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Abstract

In this paper we present a constructive proof that the set of Gabor frames is path-
connected in the L?(R™)-norm. In particular, this result holds for the set of Gabor Parseval
frames as well as for the set of Gabor orthonormal bases. In order to prove this result, we
introduce a construction which shows exactly how to modify a Gabor frame or Parseval
frame to obtain a new one with the same property. Our technique is a modification of a

method used in [6] to study the connectivity of affine Parseval frames.
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1 Introduction

The study of the topological properties of Gabor and affine systems is an important topic in
the wavelet and Gabor theory. Some special prominence has been given in the literature to
the problem of connectivity. This question was originally raised in [1], where the significance
of the problem is also emphasized. Despite several important contributions to the study of
this problem (for example in [16], [15], [5], [6]) there are still a number of open questions.
In this paper, we are concerned with the problem of the connectivity for Gabor sys-
tems. In [5], [4], Gabardo, Han and Larson used an abstract result from the theory of von
Neumann algebras to prove that the sets of Gabor Parseval frames and Gabor frames are
path connected in the norm topology of L2. Unfortunately, their proof is not constructive
and this is a limitation since, in many situations, one would like to explicitly construct the
path connecting any Gabor Parseval frame or frame to a fixed element in the same set. The
main contribution of this paper is to present a constructive proof of these results. Unlike the
abstract Hilbert space method in [5], [4], our approach involves an explicit deformation g,
t € [0, 1], of an arbitrary frame generator gg, connecting go to a fixed band-limited generator
g1 If go € L2(R®) N LP(R"), 1 < p < oo, such deformation is continuous in LP, 1 < p < co.
Furthermore, we obtain an explicitly controlled deformation of the Gabor frame coefficients
by uniformly continuous functions. The techniques developed in this paper are relevant to
different problems, including the study of the stability of frames under perturbation.

To illustrate our technique, consider the one-dimensional Gabor systems
Gol(g) = {*™™ g(x — k) = k,m € 7},

where g € L?(R), 0 < b < 1. For E = [0,b), let g1 = (xz)". Then the system Gy(g1) is a
Parseval frame for L2(R). In our approach, we connect any go such that Gy(go) is a Parseval
frame for L?(R) to g; in the following way. For 0 < t < 1, let E; = [0,bt) and define a
deformation g; by

Q0(8),  E€R\n(Ey)

1, € Fy,

where 7,(E;) = Ugez(Er + bk). As we mentioned, we can show that this deformation is
continuous in LP, 1 < p < 0.
Before describing our approach in details, it will be useful to establish some notation

and definitions.



1.1 Preliminaries

In this paper, GL,(R) denotes the n x n invertible matrices with real coefficients and,
similarly, GL,(Q) denotes the n x n invertible matrices with rational coefficients. The
Fourier transform is defined as f(¢) = Jgn f(2) €277 dz and the inverse Fourier transform
is f(z) = Sz F(E) e2™¢ ¢ Throughout the paper, the space T" will be identified with
[0,1)™. The Lebesgue measure of a measurable set @ C R" is denoted by u(€2).

A is a lattice in R™ if A = AZ", where A € GL,(R). Given a measurable set 2 C R"
and a lattice A in R", we say that € tiles R™ by A, or ) is a fundamental domain of A,
if the following two properties hold:

(i) Upea(@+1£) =R" a.e;
(ii) ,u<(Q +0)N(Q+ f’)) =0 for any ¢ # ¢ in A.
We say that 2 packs R™ by A if only (ii) holds. Equivalently, Q tiles R™ by A if and only if

ng(x —/¢)=1 forae zeR" (1.1)
leA

and €2 packs R" by A if and only if

ng(x —/0) <1 forae xe€R™ (1.2)
leA

Clearly, u(92) = |det A if Q tiles by A, and p(2) < |det A| if Q packs by A. Furthermore,
if Q packs R™ by A and p(€2) = | det A, then Q necessarily tiles R™ by A.

