this depen-
dence in the notation to minimise clutter.

Definition 3.1. The sequence {f, | n > 0} is effectively hyperbolic with
respect to the splitting £ @ E7 if there exists 5 such that

(3.3) = lim — ZA; > 0.

n—oo 1

Remark 3.1. See Section 3.3 for a discussion of ways that effective hyper-
bolicity can be verified.

Remark 3.2. It is natural to consider effective hyperbolicity when EY is the
full unstable subspace, but the notion can also be applied when E} is a
strong unstable subspace corresponding to the largest Lyapunov exponents,
or even when E}! is a weak unstable subspace and the largest Lyapunov
exponents are included in E;, provided the expansion in E}; overcomes the
failure of domination.

SRecall that these are defined in (C3).
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Definition 3.2. Given fixed thresholds 5 and ¥ > 0, we say that n is an
effective hyperbolic time if

n—1
1
4 AE >y
(3.4) nka}; > X

for every 0 < k < n.

Remark 3.3. If we replace A7 in (3.4) with A}, then we arrive at the usual
definition of hyperbolic time. Because A7 < A}, we see that the set of effec-
tive hyperbolic times is a (generally proper) subset of the set of hyperbolic
times.

Given a subset I' C N, write 'y = I' N [0,N) and denote the lower
asymptotic density of I' by

1
S(T) = lim —#Ty.
(') lim —#Iy

B N—oo

The upper asymptotic density J(T') is defined similarly.
Definition 3.3. The splitting EY & E’ is asymptotically dominated if

1 n—1
(3.5) X = lim =) (Af = A7) > 0.
n—oo 1
k=0
In this section and the next we will consider the following collection of

admissible manifolds for parameters r, k > 0:
Co(r, k) = Cp(r,0,0,5) = {1b: BY(r) — ES | 1 € C'Fe,
$(0) =0, Dp(0) =0, |[Dipla < K}

Remark 3.4. As in the definition of C,, note that every ¢ € C, satisfies
IDY] <~ = sre.

The following theorem shows that the pushforwards of admissible man-
ifolds are well-behaved at the set I' of effective hyperbolic times, and that
I" has positive lower asymptotic density as long as the asymptotic average
rate of effective hyperbolicity is positive.

Theorem A. Given ,L >0, a € (0,1], Y* > ¥* > 0, and X9 > ¥9 > 0, the
following is true for every sufficiently small 5,7,0 > 0 and every sufficiently
large K satisfying k7 < 7. If {fn | n > 0} satisfies (C1)-(C5) and is
effectively hyperbolic with respect to the splitting By & E,, with x¢ > x*
(using the threshold (3), then

X¢— X"
o) > ~— >0,
6 2 T

where I' is the associated set of effective hyperbolic times. Moreover, assum-
ing Bo < B, the following are true for every n € I
I. 0, > 0, where 0,, controls £(E*, E2) as in (2.3).

(3.6)
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II. The graph transform G,: ég(f, R) — én(f, R) is well-defined; in par-
ticular, given gy € Co, the CY function vy, = Gpibo: BY(r) — E?
satisfies
((J,) 111n(0) =0, D¢n(0) =0, ||D¢nH <7, and |Dwn’a <K;

(b) graph @Z)n = FO,n(graph %)
III. If z,y € (grapho,) N QY for some 0 < m < n, then

(3.7) 1Fnn(x) = Frnn ()]l 2 €77 2 .

IV. If the splitting EY & E7 is asymptotically dominated with x9 > X9, then
for every o,y € Cy we have

n—o00

— 1 _
(3.8) lim —log ||, — @nllco < —X7.
nel’ n

The rest of the theorems in this paper give results that apply to times
n ¢ T as well. Roughly speaking, to each n we will associate a constant M,, >
0 that controls how “bad” the dynamics and geometry of the admissible
manifolds at time n can be, and which has the property that M,, = 0 for all
nel.

Remark 3.5. The formulation of the dependence between the various pa-
rameters and constants appearing in Theorem A will be echoed throughout
the paper. The meaning of “sufficiently small” and “sufficiently large” here
is that once B, L, o, Y9, Y9 are fixed, there exist 7,7,6,% > 0 such that
if ¥ € (0,3], 7 € (0,7, 0 € (0,6], and & > &, and if in addition 7F® < 7,
then the rest of the statement of the theorem is valid. The key point is
that 7,7, 6, % do not depend on f, directly, or even on \%*, S, Bn, but only
on B3, L,a, x*9,¥*“9. One should imagine that 3, L are very large, since the
battle is to control what happens when the non-linearities in f, become
strong.

3.2. Effective hyperbolicity and unstable manifolds. We consider now
a sequence of maps {f, | n < 0}, and using the same notation as in the
previous section, make the following definitions that are exact analogues of
the definitions there.

Definition 3.4. The sequence {f, | n < 0} is effectively hyperbolic with
respect to the splitting £ @ E? if there exists 5 such that

-1
1
3.9 ©:= lim — AL > 0.
Definition 3.5. The splitting E} & ES for {f, | n < 0} is asymptotically
dominated if

(3.10) = lm — > (Af =A%) >0,
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The following quantity will be used to control the size and regularity of the
local unstable manifolds; it is finite whenever { f,,} is effectively hyperbolic
and x" € (0, x°):

n—1

(3.11) My (X*) == sup Y (X" — Ap).

m<n [
As usual, M, (¥*) depends on the choice of threshold 3, but we will suppress
this dependence in the notation.

Theorem B. Given 3,L > 0, a € (0,1], X* > x* > 0, and Y9 > 0, the

following is true for every sufficiently small 5,7,0 > 0 and every sufficiently

large & satisfying kT < 7. If {fn | n < 0} satisfies (C1)-(C5) and is

effectively hyperbolic with respect to the splitting By & E,, with x¢ > x“

(using the threshold B), and if in addition B,, < B for infinitely many m,

then we have the following conclusions.

I. The set {n < 0| M,(x*) = 0} has lower asymptotic density at least
(3=5)2>0.
II. 6, > fe—oMn(X") for everyn < 0.

III. There exists iy, € Cp(fe Mr(X) ge@Mn(X")) such that f,(graphib,) D
graph ¢, +1 for every n < 0. In particular, ¥,(0) = 0, D,(0) = 0,
HDwnH <7, ‘Dq/)n|o¢ < ReaMn()A(“)'

IV. If x,y € (graphvy,) N QY for some n > m, then

(3.12) 1En (%) = Fn(y)]] 2 e M0 =mXE g —y .

V. If the splitting E ® E; is asymptotically dominated with x9 > x9, then
¥y is the unique function in Cp,(Fe~Mn(X") geaMn(X*)) sqtisfying ITL.
VI. If in addition to asymptotic domination we have the stronger condition
=
S . i S —Uu
(3.13) x° = nll)riloo ] Z)\k <X,
k=n
then 1, admits the following characterisation: if x € Q, and C € R
are such that

(3.14) 1F b (@)]| < Cem(mmmx®
for every m, then x € graph,.

Remark 3.6. Theorem B shows that the unstable manifolds have uniformly
bounded size, curvature, and dynamical properties on the set of times 'y :=
{n| My,(x*) < M} for each M > 0. As M increases, the bounds get worse:
size decreases, while curvature and the constant C' in (3.14) increase. The
trade-off is that it is sometimes possible to guarantee that 6(I'ys) goes to 1
as M — oo, in which case we obtain uniform control on a set of times with
arbitrarily large lower asymptotic density.
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3.3. Verifying effective hyperbolicity. The quantity \{ that appears in
the definition of effective hyperbolicity depends on A%, A7, and 3,,. If one has
some information about the frequency with which 3,, becomes large (that is,
|D fn|o becomes large and/or 6,, becomes small), then effective hyperbolicity
can be verified by considering only A% and A}.

To this end, suppose that
(3.15) lim 6{n | B, > B} =0,
B—00

where § is upper asymptotic density. Let A%, A3 be as before, and let A,, be
the defect from domination defined in (3.1). Then effective hyperbolicity of
{fn} reduces to the condition that

n—1
1
1 Y= i fE AP —A .
(3 6) X n%onk:[)( k k)>0

Note that (3.16) does not depend on f3.
Fix x > x > 0 and let I'* be the set of x-hyperbolic times for the sequence
A¢ — Ay. That is, n € I' if and only if Z?;;(X; —Aj) > (n—k)x for all

0 < k < n. Let I' be the set of effective x-hyperbolic times when A7 is

defined using the threshold 3. The following result says that asymptotically,
almost every hyperbolic time for A¥ — A,, is an effective hyperbolic time.

Proposition 3.7. If a sequence {f, | n > 0} satisfies (3.15) and (3.16),
then §(I'*) > 0 and limg_, , 6(T" \ FB) = 0. In particular, the sequence f,
is effectively hyperbolic and Theorem A applies.

Similar observations hold regarding Theorem B. For a sequence {f,, | n <
0}, we can replace (3.16) with

n——0o0

-1
. 1 Z u
k=n

and obtain the following.

Proposition 3.8. If a sequence {f, | n < 0} satisfies (3.15) and (3.17),
then it is effectively hyperbolic and has lim,, 3,, < co. In particular, Theo-
rem B applies.

Proposition 3.8 allows us to verify effective hyperbolicity by bounding the
asymptotic average of AS. However, a computation of the constants M, (x")
that appear in Theorem B (see (3.11)) requires knowledge of XS itself, and
not just its asymptotic average. A slight simplification can be achieved by
observing that (C4) implies the bound A& > —(1+ 1)L =: —L’, which
allows us to forgo computing the exact sum in (3.11) and instead use

n—1
(3.18) M, (%) < sup ((n —m)x = > (A= Ak - 2L’1k(3))>,
k=m

m<n
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where 1,(5) = 1 if 3, > B and is 0 otherwise. This has the advantage that
the quantities |Df,|o and 6, enter only through the number of times that
the threshold 3 is exceeded, and the rest of the expression depends only
on the linear terms \;,°. We will use this approach in Section 6 to state a
closing lemma using effective hyperbolicity.

