Math 4377/6308 Advanced Linear Algebra I Fall 2013
Dr. Vaughn Climenhaga, PGH 651A

HOMEWORK 5 — solutions

Due 4pm Wednesday, September 25. You will be graded not only
on the correctness of your answers but also on the clarity and com-
pleteness of your communication. Write in complete sentences.

. Determine (with proof) whether or not the following maps are linear.
(a) T: R* = R? given by T(z,y) = (sin(z), 2y).

Solution. [5 points] No, T is not linear. Consider (z,y) =
(7/2,0) and ¢ = 2, then

T(z,y) =T(r/2,0) = (sin(r/2),0) = (1,0),
T(c(z,y)) =T (m,0) = (sin(7),0) = (0,0) # 2T (z,y).

(b) T: Py — R? given by T'(f) = (f(0), f(1), £(0)).

Solution. [5 points] Yes, T is linear. Given f,g € Py and ¢ € R,

we have
T(cf +g) = ((cf +9)(0), (cf +9)(1), (cf + 9)(0))
= (cf(0) + g(0), cf(1) + g(1),cf(0) + (0))
= c(f(0), f(1), £(0)) + (9(0), g(1), 9(0))
=cI'(f)+1T(g)
(¢) T: CYR) — C(R) given by (T'f)(x) )+ Jo £

Solution. /5 points] Yes, T is linear. Given f,g € C*(R) and
c € R, we have

(TCef +9)a) = golef +)a)+ [ (ef +0)) dy

—c%()Jr +c/f dy+/x (y) dy

= (T'(f) + T(9))(x)-
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2. Let T: V. — W be a linear map. Prove the following statements.

(a)

If X C V is a subspace of V, then T'(X) is a subspace of W.

Solution. [5 points/ T(X) is non-empty because X is non-empty.
If wy,wy are in T(X) and ¢ € K, then there are vy,vy € X such
that T'(v1) = w; and T'(vy) = wy. Because X is a subspace of V,
we have cv; + vy € X. Thus we have T(cv; + v3) € T(X). By
linearity of T, we have

T(cvr +v2) = cT'(v1) + T(v2) = cwy + wo,

and so cw; + we € T(X), which confirms the condition for 7'(X)
to be a subspace of W.

If Y C W is a subspace of W, then T-!(Y') is a subspace of V.

Solution. [5 points/] Because Y is a subspace, it contains Oy,
and because T'(0y) = Oy, we see that Oy € T~1(Y'). Now suppose
v1,v2 € T71(Y) and ¢ € K. Then by linearity of 7' we have

T(cvy 4+ v9) = cT'(vy) + T(vs).

Because each of T'(v1), T(vy) isin Y, and Y is a subspace, the linear
combination ¢T'(v1) + T'(ve) is in Y as well, and thus cv; + vy €
T=(Y). Thus T7}(Y) is a subspace of V.

3. Show that a linear map 7: V' — W is 1-1 if and only if Ny = {0y }.

Solution. [10 points] (=-). This direction is straightforward: if T

is 1-

1, then every w € W has at most one pre-image v € V, and so

in particular Oy, has at most one pre-image, which means that Ny =
T~1(0w) has at most one element. Since Ny always contains Oy, this
implies that Np = {0y }.
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(«<). Suppose Ny = {0y}, and suppose v1,v5 € V are such that
T(vy) = T(vy). To show that T is 1-1 we must show that v; = ws.
Linearity of T implies that T'(v; — v9) = T(v1) — T'(ve) = Oy, hence
v1 — v € Np. Because Nr is trivial, this implies that v; — vy = Oy,
which means that v; = vs.

. Suppose that the vectors vq,...,v, € V are linearly independent, and
that T: V' — W is 1-1 and linear. Show that the vectors T'(vy), ..., T(v,) €
W are linearly independent.

Solution. /10 points] Suppose cy, ..., c, € K aresuch that >~ ¢;T(v;) =
Oyy. We must show that ¢; = 0 for all j. To this end, observe that
linearity of T" implies that

T (Z Cj’l)j) = ZCjT(Uj) = Ow,
J J

and because T' is 1-1 this implies that . c;v; = Oy. Now because
U1, ..., 0, are linearly independent, this implies that ¢; = 0 for all j.

. Let S C V be a spanning set, and suppose that T: V — W is onto
and linear. Show that 7'(S) C W is a spanning set for .

Solution. [10 points] Let w € W be arbitrary. We must show that
w € span(7T'(S)). Because T is onto, there exists v € V such that
T(v) = w. Moreover, because S spans V' there exist ¢i,...,¢, € K
and vq,...,v, € S such that v = Zj cjv;. Applying T and using
linearity gives

w=Tw)=T <Z Cj”j) = ZCjT(Uj),

J J

and so w can be written as a linear combination of T'(vy),...,T(v,) €
T(S), which implies that w € span(7T'(S)).
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. Let T:V — W be a linear map, and recall that the transpose 7" is
a linear map T77: W’ — V' that maps £ € W’ to m € V' given by
m(v) = €(Tw) for v € V. (Here V' and W’ are the dual spaces for V
and W.) Show that if S and T are linear maps such that ST is defined,
then (ST) =T'S".

Solution. [10 points/] Suppose T € L(V,W) and S € L(W, X), so
that ST is defined. Then by definition of the transpose, we have T" €
LW V') and S" € L(X',W’), so T'S" € L(X',V’) is defined. Note
also that ST € L(V, X), and so (ST)" € L(X', V'), so (ST) and T"S"
are linear maps with the same domain and the same target. Now we
must show that they are equal.

To this end, choose any ¢ € X’. We want to show that (ST)'(¢) =
(T"S")(¢) as elements of V', which amounts to showing that

(1) ((ST)'(0)) (v) = ((T"5")(0)) (v)
for every v € V. By the definition of the transpose, the left-hand side
of (1) is equal to
((STY(0)(v) = L((ST)(v)) = €(S(T(v))),
while the right-hand side of (1) is equal to
((T"S")(0)) (v) = (T'(S'(€))) (v) = (S"(O))(T(v)) = L(S(T(v)).

This confirms that the two sides are equal, so (ST) = 7"S’. One can
also view the situation in terms of the following diagram.