We need the following facts from the theory of frames. A countable sequence {g;}icr
of elements in a separable Hilbert space H is a Bessel sequence if there exists a constant
G > 0 so that

S L) < BIfIP forall feH.
i€l
If, in addition, there is a constant 0 < o < 3 so that

allfI* < D1 eP < SIS forall feH,
i€l
then {g;}ic7 is a frame for H. The numbers «, [ are called the lower and upper frame
bounds, respectively. The frame is tight if o and 8 can be chosen so that a = 3, and is a
Parseval frame if « = § = 1. Given a frame {g; },c7 of H with frame bounds « and f3, the
frame operator S, defined by S f = >, 7(f, 9i) g, is a bounded, invertible and positive

mapping of H onto itself. This provides the frame decomposition:

F=Y 65" g g =D (f9)5 g forall feH, (1.3)
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with convergence in H. The sequence {S~1g;}ic7 is also a frame for H, called the canonical
dual frame of {g;};c7, and has upper and lower frame bounds 3~! and o', respectively.
If the frame is tight, then S™' = o' I, where I is the identity operator, and the frame
decomposition becomes:
= 1 i) G for all 1.4
f a;oﬁg»gz fen, (14)
with convergence in H. Equations (1.3) and (1.4) show that a frame provides a basis-like
representation. In general, however, a frame need not be a basis, and the elements {g;} need
not to be linearly independent. In particular, if {g;}iez is a Parseval frame, then ||g;|| <1
for all i € Z, and the frame is an orthonormal basis for H if and only if ||g;|| = 1 for all
i € Z (cf. [10, Ch.8]). We refer to [3, 10] for additional information about frames.

The Gabor systems generated by g € L?(R") and associated with the matrices B, C' €
GL,(R) are the collections

Gp,c(9) = {MpmTcrg:m,keZ"}, (1.5)

where T, M., y,z € R", are, respectively, the translation and modulation operators,
which are defined by

Tyf(x) = f(z —y), M. f(z) = "7 f(z).

If we change the order in which the translations and modulations are applied, we ob-
tain the systems JB,C(g) = {Tex Mmg : m,k € Z"}. Simple calculations show that
Toxr Mpmg = e 2™BmCk Mo Tew g, for every m,k € Z", and that (Tgy Mpmg)" =
M_cr Thm g, for every m, k € Z™. These observations immediately imply that

Lemma 1.1. (a) G c(g) is a frame for L*(R™) if and only ifQNB,C(g) is a frame for L?(R™);
furthermore, the frame constants o and B can be taken to be the same.

(b) Gp.c(g) is a frame for L*(R™) if and only if Go,p(4) is a frame for L?(R™); further-
more, the frame constants o and 3 can be taken to be the same.

Even though (1.5) is the customary definition of a Gabor system, it is easy to see that,
by re-scaling the functions g, one can represent the same system using only one matrix

(instead of the two matrices B and C'). To show that this is the case, observe that
Mg Tew g(z) = 2B g2 — Ck) = 2B | det C|7Y2 | det C|Y/2 g(C(C™ 2 — k).

Using the change of variables y = C~'x and the new function ¢'(x) = g(C x), we have that
Mpm Tox 9(x) = Merg,, Tk ¢'(y). Thus, we have:

Gp,c(9) =Gcrp(y) ={Mcrp, Tig' - m,k € Z"}.



Therefore, without loss of generality, any Gabor system can be represented as
Gp(g) ={MpnTrg: m,keZ"}, (1.6)

where B € GL,(R). In order to simplify the notation, we will adopt this definition of Gabor
systems in the following.
The Gabor frame operator Sg(g), associated with the system Gg(g), g € L?(R"), is
given by
Sp9) f= Y > (f Mpm Tk g) Mpy Ti g(x).

mezLm kelZn
We can consider the operator Sp(g) as a sesquilinear form (f, f) — (Sg(g) f, f) on L?(R™) x
L*(R™). For i,j € Z™, let

%368 = 4§ +i— Bk)g(E+j— Bk),
kezm
and let I'(£) be the matrix whose (i, j)-entries are the functions v; (£, §). Observe that these
functions satisfy ; ; (£, 9) = 70,j—i(§ +1,9). We, thus, have the “matrix representation” for
Sp(g) that was obtained by Ron and Shen in [14] (cf. also [7, Sec. 6.3]):

(Sul0) £, )= 3 X [ vualesd) Fle+ i) fle + ) de. (1.7)
jezn iezn /O

Observe that this representation is well-defined for all f € D, where
D= {f e LA(R"): fe L*°(R"™) and supp f is Compact} (1.8)

is dense in L?(R"). This representation of the Gabor frame operator is used to derive
the following complete characterization of the functions g € L?(R") such that Sg(g) is a

Parseval frame or, more generally, a frame for L?(R").