3.4. Parameter conditions for a well-defined graph transform. The-
orems A and B are both ultimately derived from the following result, which
gives more precise conditions on the parameters r,, 7, on, £, for the graph
transform G, : C, — Cpy1 to be well-defined. Note that now we allow 7,
and o, to take positive values, which puts us in a more general setting than
the previous sections.

Given 6 > 0, consider the following recursive relations on the parameters:

(3.19) roey < M0

(3.20) Tntl > Pt

(3.21) Ony1 > e Aat0g
(3.22) Knt+l > ePn—(I+a)An+o) o

Remark 3.9. Removing ¢ from (3.19)—(3.22) gives the exact bounds that the
parameters would be required to follow if the maps f,, were linear.

Given &,% > 0, consider the following additional set of bounds:

(3.23) Brrp <&,
(3.24) Brn < ki,
(3.25) Tn < T,
(3.26) En Ty < Op,
(3.27) On + EnTy < 7.

Theorem C. For every 6 >0, L >0, and a € (0,1], there exist £ > 0 and
~ > 0 such that the following is true.

For each 0 < n < N let the maps f, and the parameters ryn,k, > 0,
Tn,On > 0 be such that (C1)—(C5) and (3.19)—(3.27) are satisfied. Then
the following are true.

1. The graph transform
(328) Gn : Cn(rnv Tny,On, Hn) — Cn—l—l (rn—&—la Tn+1y0n+1, /fn—i-l)
is well-defined for each 0 <n < N.

I1. Given vy € Co, the C** functions 1, = Gnibo: B%(rn) — ES have the
following property: if x,y € (graph,) NQL, for some 0 < m < n, then

(3.29) |Fonn(®) = Fraa)l] 2 X & — ]
III. Fiz (v, wo) € Qf and let (v, wy) = Fyn(vo, wo). Then
(3.30) wn — o (wn) | < X520 g — g (w) |-
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Moreover, if (v),,w),) = Fon(v),w,) is another trajectory such that
lwh — woll < ¥[lvg — vol|, then

(3.31) [vn — V|| > €2k k=9 |yy — v

IV. Given iy, o € Co(ro, 10,00, ko), the graph transform Gpibg is completely
determined by the restriction of 1o to BY(y), where

n—1
(3.32) o 1= eXhm0 (A 4 363 Xm0 (A
k=0

and similarly for pg. In particular, we have

n—1 s
(3.33) [thn — @nllco < eXok=0Xat0) H(% — %0)| B (#)

C’O

Remark 3.10. Observe that Theorem C can be applied to the spaces C,, of
admissible manifolds passing through the origin and tangent to E}} by taking
on = Tp, = 0. In this case conditions (3.19)—(3.27) reduce to

g1 < eXimp, Bn < Emin(ry, 7, %),

(A5 —(1+a)AE+5) .
n

Kn+t1 > € KnTy <7,

and (3.32) simplifies to 7, := eZhoo(“AH0)

3.5. Finite sequences of diffeomorphisms. We shall show how the no-
tion of effective hyperbolicity guarantees the existence of sequences of pa-
rameters that satisfy both the recursion relations (3.19)-(3.22) and the
bounds (3.23)—(3.27), while simultaneously giving good control on the uni-
formity of r,, and k,.

Theorem D. Fiz L, > 0 (presumed large), o € (0, 1l, x4 > x> x" >0,
and X° < x° < 0. Then for all sufficiently small 7,7,0 > 0, all sufficiently
small o, 7 > 0, all sufficiently large & > 0, and all k > K such that
(3.34) F<F, RP<E, o+AR<7,
every sequence of maps {f, | 0 <n < N} satisfying (C1)-(C5) and By < B
has the following properties.

I. For 0 <n <N, let M} >0 be such that

n—1
(3.35) YAz (n—m)xt - My
k=m
for all 0 <m < n, and let Mg be such that
n—1
(3.36) DX <nR” - MY+ M

k=0
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for all0 <n < N. Then 6, > 0e= Mz and the graph transform

(337) gn : CO(Fv 77'67M§, a'eiaMSu "%)

My _ __Au os os u
— Cp(Fe ™ Mn 7o MnonX' FeomX" geoMn)y

is well-defined whenever i < Re®™X" .

I1. Given g € Cy, the C*T functions v, = Gnibg: BY(Fe=Mn) — E2 have
the following properties: if x,y € (graph¢,,)NQY, for some 0 < m <n,
then

(3.38) 1 Frnn(2) = Frnn(y)|| = e Mm%l — |,

and the same bound applies to the projections to the unstable subspace.
III. For (vg,wo) € Qf and (v, wy) = Fyn(vo, wo), we have

u

(3.39) [l — tn (va)[| < €674 lawg — g (v0) .

IV. Given 1o, ¢ € Co, the graph transform Gni)g is completely determined
by the restriction of 1o to BY(Fy), where 7, = e "X "eMaF + 7 and
similarly for @g. In particular, we have

(3.40) |tn — @nllco < e”XSeM5(37_'e_M# + 2776_”’2u),

V. If %fo;ol . > x", then there exists a set I' C [1,N] with #I' >
(%:;%) N for which every n € I' has n_lm ZZ;# XS > (U for every
0 <m < n, and hence statements I.-II. apply with M" = 0.

Remark 3.11. Note that in V., we have M} > 0 for n ¢ I', and so in
particular M} cannot be omitted in (3.36), which deals with all n, not just
nel.

Remark 3.12. The statement of Theorem D simplifies somewhat if one sets
o =7 = 0 and considers only admissible manifolds passing through 0 and
tangent to EY. In this case no hypotheses on A} are needed (note that in
the domain of G,, in (3.37), all the terms containing M vanish), and in
particular (3.36) can be omitted. This version of the result suffices to prove
Theorem A and thus is well-suited to proving existence of SRB measures.

Remark 3.13. When applying Theorem D to an infinite sequence f,, posi-
tivity of the asymptotic average of A}, guarantees effective hyperbolicity in
the unstable direction, and the constants M from (3.35) control the non-
uniformity of this hyperbolicity. In principle, negativity of the asymptotic
average of A} leads to contraction in the stable direction; we see from (3.36)
that to realise this contraction, one actually needs Zz;é A; to grow more
quickly than the constants M.
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4. EFFECTIVELY HYPERBOLIC DIFFEOMORPHISMS OF COMPACT
MANIFOLDS

Let M be a compact Riemannian manifold, U C M an open set, and
f: U — M a C'*e diffeomorphism onto its image, where a € (0,1]. Shrink-
ing U if necessary, we can assume that f can be extended to a diffeomorphism
from a neighbourhood of U to its image. Then there is an L > 0 such that
for every x € U and v, w € T, M, we have

oL < IDF@ ) _ o

lolf -~

(4.1) oL < Sn£L(Df()(v), Df(@)(w)) _ 1
sin £ (v, w) -

[Df(z)|a < L.

Let X C U be a backwards f-invariant set (that is, f~1X C X). Assume
that on X, the tangent bundle has a D f-invariant splitting 7, M = E*(z) ®
E?*(x). The set X may be just a single orbit, and the splitting does not need
to be continuous. Given x € X, let

0(x) = £L(E"(x), E*(x)).

Writing

N(x) = log || Df () gu g 7 N (z) = log | D f (2)| gs ()],
denote the defect from domination at z by A(z) = max (0, w)
Fix § > 0 and let

(42) (a) = min (X'(a) - Ao), 1o ) )

o' sin 0(x)
whenever 0(f(z)) < 8, and \°(x) = \*(x) — A(z) otherwise.

Definition 4.1. We call a diffeomorphism f effectively hyperbolic on X if
there exists 6 > 0 such that

1 m
(4.3) X := inf lim — Z)\e(f_kzn) > 0.
k=1

z€X m—oco M
In this case for x € (0, x¢) we define M (x) > 0 by
m
M(z) = su (A—)\e *kx).
(r) = sup ; X = A(f )
Finally, let
1 m
4.4 x*:=sup lim — > X(fFx).
(14) sy L 3N

The following result can be viewed as an Unstable Manifold Theorem for
effectively hyperbolic diffeomorphisms.
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Theorem 4.1. Given L > 0 and 0 < x < X, the following is true for every

sufficiently small 7,0, > 0 and every sufficiently large & > 0 satisfying

RTY < 7. If f satisfies (4.1) and is effectively hyperbolic on X with x¢ > X,

then we have the following conclusions.

I. For every x € X, the set {n < 0 | M(f"z) = 0} has positive lower
asymptotic density.
II. 6(z) > e M=),

III. There exists a family of submanifolds {W"(x) | x € X} tangent to
E“(z) such that f(W"(x)) D W*(f(z)), and each W"(x) is the im-
age under the exponential map exp, of the graph of a C**® function
Yp: BY(x) (e M@F) — E%(z) with ¢,(0) = 0, D, (0) = 0, || Dy, <
3, and |Dtpy|q < Re®M (@),

IV. Giveny,z € W*(x), we have for all m >0

d(f "y, f2) < MO ™d(y, 2).
V. If x* < x, then W"(x) is the unique family satisfying II1.

VI. If x°* < x, and if x € X,y € M are such that there exists C' € R with

d(f~™my, fMx) < min(fe_M(m), Ce™™X)
for allm >0, then y € W*(x).

Remark 4.2. One can obtain local stable manifolds by applying Theorem
4.1 to f~'. Note that this requires f~! to be effectively hyperbolic on the
trajectories in question, which is a separate issue from effective hyperbolicity
of f. Note also that U is not required to be a trapping region for either f
or f~1 — all that is needed is for the entire forward (backward) trajectory
of points in X to remain in U.

As in Section 3.3, we describe some conditions that guarantee effective
hyperbolicity.

Proposition 4.3. If f: M — M is a C'** diffeomorphism satisfying

(4.5) lim fm {1 <k <m|0(f "z)<8) =0

0—0 m—o0 M,

and
m

U s : 1 u( p—k -k
(4.6) X ._ﬂﬁlg)f(mh—{noom;<)\ (f"x) = A(f :c)>>0
on a backward invariant set X, then it is effectively hyperbolic on X, and
for every 0 < x < x < x“ there exist 4,7,0,k > 0 such that I.-IV. of
Theorem 4.1 hold. If x* < x, then V.=VI. hold as well.

Theorem 4.1 may be interpreted as giving concrete estimates on the con-
stants that appear in Pesin theory, which vary according to the regular set
that a point lies in, and which control the geometric and dynamical prop-
erties of the stable and unstable manifolds. In Section 12 we discuss some
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of the differences between the non-uniform hyperbolicity appearing in that
theory and the effective hyperbolicity we use here.

5. APPLICATION I: CONSTRUCTING SRB MEASURES FOR GENERAL
NON-UNIFORMLY HYPERBOLIC ATTRACTORS

In [5], Theorem A is used as a crucial part of the proof of existence of
SRB measures under some very general conditions. We briefly describe this
result here, as Theorem 5.1 below. We note that Theorem 5.1 establishes
the existence of an SRB measure for the systems considered in [2], as well
as for some new examples [5].

As in the previous section, let M be a compact manifold, U C M an
open set, and f: U — M a C'** diffeomorphism onto its image for some
a € (0,1]. Now we also assume that U is a trapping region — that is,
f(U) C U. This implies that (4.1) is satisfied for some L > 0 on f(U).

Suppose that there exists a forward-invariant set X C U of positive
Lebesgue measure with two measurable transverse cone families K*(z), K"(z) C
T.M such that

(1) Df(K%“(z)) C K*(f(x)) for all z € X

(2) Df~YK5(f(x))) C K3(x) for all x € f(X).
As discussed in Remark 2.2, the cone families K*" can be used to obtain
an invariant splitting T, M = E"(z) ® E*(x) on X. In particular, we will
be able to apply Theorem A after verifying some further conditions.

Define A*; A%: X — R by

A(x) = inf{log [ Df (0)| | v € K* (), [lv]| = 1},
A*(x) = sup{log [| Df (v)[| | v € K*(x), [[v]| = 1}.
Denote the angle between the boundaries of K*(x) and K%(x) by
0(z) = inf{L(v,w) | v e K*(z),w € K*(x)},

and let
O (z) = %im o{n>1|0(f"(z)) < 6}.
—0

Az) = min (\“(z) — A(z), —\°(z)).

Consider the set of points

Let A(zr) = max (0, M) be the defect from domination, and let

B 1 n—1
S=<%x€ X |dg(x)=0and lim —Z/\(ka)>0 ,
n—oo 1 =0
so that points in S have (forward) trajectories on which f is effectively

hyperbolic and has negative Lyapunov exponents in the stable direction.

Theorem 5.1 ([5]). If LebS > 0, then f has a hyperbolic SRB measure
supported on A =1, 50 ["(U).
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Sketch of proof. The idea behind the proof of Theorem 5.1 is to construct
an invariant measure p as a limit point of the sequence of measures

n—1
1 k
5.1 ni=—Y fFLeb,
(5.1) K nk_of €

and then show that some ergodic component of x is an SRB measure. Using
Theorem A, one can do this by guaranteeing that the measures u, give
uniformly positive weight to a certain compact subset of the class of “SRB-
like” measures.

To carry this out, one fixes parameters K = (0,v,x,r,C,\,3,L) and
considers for each NV € N a certain collection Rk n of admissible manifolds
with geometry and dynamics over N backwards iterates controlled uniformly
by K. Writing Ry y for the collection of standard pairs (W, p) with W €
Rk n and p: W — [1/L, L] Hélder continuous with constant L, one can
associate to each standard pair (W, p) the measure given by integration
against p(z) dmy (x), where myy is leaf volume along W.

Taking weighted averages of such measures gives a collection M;Ck, of
measures with some absolute continuity and hyperbolicity properties; and
it is shown in [5] that if the measures p,, have uniformly large projections to
M‘;}C?V, then some ergodic component of y inherits the properties of absolute
continuity and hyperbolicity, hence is an SRB measure.

The key to proving that the measures p,, have large projections to M%(CR,
is Theorem A and Proposition 3.7. Writing .S,, for the set of points in S for
which n is an effective hyperbolic time and a certain contraction condition
for A%, one can put m,, = 1 EZ;OI f¥(Leb|s,) < pn and use the bounds from
Theorem A on the graph transform at effective hyperbolic times to show that
fE(Leb|s,) € M%g;l and hence m,, € M%g;l The positive frequency of such
times guarantees that m,, is bounded away from 0. U

6. APPLICATION II: A FINITE-INFORMATION CLOSING LEMMA

For uniformly hyperbolic systems, the Anosov closing lemma establishes
the existence of a periodic orbit close to any almost-periodic orbit. More
precisely, one has the following result [7, Theorem 6.4.15].

Theorem 6.1 (Uniform closing lemma). Let A be a (uniformly) hyperbolic
set for a C diffeomorphism f. Then for every § > 0 there is € > 0 such
that for any x € A and p € N with d(z, fP(x)) < €, there exists z € B(x,J)
such that z is a hyperbolic periodic point for f with period p.

A similar result holds for non-uniformly hyperbolic systems [6, §3]. A non-
uniformly hyperbolic set A has a filtration A = (Jx~ Ak, where the sets

6In fact the result in [7] is somewhat stronger and allows z, f(z), ..., f*(z) to be an
e-pseudo-orbit. Moreover, there is a constant C' (independent of §) such that one can take
e=0/C.
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Ak are compact but non-invariant, and the parameter K may be thought
of as controlling the amount of non-uniformity in the trajectory of x € A,
with larger values of K corresponding to worse non-uniformities.

Theorem 6.2 (Non-uniform closing lemma). Let A be a non-uniformly hy-
perbolic set for a C'T diffeomorphism f. Then for every § >0 and K > 0
there is € > 0 such that for any x € Ag andp € N with fP(x) € AxkNB(z,¢),
there exists z € B(x,0) such that z is a hyperbolic periodic point for f with
period p.

The difficulty in applying Theorem 6.2 is that determining the non-
uniformity constant K associated to some point x requires an infinite amount
of information, because K depends on the entire forward and backward tra-
jectory of x. Here we use effective hyperbolicity to give a set of criteria for
existence of a nearby hyperbolic periodic orbit that can be verified with a
finite amount of information, since they depend only on the action of f near
the points z, f(x),..., fP(z).

As in the previous sections, let M be a compact Riemannian manifold
and f: U — M a C' diffeomorphism from an open set U onto its image.
By shrinking U if necessary, we can extend f to a neighbourhood of U so
that (4.1) holds for some uniform L > 0.

Definition 6.1. We say that an orbit segment {z, f(x),..., fP(z)} C U
is completely effectively hyperbolic with parameters M, M™, M, M" > 0,
rates X° < 0 < X%, and threshold @ > 0 if there are D f-invariant transverse
cone families K K" on {z, f(z),..., fP(x)} such that defining A* \* 0 as
in the previous section and writing 15 for the indicator function of the set
{2 0(2) < 0}, we have

(6.1) 0(z) >0,  0(fP(z)) =9,

and the quantities

n—1
(6.2) M= max ((n —m)Rt = Y (A - A ng)(f’“a:)> ,

0<m<n
k=m
n—1
6.3 M? = —m)y® N+ A+ L1)(f*
(6.3) . ngﬂﬂggp((n m)¥ +£( + A+ L1g)(f x))
satisfy
(6.4) M > My,

(6.5) M*® > M.
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Moreover, we require that

P
(6.6) M" > M? — Z (A —XY) for all 0 < n <p,
k=n+1
X p
(6.7) MY > M= (M= XY,
k=1
and
) n—1
(6.8) M > M+ (A, —X°) for all 0 <n < p,
k=0
p—1
(6.9) M MU S (8 - 7).
k=0

Remark 6.3. We stress again that Definition 6.1 only requires verifying a
finite amount of information: the cones K%, K* do not need to be invariant
along the entire trajectory of x, but only along p iterates of it, and no
asymptotic quantities (such as Lyapunov exponents or Lyapunov charts)
need to be computed.

We can use Theorem D to prove the following closing lemma regarding
completely effectively hyperbolic orbit segments.

Theorem 6.4. Given L, M*, M*, M*, M* € R, <0< X% and 8,5 >0,
there exist € > 0 and pyp € N such that if f: U — M satisfies (4.1), then the
following is true. If x € U and p € N are such that

(1) p > po and the orbit segment {x, f(x),..., fP(x)} C U is completely
effectively hyperbolic with parameters M*®, M™, MS, M“, rates X%, X",
and threshold 0;

(2) d(z, fPz) < e, and there exist mazimal-dimensional subspaces E* C

K"(z), E° C K%(x) such that d(DfP(E?), E?) < & for o = s,u,

then there exists a hyperbolic periodic point z = fPz such that d(x,z) < 4.
Moreover, writing E*, E* for the stable and unstable subspaces of D fP(z),
we have d(E?, E?) < 0 for o = s,u.

We give a brief sketch of the argument — a more detailed proof is in
Section 10. Let W, W? be u- and s-admissible manifolds through x, re-
spectively. For an appropriate choice of r > 0, the hypotheses are enough to
guarantee that f™(W*")N B(x,r) converges to a u-admissible manifold near
x as n — oo, and similarly, f"P(W?#) N B(x,r) converges to an s-admissible
manifold near z as n — —oo. The intersection of these limiting manifolds is
the desired periodic point.
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7. GENERAL RESULTS ON ADMISSIBLE MANIFOLDS

We begin the proofs by formulating and proving our most general result,
which is Theorem 7.1, a very broad version of the Hadamard—Perron the-
orem that gives detailed bounds on the dynamics of the graph transform
operator (central to Hadamard’s method). This result applies even to fi-
nite sequences of C'! diffeomorphisms and gives bounds on the images of
admissible manifolds.

In Theorem 8.1, we use Theorem 7.1 to prove the existence of local un-
stable manifolds (not just admissible manifolds) for a sequence of C! diffeo-
morphisms {f, | » < 0}. In particular, this implies the classical Hadamard—
Perron theorems (Theorems 11.1 and 11.3), which give existence of local
unstable manifolds in the uniformly and non-uniformly hyperbolic settings.
As with the classical results, we also obtain the existence of local strong un-
stable manifolds corresponding to the directions with the fastest expansion,
which are important in various settings including partial hyperbolicity and
maps with dominated splittings. Applying the same result to the inverse
maps f,, ' gives the local stable manifolds.