Theorem 1.2 ([14]). (a) The system Gg(g) is a Parseval frame for L*(R™) if and only if,
for allm e Z",

Yom(&8) = > §(6— Bk) (€ — Bk +m) = dom (1.9)
kezn

for a.e. £ € R™.
(b) The system Gg(g) is a frame for L*(R") if and only if o = essinfeern |T(£, §)||op > 0
and 3 = esssupgegn |1'(€, §)llop < 00, where a and B are the frame bounds for Gp(g).

Theorem 1.2 implies the following:

Corollary 1.3. If Gg(g) is a Parseval frame for L>(R™) then |det B| < 1, and Gg(g) is an
orthonormal basis if and only if | det B| = 1.



Proof. Let Gg(g) be a Parseval frame and 2 be a fundamental domain for BZ". Then,
by Theorem 1.2, part (a),

loll = Z/Ml@(é)\?df:/Q 7196 + BR)PdE = pu(2) = | det B,

kezn kezmn

The proof now easily follows since, as we mentioned before, if Gg(g) is a Parseval frame,
then || T Mpm g|| = |lg]| < 1 for all m,k € Z", and is an orthonormal basis if and only if
lgll=1. O

More generally one can show that, if |det B| > 1, then the Gabor system Gp(g) cannot
be a frame. This result is known as Rieffel’s theorem (cf. [13], [11]).

2 Connectivity in the set of Gabor frames

In this section, we show that the set of Gabor frames is pathwise connected under the
L?>norm. In particular, the set of Gabor Parseval frames is also pathwise connected.
Let Fp (resp., PFp) be the sets of all functions g € L?(R") such that Gp(g), given by

(1.6), is a frame (resp., Parseval frame) for L?(R™). This is the main result of this paper:

Theorem 2.1. Let B € GL,(Q) and suppose that | det B| < 1. Then the following is true:
(a) the set F g is path connected in the norm topology of L*(R");
(b) the set PFp is path connected in the norm topology of L*(R™).

Before presenting the proof of this theorem, let us make a few remarks. As we explained
before, this theorem was originally proved in [5] as an application from the theory of von
Neumann algebras. Unlike the original argument, however, we will present a constructive
proof of this result. Observe that the assumption B € GL,(Q) is needed in the construction
that we use in our proof. We will make additional comments about this in Section 2.3.
Finally, recall that, by Rieffel’s theorem, the assumption |det B| < 1 is a necessary condition
for the Gabor systems Gg(g) to form a frame.

Our proof of Theorem 2.1 is based on a new general result, which shows how to modify
an element g € Fp in such a way that the modified function ¢’ is in the same set; this result

is discussed in Section 2.1. The proof of Theorem 2.1 is presented in Section 2.2.

2.1 Basic concepts

It is easy to see from equations (1.9) that if J is a fundamental domain of BZ", then the
Gabor system Gg(gs), where g; = x is a Parseval frame (and, thus, a frame) for L?(R"™).

In order to prove the connectivity in the set F g, we have to join any given g € Fp to g;



through a continuous path inside the set Fp. The idea that we will use is to move points
from the support of § into J in such a way that the conditions of Theorem 1.2 are preserved.
A similar idea was used in [15] and [6] to prove a number of connectivity results about affine
systems.

We will need the following definition. Given B € GL,(R), we denote the orbit space

with respect to B of a measurable set £ C R" as the set

B(E) = U (E+ B k).
kezr

If B =1, we simply write 7(E) = 77(E).

The following properties of the orbit space of a set will be useful.

Lemma 2.2. Let {E) : k> 1} C R™ be measurable sets. We have the following:

(a) TB(Ukzl Ey) = Ukzl 78(Ek).
(b) TB(E1) \ TB(E2) C TB(EL \ E3).