7.1. Admissible manifolds: control of the graph transform. Given
Yn: EY — E2, a continuous non-decreasing function Zy: Rt — Rt with
Z}f(()) = 0 is a modulus of continuity for D1, if

(7.1) | Dt (v1) — Dby (v2)]| < ZY(t) whenever |jv; — va| < t.
Given a sequence of such functions Zj,, we generalise (2.6) to the following
collection of admissible manifolds:

Cl = C! (rn, Tns Ons Yy ZY)
(2) = {¥: Bilm) > B[4 is C1, [0(0)] < 7, IDHO)]| < o,

| DY < n, and Z¥ is a modulus of continuity for Dwn}.

Note that setting fo (t) = rpt® and taking v, > o, + kprd recovers the
earlier definition of C,,.
Consider a sequence of C! maps {f, | 0 <n < N}: replace (C1) with

(C1) fn: Qp — Viy1 is a C! diffeomorphism onto its image, and f,,(0) =
0.

Similarly, replace (C3) with

(C3') The numbers A%, A%, 6, satisfy (2.1)—(2.3), and Z: R* — R* is a
modulus of continuity for D f,.

For brevity, we say that the maps {f, | 0 < n < N} satisfy (C’) whenever

they satisfy (C1’), (C2), (C38'), (C4), and (C5), and we write

(7.3) ZI(t) = ZL(t)(sin0,,41) L.
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In order to control the behaviour of the graph transform in terms of
A’ , 0, we introduce a number of quantities that can be made arbitrarily
small by an appropriate choice of 7,7y, 0pn, Vn in the definition of C,.

First note that if ¢ € C, and = € graph, then

(7.4) 2]l < 7+ 70 (1 4+ m)-

Suppose Ty, Yn, T are small enough so that

(7.5) el == ZI(rp + ra(L 4+ 7)) < e (1+7,) L
Define x, < A% < A% and A5, A$ > \S by

(7.6) M =eMn — el €% = (1 +p)el,

(7.7) M = M + &5, e5 =max{1 4+, 1,1 +vn11} - €,

1 —Ynt1 Sin9n+1>
IL+9 " 14y )’

(7.9) M =eM gz, &= (14 May)ef 4 (14 n)eM(el)2
Let
(7.10) prlt) = e (14 NNy ) 21 (1) 4+ e 2N 2 (1)

(7.8)  xn = +eX, eX = log max (

and suppose that the moduli of continuity Z}f’ satisfy
(7.11) ZY,, (teM) > M MZE (1) + pa(2).
Finally, write
el = M zy (e"%ﬂm) + e_;\z(l + )2 ((1 + e_;\zsﬁ(l + %))m)

and note that €7 = 0 if 7, = 0, that is, if we consider admissible manifolds
passing through 0, not just near it. We will require the following recursive
bounds on the parameters:

(7.12) Trnt1 < ej‘zrn —elm,

(7.13) Tnal > e;\fLTn,

(7.14) Tt > Mg, 4 e,

(7.15) Ynt1 > min (65\27;\%’}%, On+1 + Z,:f+1(rn+1)) .

Theorem 7.1. If the sequence of maps {f, | 0 < n < N} satisfies (C') and
(7.5)=(7.15) hold, then the following are true.

I. The graph transform Gy: C), — C, ., is well-defined for every 0 < n <
N.

I1. Given 1y € Cj), the C' functions 1, = Guibo: B(rn) — E2 have the
following property: if x,y € (grapht,) N, for some 0 < m < n, then

(7.16) | Fmn(®) = Fnn(@)l| > exp (Xm + -+ xn-1) |z — y]|.
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III. Fiz (vo,wo) € Qf and let (v, wy) = Fyn(vo, wo). Then
n—113s
(7.17) [t — () || < €220 2k g — g (vo)
and if (v),,w!,) is another trajectory such that
lwh — woll < 7ollvh — voll,
then
(7.18) [, — wnll < Ynllvy, — vnll
for all0 <n < N. Moreover, we have
(7.19) lon = o] = X0 M flog — vl
IV. Define r%k) for 0 <k <n by Tﬁzn) =ry and ngk) = efj‘z(rﬁzkﬂ) + 5£Tk)-
(0)

Then given 1y, po € C, and writing 7, =y, we have,

(7:20) [ = wallco < exp (X + X+ + My) || (W0 = w0) g s

Co

Remark 7.2. Theorem 7.1 is valid even without any assumptions on the
existence of genuine contraction or expansion in F, and Ey, or any domi-
nation. It gives information on admissible manifolds based on information
from the tangent space, without any requirement of uniform or non-uniform

hyperbolicity.
7.2. Preliminaries for the proof. As usual, we use coordinates on 2, C
R? given by the decomposition RY = E* @ E3. Thus given v € EY and
w € E2, we write (v,w) = v+ w € RY We let 9; denote the partial
derivative with respect to v, and 0o the partial derivative with respect to w.

Consider the error function s,: Q, — R given by s, = f, — D f,(0);
then 0;s,, has ZT{ as a modulus of continuity. Writing A, = Df(0)|gx and
B, = Df(0)|gs, we see that D f,(0) takes the diagonal form

(v,w) — (Apv, Byw).

Similarly, we write
(7.21) sn (v, w) = (gn(v,w), hyp (v, w)).

We want to use Z,’: to describe a modulus of continuity for Dg, and Dh,;
here the angle 6,, between E* and E? becomes important. Indeed, it is easy
to see that if a, b, c are sides of a triangle and # is the angle between a and
b, then ¢ > asin@ (and also ¢ > bsin ). Given z,y € R?, we apply this with
a = 0ign(x) — 0ign(y), b = Oihn(z) — Oihn(y), ¢ = Oisn(x) — Oisn(y), and
0 = 0,,+1 to obtain

10ign(x) — Bign(W)|| < 10550 (x) — Disn(y)||(sinbrgr) ™"
< Z (|l — y|)) (sin 0n1) " = ZL(|lz — yl)),

and similarly for 0;h, (see (7.3) for the last step). This shows that Z1
is a modulus of continuity for both 9;g, and 9;h,. In particular, we see
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from (7.4) and (7.5) that both g, and h,, are Lipschitz with constant el so
that

lgn () = gn()Il < efllz —yll, lgn(@)Il < efll]],
hn(@) = R < elllz =yl 1hn(2)]| < el

for every x,y € €),,, where the second inequality on both lines uses the fact
that ¢,,(0) = hy,(0) = 0.

(7.22)

7.3. Defining the graph transform. Given v, € C/,, we use the coordi-

n?
nates provided by £y, ; and E; ;| to investigate the manifold f,(graphy,).

n

Our initial goal is to show that f,(graph wnﬂQZH) is the graph of a function
Ynt1: By (rnv1) = By B

To this end, to every v € Bj(r,) we associate v € E¢ | and ¢ € E_,
such that

(7.23) (9,9) = fu(v,%(v)) = (Apv + gn (v, $(0)), Buth(v) + hn(v,9(0))).

We must show that the image of the map v +— v contains the set B}, | (rn41)
and that the inverse map v — v can be properly defined here; then we
can compose this inverse map with the map v — 1 to obtain the desired
map ¥ — Yn41(0) = ¥ (v(v)). Then we will show that the new map has
[P O0)[| < g1 i

Finally, after computing % and %, we must use these to show that

| D11 (0)[| < ng1, that |[Dibni1]| < Yns1, and that Z2, | is a modulus of
continuity for D, 41.

From now on, to simplify notation, we write g,(v) = gn(v,¥n(v)) and
hn(v) = hp(v,9n(v)). We also drop the explicit dependence on n for the
maps A, B, g, h,1, whenever it does not cause confusion. (We will retain
the subscript for the various parameters.) Then (7.23) may be rewritten as
the following pair of equations:

(7.24) v = Av+g(v),
(7.25) Y = By(v) + h(v).

Using the fact that Z’f is a modulus of continuity for 9;g,, together with the
estimates || Dy (v)|| < v, and ||[¢(v)|| < 7 + Yn||[v]], we see that

[Dg(v)[| = |01gn (v, ¥(v)) + 2gn (v, (v)) o Dy (v)]|
(7.26) < (L+7)ZL (| (v, v (0)])
< (L+%)ZL (mn + (L4 7n)rn) = (1 + )<,

and similarly,
(7.27) IDR@)[| < (1 + )i

In particular, we see from (7.6) that

(7.28) (A + Dg(0) 717t = M — (14 m)ef, = M.



HADAMARD-PERRON THEOREMS AND EFFECTIVE HYPERBOLICITY 27

If follows that given vy,vy € By (ry), we have
(7.29) o1 — Bl > ¥ oy — ]

In particular, the map v — © is one-to-one on By(ry,). Using (7.24) and (7.22),
we have [|5] = ||gn (0,1 (v))|| < Tel when v = 0, and it follows from (7.12)
and (7.28) that the image of B} (r,,) under the map v — © contains B}, (rp41).
In particular, (7.24) and (7.25) determine a well-defined function ¢: BY, { (rn41) —
By ]

To compute 1(0), we let v;1 = 0 and take vy to be such that vy = 0.
Then (7.22) gives ||o1]| < el 7, whence we use (7.29) to deduce that
(7:30) lall < ™ [7]] < e™Hiefma.
Together with (7.25) and (7.13), this implies that

10| < e [ (w2) | + [|a(v2) |
< (T + Yullv2l) + ef vz

< <e’\" + %5{;6)‘"—’\” + (67{)26_)‘”) Tn < Tntl

7.4. Regularity properties of ¢, ;1. We now estimate the regularity prop-
erties of the map 1. Differentiating (7.24) and (7.25) gives

dv
cTy = A+ Dg(v),
dp

Write A(v) = 2 — A+ Dg(v); we saw in (7.28) that |A(v)~Y|~ > M for
every v € B¥(ry). Now using the chain rule, we conclude that

Dy () = (B o Dy(v) + Dh(v)) o (A + Dg(v)) ™",
= (B o Di(v) + Dh(v)) o A(v) L.

Recalling that log || B|| < A;, and || Dy(v)|| < 7y, we let v be such that v = 0,
and use (7.30), (7.26), and (7.31) to estimate || D (0)|:

IDE(O)]| < 1)~ HIUBIIID()] + [ Dhw)Il)

< e <e)‘% <an + Z;Lp (ej‘%sfﬁnn

(7.31)

+(1+ ’yn)Z,{ (Tn +(1+ ’yn)ej‘ﬁeﬁm)).

Recalling the definition of £7 before Theorem 7.1, this shows that || Di(0)|| <
On+1 as long as 0,41 satisfies (7.14).

Now we use (7.27), (7.28), and (7.31) to estimate || D1}, requiring only
that [|v|| < rp:

IDP@) < (¥ + (14 qm)eh)e N < Mgy,
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where the last step uses (7.7).
Observe that (7.15) may be satisfied in one of two ways: either we have

Vg1 > €My, or we have v,11 > opp1 + ZZ’H(rnH). In the first case,
the inequality ||Din11]] < Ynt1 follows from the argument above. In the
second case, this inequality follows from the fact that Z:f 41 18 a modulus of
continuity for D, 1, which we now prove.

Remark 7.3. We will need to use the second case in the proof of Theorem C.

To show that Z;f 11 is a modulus of continuity for D, 11, we must estimate
the quantities || D1 (v1) — D1 (02)|| and ||o1 — v2||. First we observe that
(7.32)  Di(v1) — DY(2) = (B o Dip(v1) + Dh(vy)) o A(vy) ™!

- (B o D’L/J(’Ug) + Dh('l)g)) o A(Ug)il.

Furthermore, it follows from the definition of A(v) that

A~ A~

A(v1) = A(v2) + Dg(v1) — Dg(v2);
composing on the left by A(vs)~! and on the right by A(v;)~! yields
Afv2)™ = A(v1) ™! + A(v2) ™! o (Dg(v1) = Dg(v2)) 0 Avr) ™.
Using this in (7.32) gives

Dy(t1) — D(2) = (B o (Dy(v1) — Dip(v2)) + (Dh(v1)) — Dh(vz))
+ (B o Dip(va) + Dh(v2)) 0 A(va) ™' o (Dg(v1) — Dg(v2))) o A(vy) ™"
Writing ¢ = ||u; — v2||, this leads to the following estimate:
ID3 (@) - Do)l < (IBIZY() + ()
(73 + (IBINDS] -+ DRI - A~ - 240) I ACon) |
< (eMZY(t) + ZL(t) + (M + Z4(t)e M Z](t))e .

Now (7.28), (7.33), and (7.11) show that Z;fH is a modulus of continuity
for D¢n+1‘

It follows from the definition of v that graph,11 = f,(graph, NQ7+L),

and thus induction shows that graphi, = Fp,(graphg N Qf) for all n,
which completes the proof of 1.

7.5. Dynamics of f,: graph, — graph,.1. To prove IL., we must
establish (7.16) by estimating the expansion of the map f, from graph,
to graph,,4+1. In particular, we must show that given x,y € graph(¢,) N

[ graph(yy+1), we have
(7.34) 1fn(@) = Fa )l > Xz — .
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Using the definition of y,, in (7.8), this is equivalent to proving both of the
following inequalities:

(7.35) (@) = )] = e oy,
On u
(7.36) (@) = )] = T o .

Now suppose v1,v2 € By, (ry,) are such that v1,93 lie in B}y, (rnq1). To
prove (7.35), we use the estimate

[9(01) = $(02)]] < Ym0 — va
and observe that
(01,9 (01)) = (B2, 9 (02)) || = (01 — 02, 9 (1) — (02))|
— Yn1)[[01 — V2|

> (
> (1= Ynp1)eM fJor — s

1 n u
TR v() - 2 v )]
For (7.36), we use the triangle estimates discussed following (7.21) and ob-
tain
(@1, 9 (01)) = (B2, 9 (0)) | = [[(D1 — D2, (1)) — 9 (T2)) ]

> sin 9n+1||171 — 172”

| \/

> §in 01 |0 — va|
sin 6, w
ol (o) = (2, 9(w2)

Together these establish (7.34), and (7.16) follows by induction, completing
the proof of II.

>

7.6. Contraction properties of the graph transform. First we ob-
serve that part I'V. of the theorem follows from part ITI. Indeed, it follows
from (7.28) and the remarks after (7.29) that to compare ¢, 1, on B*(ry,),
it suffices to compare g, g on B*(7,), and then (7.17) establishes the rest
of I'V.

For part IIL., we see that (7.19) comes from exacly the same argument

s (7.29), where we need only replace the function 1 from that argument
by another function in C], whose graph contains both (vy,wy,) and (v}, w))
— this is possible by (7.18).

Thus it only remains to prove (7.17). To this end, write (v, w1) = (vn, wy,)
and (01,w1) = (Vng1,wnt1). Let (vi,71) be the point on graphy with
the same u-coordinate as (v1,w1), and let (a,4)2) be the point on graph 1)
with the same u-coordinate as (01,w;), so that vy = 0. Let (ve,12) =

fo N2, 12).
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Now we have
171 - Anvl +gn(vlawl)’ T/;l == anl + hn(’l)l,d)l),
(7.37) Ug = Apva + gn(v2,12), Yo = Bpiba + hp(v2,12),

0 = Apvr + gn(vi,w1), W1 = Bpwi + hy (v, wr).

We must estimate ||@; — || in terms of ||wy —1|. Using (7.22) and (7.37),
we have

(7.38) lr — ol < e flwr =l + el ([for — w2l + [lwr — 2.
Furthermore, we have ||wy — 2| < [[wi — 1| + [|¢¥1 — 2|, and we can
use (7.29), (7.22), and (7.37) to obtain
lor = vall < e oL — ouf| < e Med flwr — .
Together with (7.38) and the hypothesis on || Dy, ||, this yields
libr — o] < (X + ef)([wr = nll + [[1 = w2]]) + efflor = ve]
< (X 4 e)(L+me el lwr — il +e M () Jwr — v
= (M + (1 e )]+ (14 ya)e M (])2) fuwn — v
= eMflwr — ¢,

where the last equality uses the definition in (7.9). This completes the proof
of III.

8. GENERAL RESULTS ON UNSTABLE MANIFOLDS

Now we consider a sequence {f, | n < 0} of C! maps and produce unstable
manifolds by applying Theorem 7.1 to the finite sequences {fi | n < k < 0}.7

The theorem below relies on having a sequence Z¥ of moduli of continuity
satisfying (7.11): for now we assume that such a sequence has already been

found, and in Proposition 8.2 below we give conditions on ZV;, 5\%, 5\2, ¥n, that
guarantee the existence of such zy.

Theorem 8.1. Let {f,, | n < 0} satisfy (C') and suppose v, vn, Zi are
such that (7.5)—(7.15) hold with o,, = 7, = 0. Then the following are true.
I. Writing C, = C,,(rn,0,0, v, Zﬁf), there exists 1y, € Cl, such that Gpip, =
Unt1 for all n < 0.
I1. If z,y € (graph¢,,) N QY for some n > m, then

(8.1) | Fmn(®) = Fnn(y)l| > exp (Xm + -+ xXn-1) |z — y]|.

"We could consider {fn | n > 0} and obtain results on stable manifolds instead of
unstable manifolds, but the notation and bounds laid out in Section 7.1 are more suited
to describing unstable manifolds for a sequence {f | n < 0}.
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II1. If we have

(8.2) lim loga+ Y (M) =—oc
n——00 n<k<0
then 1y, is the unique member of Cl, satisfying I.
IV. If ¢ € Q, is such that x,, := Fgln(xn) € Q,, for every m <n and

m——0oQ

n—1
(83) lim (1 +’Ym)||xm|| exp <_ Z 5‘2) =0,
k=m

then x € graph ¢y,.
V. If yp is bounded above and M\, is a sequence such that A\ > 5\2 -l—t(j\}é —

5\2) for some fized t (independent of k), and if x is such that there exists
C with

n—1
(8.4) ||| < Cexp (— > /\k>
k=m

for every m, then (8.3) holds and x € graph,.

Proof. Theorem 7.1 shows that the graph transform Gy: C;, — C,,_; is well-
defined for all n < 0. To show existence of the family 1),,, we define for each
k <0 a family U% = (¢%),<0 € [],,<0Ch by

0 n<k
8.5 k— =

where 0 is the zero function. By the Arzela-Ascoli theorem, C/, is C*'-
compact because {D1 | ¢ € C),} is an equicontinuous and bounded family
of functions. Thus by Tychonoff’s theorem, [],,C;, is compact in the
product topology. In particular, there exists k; — —oo such that Tk —
U = (¢¥n)n<o € [[C},, and this sequence v, € C], satisfies G, = Y41 by
the second part of (8.5). This proves Part I.

Part II. follows directly from Part II. of Theorem 7.1. To prove the
claim of uniqueness in Part III., we again consider the sequence Uk defined
in (8.5) and estimate ||, — 1| using Part IV. of Theorem 7.1. Note that
because 7y = 0 for all ¢, we have rf) = exp(— Z?’:}l AY). Now take m < n
to be large negative and j, k > m; then (7.20) gives

|M—W@<w{§ﬁwwkwmwwﬂ

n—1
< 29p—m €Xp ( Z 5‘? - 5"7) :

i=n—m

Together with (8.2), this implies that the sequence {y" % | i € N} is
Cauchy in the uniform metric, and hence there exists a continuous function
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Vn: BY(rn) — E2 such that limy_, o ¥* = ¢,. In particular, once (8.2)
holds there is no need to pass to a subsequence k; to obtain convergence.

To prove Part IV., we apply (7.17) to the sequence of points x,,. For
every m < n, we get

(8.6) [[wn = tn(vn)|| < exp (- z_: /‘Z) [wm = tm (vm)||-

k=m

Using the fact that ||wy, — Ym(vm)]] < (1 + Ym)||zm|| together with (8.3),
the right hand side of (8.6) becomes arbitrarily small as m — —oo, and it
follows that x® = 1, ("), or in other words, x € graph,,.