Proof. (a) If £ € 75(U;>q Ek), then £ = n+ Bm, for some 1 € | J,~, Ex, m € Z". Thus
n € Ey,, for some kg > 1, a_nd, as a consequence, £ =1+ Bm € 1p (E‘ko) It follows that
=n+ Bm € Ui~ 7B(EL). Conversely, if £ € Ui~ 7B(ER), then £ € 7p(E},) for some
ko > 1. Then & = 77_+ Bm, for some n € Ey,, m € Z”_. As a consequence, 1 € Uk21 FE;. and,
hence, { =n+ Bm € 78(U;>1 Ex)-
(b) If € € 75(E) \ 75(F), then € = e + Bm, with e € E, m € Z", but e ¢ F,
otherwise it would be £ = e + Bm € 7p(F). Thus e € E \ F and, as a consequence,
E=e+Bmerg(E\F). O

We now deduce a proposition which shows how to modify a function g € Fp to obtain

a new one. For a measurable set £ C R", let gg be defined by

ge() = 99 S € RUATB(E) (2.1)
XE(g)a §€ TB(E)'

In other words, we have gg = XE + § Xrr\r5(E)- We have the following result:

Proposition 2.3. Let g € Fp, with lower and upper frame bounds o and B, respectively,
and E C R™ be a measurable set with u(E) < co. Assume that

(i) E packs R™ by Z",

(ii) E packs R™ by BZ",



(iii) T(TB(E)) =15(E).

Then gg, given by (2.1), is also an element of Fp with lower and upper frame bounds ap

and Bg, respectively, where

ap = Pr =1, if W(rp(E)) =0, (2.3)
ap =min(l,«), g =max(1,5), otherwise. (2.4)

Proof. It follows immediately from (iii) that both 75(F) and R™ \ 75(F) are unions of
orbits for translations by Z™ + BZ". Thus, if £ € 7g(E), then £ + ¢ — Bk € 7p(E) for any
(k€ Z"™. Similarly, if £ € R™ \ 75(F), then £ + ¢ — Bk € R" \ 75(F) for any ¢,k € Z".

It follows that, for any ¢,j € Z", if £ € R" \ 75(E), then

%ig(&ge) =Y gp(§+i— Bk)ge(+j — Bk) =7i;(£9),
kezn

and, if £ € 75(E), then

%i,j(& 9E) = Z xe(§ +i— Bk)xe(£+j — Bk).
keZn
Because of assumptions (i) and (ii), this last equation is zero, unless i = j. Thus, combining

these observations, we have:

(2.5)
i j if £ € Tp(E).

)

X Y5 (€, ) if £ € R"\ 75(E)
Yi,j (& 9E) =

Let f € D, where D is given by (1.8). Using the matrix representation of the Gabor

frame operator, given by (1.7), and equation (2.5) we have:

(Sslgn) £, 1) =Y /[0 s €D e+ de

YL

* Z/ N (&.9) F(e+1) f€+7) de. (2.6)

1,JEL™

By a simple periodization argument (cf. [11, Sec. 4]), we have that ) ., f[o 1y fz(&’ +1) ﬁ(f—i—
i) de = ||h||2, for all h € L(R™), and, similarly, if E  [0,1]",

)2
2 /01)"0}3 ME+3)de = / P € = IIhlZ2( (2.7)

1€L™




for all h € L?(R™). Using the assumption (iii), we have that 7([0,1]" N 75(E)) = 75(E)
and 7([0,1]" \ 75(E)) = R \ 78(E). Thus, using these observations and equation (2.7) in
(2.6), we have

(Sp(gp) £, £) = Iflr2¢my) + (SB(9) fs, fs), (2.8)

where fg = xsf and S = R™ \ 78(E). Since g € Fp, then, for all fs = xgf where f € D
we have:

(SB(9) fs: fs) = allfs|® and  (Sk(9) fs, fs) < B/l

The extension of these inequalities to all f € L?(R") follows by a standard density argument.
These observations, together with (2.8), show that gz € Fp and that the frame bounds ag
and [g are given by (2.2), (2.3) or (2.4), depending on the set £. O

In the special case when one starts from a function g € PF g, then Proposition 2.3 shows
that also gp € PFp, since, in this situation, ap = o« = 1 and g = § = 1. Furthermore,
in the case of Parseval frames, we can deduce an even stronger result which gives necessary
and sufficient condition so that, if g € PF g, then also gp € PFp. The following proposition

is inspired by [6, Prop. 2.1], where a similar result is proved in the case of affine systems.