For Part V., it suffices to observe that (8.2) and (8.4) imply (8.3) when
Ym is bounded above. O

Proposition 8.2. Given (7.6)—(7.15), suppose that the sum

87) Z¥(t) =) exp | A+ D (A —AY)

k<n k<j<n
: (1 + e;\i_;\z’yk) ZAg texp | — Z 5\?
k<j<n
converges when n = 0 for all t € (0,79), and that lim;_, ng(t) = 0. Then
7Y s a sequence of moduli of continuity satisfying (7.11).
Proof. 1t follows from (8.7) that for all n < 0, we have
(M Z (1) + (1 + My, ) Zh (1)) e
— M Z M Tk jan A AY) (1 + eﬂsz\};%> A,{ (te_ 2k<j<n ;\7>
k<n
e M (L N Z)(8)
= Z e M ke j<n (X5 —AY) (1 + e;\i—;\}i%> Z! (te;\ze* 2k<j<n ’V)
k<n
3u
= Z;fﬂ(te ")

This shows that (7.11) holds, and solving for ZY shows that it is a legitimate
modulus of continuity function for each n. O

9. PROOF OF RESULTS IN SECTION 3

9.1. Proof of Theorem C. We now prove Theorem C using Theorem 7.1.
We begin by estimating the quantities in (7.5)—(7.10) using (3.19)—(3.27) and
then showing that for any § and L, we can choose £ and 7 such that (7.11)—
(7.15) are satisfied.
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Using (7.5), (3.25), and (3.23), we have (taking ¥ < 1)

(9.1) el = Bu(Tn +rn(1+7)* < Bard(2+7) < 3¢

Together with (7.6) this gives e < 6£. Fix ¢ > 0 such that (2 + a)¢ < 6.
By the assumption that A¥ > —L, we can choose ¢ sufficiently small that

(9.2) M = M — gl > e — 66 > M6,
Let L1 = eX*¢, so that for all n we have
(9.3) e < Ly and MM < L.

Now choose 7 sufficiently small so that in (7.8) we have

v

11—
9.4 n > A tlog [ L) > A% — 2.
(9.4) Xn > 4—%<1+7> ¢

From (7.9), (9.1), and (9.3), we have
En < (14 Li7)(3¢) + (1 +7) L1 (39,

and so, using the fact that A\ > —L and decreasing ¢ if necessary, (7.9)
gives

(9.5) A > A8 (.
Turning to (7.10) and (7.11), we see from (9.3), (3.23), and (3.24) that

pn(t) < Li(1+ L17)Bat™ + L3 B24>
< (La(1 + Liy)ékn + LTE)

for every t € [0,7,]. We use this to prove (7.11). Indeed, for the moduli of
continuity Zy (t) = knt®, the quantity on the right side of (7.11) is

MTNZYW) + pult) < (MM + Li(1+ Li7)e)n + LFE )"

(9.6) o
< (e/\”f)‘"+<+L1(1 +L1’7)§+L%f2)ﬁnta,

where the second inequality uses the fact that 1 < &k, (from (3.24) and the
fact that 8, > 1). Using the fact that \> — A% > —L and decreasing ¢ if
necessary, the last quantity is at most < eM~Ant2Cs, ¢,

Using the inequality (2 + «)¢ < § and multiplying both sides of (3.22) by
=0 gives
o

u __ s __\u
e )‘n C)"in-‘rl 2 6>‘n An+2</€n

and so the quantities in (9.6) are bounded above by
Mgt < eo‘j‘%mnﬂto‘ = Z:fﬂ(te;\z),

where the first inequality uses (9.2). This establishes (7.11).
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The last estimate we need before verifying the remaining hypotheses of
Theorem 7.1 in (7.12)—(7.15) is an estimate on £7: the first inequality below
uses (9.3), and the second uses (9.1), (3.26), and (3.24).

€9 < Likne (el + Li(1 +7)Bume(1 + Li(e))(1 + 7))
(97) < L3¢ o + Li(1+7)gon (1 + L1 (3) (1 + 7))
< L2£aan-

Now we can verify the conditions. To verify (7.12), we estimate the right-
hand side using (9.2), (9.1), (3.25), and (3.19):

Ny — el 2 (M0 = 3E)rn = N0y = 1y,
where again we decrease ¢ if necessary. The condition (7.13) follows imme-

diately from (3.20) and (9.5). For (7.14), we use (9.2), (9.7), and (3.21) to
obtain

s _\u s _\u s _\u

where as always we decrease £ if necessary. (Note that this is only done
finitely many times.) Finally, (7.15) follows directly from (3.27). Thus we
can apply Theorem 7.1 to obtain well-definedness of the graph transform.
We get (3.29) from (7.16) and (9.4). The inequalities (3.30) and (3.31) come
from (7.17) and (7.19), and (3.33) follows from (7.20) and (9.5).

9.2. Proof of Theorem D. Let 6 = min(x* — x*, x* — X*) > 0, and let
&,4 > 0 be given by Theorem C. Let 7 > 0, ,7 > 0 be small enough and
K be large enough so that

(9.8) M prr<e, eMB<¢R, F<F, RFY<5, o+ RC<A.
Now let & < & < Re®NX" be such that (9.8) holds with & replaced by 4. We
will work with & from now on.

Define ¢, > 0 by ¢g = 1 and ¢,41 = min(e’\%_‘s/cn, 1), where §' = %. We
claim that ¢, > e~ for all n. Indeed, if m € [0,n] is maximal such that
¢m = 1, then (3.35) yields ¢, = eXhomAi=0) > (=M =My > =My

Similarly, define ¢, > 0 by ¢y = e~ VX" and the same recursion Cnt1 =
min(e*=9¢,, 1). If &,, < 1 for all 0 < m < n, then we have

~ n—lcye s} . SU__pAfU _ NoU
Cp = ezkzo()‘k 6)60 > enX M”@ Nx ,

whereas if ¢, = 1 for some m then we have é, = ¢, > e Mn for every
n > m. In particular we observe that éy > e M~

Now let r,, = ¢y, and Ky, = K¢, ¢, so that in particular kg = K. We observe
that ky, < ke, ®. Using the fact that A5 < A% and aA§ < (14+ )\l — A2, we
see that the recursive relations (3.19) and (3.22) are satisfied.

Let 7, and o, be given by

-1
Ty = Te M e2ukmo i)

on 1= ke 0Ty

(9.9)
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Then (3.20) is satisfied immediately. To show (3.21), we observe that by the
definitions of ¢, and 7,,, we have

T
On+1 _ Cnt1'n+1 > 6_04(/\761_5,)604()‘%+5l) _ ea(AfL_A’?L)J’_é

On cn® T

9

using the relation 6 = 2ad’. Thus to prove (3.21) it suffices to show that
a(Ay —A5) > Ay — A If the right hand side is positive (there is a deficiency
from domination), then by the definition of ¢ we have A2 < X441 (A%—)\%),
and so

a(Ay, —AL) > (T +a)(A, — Ay) > A5 — An.
On the other hand, if A;, < A%, then Af < A and so
a(X; = X0) > a(X; = X2 > X - AL

This shows that (3.21) holds.
We have the following estimates on 7,, and oy:

(9.10) Tn < T~ Mn enX®

(9.11) o < Re@MiFae=oM§ 0 T (NHS) < GeonX”

To verify the bounds (3.23)—(3.27), we first observe that 8, < B¢, ;. To
see this, let m € [0,n] be maximal such that 8, < 3 (noting that such an
m exists by the assumption that Sy < ). Then

Br—
IB ! Bo—QY 1 AS 2.0 —« 2.~
ko< fe m+1 %k < Bemi1Cat1 < 86T

o < e S s

One consequence of this is the bound
(9.12) sinfpi1 > B, > B, > B e M

where the first inequality follows from (C3), which lets us take # = 37! and
use 6 > sin @ to get the bound on 6,, in Part I. Another consequence is that

= I
ﬂngﬁe Cna7

and so using (9.8) we have ,r% < eL/Bc;aFacg = el B < ¢, and similarly
Buk;t = el BR™ < ¢, which verifies (3.23) and (3.24). We see that (3.27)
follows from (9.8) since k15 < ke, *Tcy = AT

The bounds (3.23)—(3.24) follow just as before, while (3.25) follows since
from (9.10) since 7 < 7. The definition of o, in (9.9) makes (3.26) immediate,
and (3.27) follows from the final inequality in (9.8). Having verified all the
conditions of Theorem C, we observe that Parts I.—III. of Theorem D follow

from Theorem C and the inequality ¢, > e Mn.
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For Part IV. of Theorem D, we will use Part IV. of Theorem C. We
bound 7,, by

n—1
iy = Xk=0 (A, 4363 eXi20 (A0
k=0
n—1 o1 k 1
k=0
nxu M1T+3£Z k’7_'6 Moek M Ms
where the last line uses (3.35), (3.36), and the fact that ¢, < 1. Thus
_ n—1 B
(9.13) P < e eMip 4 36y " e MXTX 7
k=0
Using (3.33) and (3.36), we have
[pn = tnllco < e e MM . 2(T + ),
and so by choosing ¢ small enough we can use (9.13) to guarantee that
lon = Yallco < e e MieMi (37 4+ 27X eMar),

which proves (3.40).

Finally, Part V. of Theorem D follows directly from the following lemma,
due to Pliss [8]; a proof may be found in [4, Lemma 11.2.6], and we also
prove a slightly more general version in Proposition 9.2.

Lemma 9.1. Given L > x > x >0, let p = (x — X)/(L — Xx). Then, given
any real numbers i, ..., AN such that

Z)\jZXN and Aj < L for every 1 < j < N,
there are £ > pN and 1 <ny < --- <np < N such that

Z Aj > X(n; —n) forevery0<mn<n; andi=1,... 4.

9.3. Proof of Theorem A. Theorem A follows directly from Theorem D
by setting 6 =7 = 0 To get the appropriate density observe that for every
X" < x° we have ZN ! AL = x for all sufficiently large IV, whence the
density of hyperbolic times is at least (x* —x*)/(L —x"), and since x* < x°¢
was arbitrary, this suffices.
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9.4. Proof of Theorem B. Let I' = {n < 0| M,(x) = 0}. We show that
I" has positive lower asymptotic density. Indeed, by (3.9) and the hypothesis
on x“, for every x € (x", x¢) there exists Ny < 0 such that for all N < Ny
we have Y nopogA. > x|N|. Given such an N, let mg = mo(IN) be the
smallest value of m with the property that

(9.14) M-S NE )
m<k<0

By the assumption on Ny, this inequality fails for all m < N, and so mg > N.
Furthermore, since Af, < L, the equality is true as long as |m| < p|N|, where
p=(x—x)/(L—x) asin Lemma 9.1. It follows that N < mg < pN.

Let 'y be the set of effective hyperbolic times n € (my,0]; that is, the
set of n such that

(9.15) >, Gi-x)=0
m<k<n
for all mg < m < n. We claim that
(1) 'y C I'; and
(2) #Tn > P*IN|.
For the first claim, observe that given n € I'y, it suffices to prove (9.15) for

m < mg. We can set m = my in (9.14) and (9.15) and take the difference
of the two inequalities to obtain

(9.16) > 5 XM S NE" - x)-

n<k<0
Furthermore, for m < mg we have
(9-17) > M=% > NE" =)

m<k<0
by the definition of my. Subtracting (9.16) from (9.17) gives

> =X >0,
m<k<n

and so M, (x*) =0,s0n €T.

For the second claim, we observe that by Lemma 9.1 we have #I'y >
plmgl|, and it follows that from the earlier estimates on mg that #I'n >
p%|N|. This holds for all N < Np, and so I' has lower asymptotic density

e o u 2
at least p%. As x approaches x¢, we have p? — (XL__%H ) , which proves the
claim regarding asymptotic density of I'.
Now fix ¢ < min(x* — x*, x?), and let 4,& be as in Theorem C, and 7, &
as in (9.8); let § = B3~1. We want to define a sequence c, that will satisfy

the recursive relationship

(9.18) Cna1 = min(eM ¢, 1)
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and allow us to define ry, k;, as in the proof of Theorem D. To this end, we
let © = {m < 0| B, < B}, and note that © is infinite by the hypotheses

of the theorem. Given m € ©, define {c%m) | m <n <0} by cg,T) =1 and
by (9.18) for m < n < 0.

Given n € I"and m € © with m < n, we have as in the proof of Theorem D
that cfl’") = 1. In particular, together with the definition of cq(im), this shows
that if n < 0 is arbitrary, then given any m; < n; < n and mgs < no <n
with m; € © and n; € T', we have cﬁl”“) = cq(lmZ). Thus we may define without
ambiguity a sequence ¢, as follows: given n, pick any n’ € I' N (—oo,n) and
any m € © N (—oo,n'], and let ¢, = .

Part II. of Theorem B follows from the same argument as (9.12) in the
proof of Theorem D. Also as in that proof, we let r,, = 7cy,, Kk, = Rc,*, and
vn = 7 for all n. The arguments there show that (7.3)—(7.15) are satisfied,
and so Parts III. and IV. of Theorem B follow from Parts I. and II. of
Theorem 8.1, noting the bound ¢, > e~ M»(X") from the proof of Theorem D.

Part V. of Theorem B follows from Part III. of Theorem 8.1 once we
verify (8.2) using the criterion of asymptotic domination. As in the proof
of Theorem C, for any fixed § > 0 we can choose 7,7, small enough and
% large enough that A5 < A5 + 6 and A% > A% — §. Choosing d such that

20 < x¥, we see from (3.10) that

which implies (8.2) because 7, = 7 is constant.
To complete the proof of Theorem B, it remains only to show Part VI.,
but this follows directly from Part V. of Theorem 8.1.

9.5. Proof of Propositions 3.7 and 3.8. We start with a general result
about subadditive sequences, which implies Proposition 3.7.

Let A = {Ar, | K < n € N} be subadditive in the following sense:
Apn < A + A for all E < m < n. In particular, what follows applies

when Ay, = Z?:_,i a; for some sequence a; € R, but we also have in mind

the slightly more general application when Ay, = HDf“_k(ka)]Es(ka)H.
Given A > 0, consider the following set of hyperbolic times for A:

(9.19) M'\(A)={neN| Ay, >AXn—k) forall 0 <k < n}.

A version of Pliss’ lemma (see [4, Lemma 11.2.6] for the usual version and
its proof) applies here.

Proposition 9.2. If Ay, < L(n—k) € R for all k < n and Ay, > xn,
where x > 0, then for every A € (0,x), we have #(T'x\(A) N[1,n]) > f—:’)\\n
Proof. Let By, = Apn — (n — k), and note that By, is also subadditive.

Let © = {k € [1,n] | By > Bogforall 0 < ¢ < k} and enumerate the
elements of ©® as 0 = kg < k1 < --- < ky,. Note that
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(1) Bogk;yr < Bog; + (L= A),

(2) BO,km > BO,n = AO,n —nA > n(x — )\)
We conclude that #0 = m > n(x —A)/(L — \). Moreover, if k € © then for
every 0 </ < k we have By, < By, < Boyg + By by subadditivity, and so
0 < By = A — (k—0)X. In particular, every © C I'y(A), which completes
the proof. O

Now we fix some L € R and © C N and consider B = {By,,,} with the
property that

We will eventually apply this to A = {317/ (\¥ = A;) | k < n € N} and
B:{Z’j:,i ;|kzgnEN},Whereinthiscase®:{n6N|9n<§}.

The following result says that provided © is sufficiently sparse, passing
from A to B does not change the set of hyperbolic times by very much.

Proposition 9.3. If A, B are related by (9.20), then for every 0 < A < A
we have

§(O)L

A=\

Proof. Let Cyp, = (n — k) — #(© N [k,n)) and observe that C = {C},} is
additive. Moreover, lim lC'Q,n = 1-6(0), and so by Proposition 9.2

n—o0 n

(9.21) S (Ca(A)\Tw(B)) <

we see that for every 0 < a < 1 — §(0) we have

(9.22) 0(Ta(C)) >

Now if n € I'y(A) \ I'x(B), then
Agpn > A(n —k) for all 0 <k < n,
but on the other hand there exists 0 < k < n such that
Apn — L#(©O© N [k,n)) < Brp < N (n —k).
Together these give (for this value of k)
(A =X)(n—k) < L#(ON[k,n)) = L((n — k) = Cyn),

A=\
Ck,n<(nk‘)<1 7 >,

and we conclude that

so that taking o = (1 — ’\_TX), we have n € N\ T'y(C). From (9.22), we have

- 5(©)  §(O)L
INATa(C)) = ;=71

which completes the proof. O
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Proposition 3.7 follows immediately from Proposition 9.3 by considering
Apn = Z;L:_,i(/\”j — Aj) and By, = Z;L:_é A%; these are related by (9.20) as
a consequence of condition (C4).

10. PROOFS OF APPLICATIONS

10.1. Proof of Theorem 4.1. For Theorem 4.1, it suffices to apply Theo-
rem B using local coordinates around the backwards trajectory of x.

10.2. Proof of Theorem 6.4. Given parameters r, 7, 0, &k, let C,, be defined
as in (2.6) for the decomposition Tn(,)M = D f"(E") @ D f"(E?). Consider
the collection of u-admissible manifolds

Wy (r, 7,0, k) := {exppn(y) graph ¢ | 1 € Cp(r, 7,0, K)}.

Define the set of s-admissible manifolds WW; similarly, with the roles of s, u
reversed.

Fix y** such that x* < ¥* < 0 < x* < % and let 4,7,0,5,7,% > 0 be
given by Theorem D. Assume that the parameters are chosen so that the
bounds in (3.34) hold when 7 is replaced by 24, where & = Re®™". Let pg
be such that pox" > M"log 2.

Using (6.2) and (6.4) to verify (3.35) and (6.8)—(6.9) to verify (3.36),
we can apply Theorem D to show that for p > pg, the map fP induces a
well-defined graph transform

Wy (7, re M Gem M, 2k) — W;f(fe*Mu, Fe M ePX" GeoPX” R).
Let 7 = %fe_M “and 6 = %5’6_M °. Then increasing pg if necessary, we have
for p > po that the graph transform induced by fP acts between

WS (7, 27,26, 2k) — Wy (re ™" 7,6, k).

Let # = e PoX"eM"F 4 7 and choose 7, py such that 27 < Fe~™"“. Then by
Part IV. of Theorem D, the graph transform induced by f? acts between
Wo' (7,27,26,2k) — W, (27, 7,6, k).

Now we can choose € > 0 such that under the conditions of the theorem, the
map exp, oexp;pl(x) embeds Wy (27, 7,6, /) into W (7,27,26,2#), and we
can view the graph transform induced by f? as a self-map on W{. By (3.40),
this self-map is a contraction, and so iterating any w-admissible manifold
under this transform yields a sequence of u-admissible manifolds converging
to a fixed point of the transform — that is, a u-admissible manifold W* near
x such that fP(W*) D W,

Apply the same argument to s-admissible manifolds we obtain a fixed
point for the graph transform associated to f~P — that is, an s-admissible
manifold W* near x such that f~7(WW*®) D W?*. By the bounds that W§ and
W impose on the geometry of W* and W#, they have a unique intersection
point z, which is the periodic point we seek.
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11. DERIVATION OF CLASSICAL HADAMARD—PERRON THEOREMS

We state two classical Hadamard-Perron theorems that follow from The-
orem 8.1. The uniform version in Theorem 11.1 is derived from [7, Theorem
6.2.8], while the non-uniform version in Theorem 11.3 follows [4, Theorem

7.5.1].

11.1. Uniform hyperbolicity. Fixrg > 0andlet Q = B“(0,79)xB*(0,79) C
R?, where B* and B* are the balls in E* = R* and E* = R?*, respectively.
Let 1, A € R be such that g > max(1, ) and for each n < 0 let f,: Q — R?
be a C! map such that for (z,y) € R¥ @ R¥F

for some linear maps A,,: R¥ — R* and B,,: R™% — RI* with || A} <
,UJ71> [ Bnll < A and g,(0) = 0, hy,(0) = 0.