Proposition 2.4. If g € PFp and E C R" is a measurable set, then gg, given by (2.1), is
also an element of PFp if and only if:

(i) E packs R™ by Z",

(ii) E packs R™ by BZ"™

(if) p(supp g N(m(E) \ 76(E))) = 0.
In addition, we have that ||g|| = ||lgel|-

Remark 2.5. Observe that, if the hypotheses of Proposition 2.3 are satisfied, then also
conditions (i), (ii) and (iii) in Proposition 2.4 are satisfied.

In addition, observe that, since a Gabor Parseval frame G(g) is an orthonormal basis if
and only if ||g|]| = 1, then Proposition 2.4 also implies that G(gg) is an orthonormal basis

whenever G(g) is an orthonormal basis.

Proof. For g € L?>(R") and m € Z", define

tm(€,9) = > §(& — Bk) §(€ — Bk +m). (2.9)

kezn

Observe that ¢, (§, g) is constant on each orbit 75(§) = {¢ e R" : ¢ =+ Bk, k € Z"},
and that ¢,,(§,§) = t_m(§ +m, ). Recall that, by Theorem 1.2, ¢,,(§,§) = 0m,o for a.e.

10



¢ € R". By the same theorem we also have that gr € PFp if and only if ¢,,,(£, §r) = 0m.0
for a.e. £ € R".

We consider first the case m = 0. If £ € R" \ 75(F), then £ — Bk € R"\ 75(E) for each
k€ Z" and

to(&,gg) =t0(§,9) =1 for ae. £ € R"\ 75(E).

On the other hand, if { € 7p(F), then {— Bk € tg(E) for each k € Z". Since g (&) = xr(§),
when ¢ € 7(E), then

to(&,98) = xe+ Y_xe(l+ Bk).
k0

It follows that to(&, gg) = 1 for £ € 7p(E) if and only if E is a packing set by BZ™. We
have thus proved that to(§, gr) = 1 for a.e. £ € R™ if and only if E is a packing set by BZ".

Let us consider now the function ¢,,(&, gg) for m # 0. By the argument in the case m =
0, we can now assume that F is a packing set by BZ". Fix m # 0. If (¢ — Bk) € R*\75(F)
and (£ — Bk +m) € R"\ 75(F), for some k € Z", then

tm(€,08) = tm(&,§) = 0.

Suppose now that £ — Bk € 7g(E). Then ¢ € 75(F) and we can write { = 1 — Bk for
n € E, kg € Z"™. Thus, with the change of indices k¥’ = k + ko, since E packs R" by BZ",

we have:

tm(&98) = D u(€ — Bk) §u(§ — Bk +m)
kezn

= > 98(n— Blk+ ko)) gu(n — B(k+ ko) +m)

keznr

= Z ge(n — BK') gg(n — BK' +m)
k'ezn

= xe®) ge(n +m).

Now there are two cases to consider: either n+m € 7g(F) or n+m ¢ tp(E). If n4+m €
75(F), then

tm(&,91) = x£(n) g2(n +m) = xe(n) xe(n +m),
and this quantity is zero if and only if E packs R™ by Z™. On the other hand, if n +m ¢
7(E), then n+m must be in (E+Z")\ 75(F) and so t,,(§, gg) = 0 if and only if condition
(iii) holds. Finally, consider the case (¢ — Bk +m) € 7p(F). In this situation, we have
&+ m € tp(F) and, since t,(&,dr) = t—m(§ + m, gr), the analysis of this case is exactly

the same as the previous case.