Theorem 11.1. There exists vo = Yo(p, A) € (0,1] such that for all 0 <
v < 7o there exists o9 = do(p, A,7y) such that the following is true.

Ifmax(||gnllc1s |hnllcr) < 0 < o for alln, then there exist ' = N (\,7,d) <
p o= (w7, 06) such that lim, 5o X' = A, limy 5,0 ' = p and a unique fam-
ily {W, Ynez of k-dimensional C' manifolds

W, ={(z, ¢, () | € R*} = graph ¢}

where pf 2 B(rg) — B*(ro), sup,<q [|De};|| < 7, for which the following
properties hold.

(1) fa(Wy) N Qnir = W,
(ii) | fn(y) = fu(2)l| > Wlly = 2| for y, = € W,
(iii) Let N <v <y If|f 1 oo £ (2) < CvLz| for all L >0

and some C' > 0 then z € W .
Remark 11.2. The result in [7, Theorem 6.2.8] covers stable manifolds as

well; to get these one need only apply the above result to the sequence of
inverse maps, placing similar requirements on the nonlinear parts of f;!.

Derwation of Theorem 11.1 from Theorem 8.1. Translating the hypotheses
of Theorem 11.1 into the notation of Theorems 7.1 and 8.1, we have

et = Lb M= )\, 0, = E.
2
Let 0 < 9 <1 be such that
A1+ 70) <
and given 0 < v < o, let dp be such that
p—0o(1+7)

max (17 )\+ (1 +'Y_1)5(]) < ﬁ
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Now given 0 < § < g, let
Noi= A+ (14+~7h9,
r_ N76(1+’7)
SR B

If max(||gnllc1, |hnllc1) < 0, then we have Z,{(t) < ¢ for all ¢, and so (7.5)
gives el <. Taking -y, = v for all n, (7.6)—(7.9) give

en <(L+7)8, e <(1+918 &< (1+97h5 X > —log(l+7),
from which we have
max (e;\z, ej‘fl) <N <y <eXn < e;\ﬁ.

In particular, (8.2) is satisfied. We see that (7.12)—(7.15) are satisfied if we
take v, = for all n and if we take r, = ro.

Thus it only remains to get moduli of continuity zY satisfying (7.11),
which we do via Proposition 8.2. This requires checking that the sum in (8.7)
converges when n = 0. In the notation of the present theorem, this sum

becomes

AT N -

zo=u(5) 1+ 30) 2 ().
k<0 H "

Write £ = X /p/ < 1. Then it suffices to check that the sum

> €n 2L ()™
m>0

converges and goes to 0 as t — 0. Convergence is immediate for all ¢,
because Z7 m < 0. For the limit, let o > 0 be arbitrary and take M such

that > _,,&¢™ < a. Then take 7 such that Z%zo me(T(,u’)m) <a It
follows that for every 0 < t < 7 we have

3 6m 2 (1)) < ab +o.

m>0

Since « was arbitrary this completes the proof: (8.7) holds, hence Theo-
rem 8.1 applies, and the conclusions of Theorem 8.1 imply the conclusions
of Theorem 11.1. O

11.2. Non-uniform hyperbolicity. The classical non-uniform result can
be found in [4, Theorem 7.5.1]. We give a version adapted to our notation
and our convention of working with unstable manifolds rather than stable
manifolds.

In the non-uniform setting, one considers a sequence of diffeomorphisms
and uses the Lyapunov metric, which has the effect that the rates of expan-
sion and contraction are still uniform, as is the angle between the stable and
unstable directions, but the amount of nonlinearity may grow.
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Let Q = B%(0,79) x B*(0,79) C R% For each n < 0 let f,: @ — R? be a
C'** map such that for (z,y) € R* @ R4* we have

fn(va w) = (AnU + gn(v, w), Bhw + hn(“» w))>

where A,,: R — R* and B,,: R % — R4 are linear maps and gy, : RY —
R” and h,,: R? — R?* are nonlinear maps defined for each v € B*(ry) C RF
and w € B%(rg) C R**, with the property that g,(0,0) = Dg,(0,0) =
hn(0,0) = Dh,,(0,0) = 0.

Given n <0, write Fj, = f_ 10 f 90---0 f,, and write F;! wherever the
inverse is defined. Let k be any number satisfying

max{\, (%} <k <,
where the numbers X', 1/, and ¢ satisfy
|47 = 4, Bl N, where ' > max{1, X},
as well as
1< ¢< (@), 0<a<l, C>0
such that
IDgn(v1,w1) = Dgn (v, wa)|l < O™ ([|or = va]| + [Jwr — w2)?,

and similarly for h,.

Theorem 11.3. There exist D > 0 and ro > r > 0 and a map Y™ : B*(r) —
RY=F such that

(1) Y% is of class C1** and 1" (0) = 0 and Dy™(0) = 0;

(2) [[D9*(01) — Dyp*(v2)|| < Dlor — val|* for any v1,v2 € B*(r);

(3) if n <0 and v € B%(r) then

E Yw,9%(v)) € BY(r) x B%(r),
|E (v, 0" () || < Ds™|(v, 6™ () ]];

(4) given v € B%(r) and w € B*(r), if there is a number K > 0 such
that

F 1 (v,w) € BY(r) x B*(r), HFn_l(v,w)H < Kk"

for every n <0, then w = ¢¥*(v);
(5) the numbers D and r depend only on the numbers N, u',{, o, k, and

C.

Remark 11.4. The result in [4, Theorem 7.5.1] deals with stable manifolds
rather than unstable manifolds. In order for our approach to treat stable
manifolds, we need to impose bounds on f, ! rather than on f,; ultimately
this is due to the fact that we use Hadamard’s approach (graph transform),
while the proof in [4] uses Perron’s approach (implicit function theorem).
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Derivation of Theorem 11.3 from Theorem 8.1. Choose v € (0, 1] such that
(L+y)w < p
and define C’, C” by
C'=C+y)tte, " =C")r.
Let v, = for all n < 0; then for any choice of r, > 0, we have
(11.1) (14 90) 2L (a1 4 0)) < €¢I,

(Observe that (Il — 0o as n — —00.) Let r € (0,79) be such that

! _ Cl @
(11.2) N <p< B0
1+

and define r,, for n < 0 by
(11.3) Ty = K"T.
Then since kK > (, we have C'"‘rf{ < r® for all n < 0, and in particular
el < Ly

n 1_;'_,7/ .

Let xn < A% < A% and A3, A% > A* be as in (7.6)—(7.9). Then (11.1)-
(11.3) imply that

max (e’\%, e>‘%> <M+ O <N+ 0" < K,

(114) N 65\2 e)\%' _ Clgn,rz Iu/ _ C/,,aa
ern —= 2 2 > K.
L+ L+ 1L+~

This establishes (7.12)—(7.15), and (8.2) follows since 5\}; > 5\2 for all k. Thus

it only remains to find moduli of continuity zY satisfying (7.11), which we
again do via Proposition 8.2. Once we have checked the convergence of the
sum in (8.7), we will be able to apply Theorem 8.1 and derive the conclusions
of Theorem 11.3.

The inequalities (11.4), together with (11.1) and (11.3), show that for Zg’
as in (8.7) we have

ORI (%)mc’g—m(mm)“ < kC* Y (%)m

m<0 m<0

Thus Theorem 8.1 proves the existence of a C'! unstable manifold for the
sequence f, with the dynamical properties claimed in Theorem 11.3. Fur-
thermore, it shows that Zg’ (t) is a modulus of continuity for D", which
shows that ¢* is C'** with Hélder constant xC” Y, _,(x/N)™, which com-
pletes the proof. O
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12. RELATIONSHIP BETWEEN NON-UNIFORM HYPERBOLICITY AND
EFFECTIVE HYPERBOLICITY

We briefly discuss some differences between the notion of non-uniform
hyperbolicity and the notion of effective hyperbolicity. Note that these dif-
ferences appear at the purely linear level and do not depend on how the
different techniques deal with non-linear behaviour.

12.1. (Non-uniform) hyperbolicity without effective hyperbolicity.
A sequence of germs may be non-uniformly hyperbolic but not effectively
hyperbolic. This can happen when there are multiple unstable directions
which undergo expansion at different times: the notion of effective hyper-
bolicity used in this paper is not refined enough to detect this phenomenon.
For example, let f,: R? — R? be defined by f,(z,y) = (3z,y/2) when n is
even, and f,(x,y) = (x/2,3y) when n is odd. Then A\l = —log2 for every
n and hence f,, is not effectively hyperbolic. However, the sequence f,, is
non-uniformly hyperbolic with positive Lyapunov exponents %(log 3—log2)
in all directions in R2.

12.2. Effective hyperbolicity without non-uniform hyperbolicity. A
sequence of germs may be effectively hyperbolic but not non-uniformly hy-
perbolic, i.e., without having slowly varying (tempered) constants, which
are required for non-uniform hyperbolicity [4]. For example, let f,,: R — R
be defined by f,(z) = e’ x, where A\; = 4 and for k > 1 we have

. 4 2k < <2k 4okl
") =3 2k 4okl <y < okHL

Then lim,, HOO%ZZ;& A = 1/2 > 0, so the sequence is effectively hy-

perbolic, but if M, is any sequence of constants such that Y, A\; >

(n — m)x — M, for some x € (0,1/2) and every 0 < m < n, then the
definition of \,, requires that

2k 1
My > SN -2 =223 x).
j:2k,2k—2

- nesoo ZZ;é Ak, SO any sequence of
constants for non-uniform hyperbolicity must vary more quickly than the
Lyapunov exponent.

The example described here is in some sense atypical — the set of trajec-
tories that are effectively hyperbolic but fail to be non-uniformly hyperbolic
has measure zero with respect to any invariant measure. Indeed, if an ergodic
measure gives positive weight to the set of effectively hyperbolic trajectories,
then it is a hyperbolic measure and the whole classical theory of non-uniform
hyperbolicity applies.

In particular, lim, oo Lar, > % = lim L
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We see from this that effective hyperbolicity is most useful when no a
priori information about invariant measures is available. This is the case,
for example, when trying to construct SRB measures for dissipative systems.
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