11



We have thus proved that, for m # 0, t,,(§,dr) = 0 for a.e. £ € R™ if and only if
conditions (ii) and (iii) hold.
To show that ||g||? = ||gr]||?, observe that

2 _ 2 _ A(E) 2 dE — de = 0 BE)|? d¢ — u(E).
lgll? = llgz] /TB@)‘Q“) ¢ /TB(E)XE@M /E S 1g(6 + BR)? de — u(E)

keZm
Since G(g) is a Parseval frame, then, by Theorem 1.2, >, ;. |9(£ + Bk)[*> = 1 a.e., and,
thus, [lgl|* = [lgel®* =0. O

2.2 Proof of the main theorem

We will now construct a family of sets Fg satisfying the assumptions of Proposition 2.3.

The following basic result, which is due to Han and Wang [9], will be useful.

Theorem 2.6. Let Ay = A1Z" and Aoy = AZ™ be two lattices in R™ such that | det A;| <
|det Ag|. Then there exists a measurable set J C R™ such that J tiles R™ by A1 and packs
R™ by As. Furthermore, if A1 and As are in GL,(Q), then J can be chosen to be a finite

union of congruent hyper-rectangles in R™.

Let B € GL,(R) with |det B| < 1, and let J C R™ be a measurable set such that J tiles
R™ by BZ"™ and packs R™ by Z". By Theorem 2.6, such a set exists. For a measurable set
S C J, define

Es=75(r(8)) (/. (2.10)
Since Eg C J, the assumptions (i) and (ii) of Proposition 2.3 are satisfied. We need to show
that condition (iii) of Proposition 2.3 is also satisfied. Since J is a fundamental domain for
the BZ" translations, then each point n € 75 (T(S)) is of the form n = £ + Bk, for some
k € Z™ and £ € Eg. This implies that 73(Eg) = 75(7(S5)). Therefore, we have that

r(r3(Es)) = 7(75(r(9)) ) =78 (7 (r()) ) = 78(r(9)) = T8(Es),

and, as a consequence, the set Eyg satisfies condition (iii) of Proposition 2.3. For Eg con-

structed as above, let ggg be defined by

ia (6) = 9(6), £ € R"\ 75(Es) (2.11)
xes(€), € T1B(ESs).

Thus, using Propositions 2.3 and 2.4, we immediately deduce:

Proposition 2.7. Let g € L?*(R"), B € GL,(R) with |det B| < 1, and gg, be given by
(2.11). Then:

(a) if g € Fp, then also gps € Fp;

(b) if g € PFp, then also ggs € PFp.

12



We are now ready to prove Theorem 2.1

Proof of Theorem 2.1

(a) We will prove that, for a given g € Fp, there is a continuous path {g; : 0 <t < 1}
connecting g to g1 = (x)", where J = B[0,1)" (this is a fundamental domain by BZ").
This implies that the set Fp is path—connected. We will achieve this in a few steps.

Step 1. We will start by constructing a continuous set-valued function S(t), where
0 < ¢ < 1, such that S(0) is a set of measure zero, S(1) = J, and S(t) C S(¢') for each
t' >t

Since B € GL,(Q), using the Smith canonical form (cf. [12]) we can find unimodular
integral matrices U and V such that UBYV is diagonal, that is

p
noo 0
0 2 0
UBV=| © , (2.12)
: : 0
Pn
0 0 o

where p; and ¢; are relatively prime for each ¢. Thus, without loss of generality, we can
assume that B is diagonal as in (2.12) (this is equivalent to making a change of variables that
maps that lattice BZ"™ into UBVZ"™ and the lattice Z™ into itself). Now, by Theorem 2.6,
the set J can be chosen to be a finite union of congruent hyper-rectangles Ry in R™ with
sides parallel to the coordinate axes, that is J = Uﬁ/lzl Ry.. For each hyper-rectangle Ry, let
¢ be the side length and xp = (zk1,- -+ , Tk,) be the coordinate of the lower left vertex. For
each k, 1 < k < M, let Ri(t) be the hyper-rectangle in R™ whose lower left vertex is the
same as the lower left vertex of Ry, and whose side length is ¢/, with 0 <t¢ < 1. Hence, for
each 1 <k < M, R;(0) = {x}, Rp(1) = Ry, and R(t) C R(t') for each t' > t. Now let

M
S(t) = J Ri(t).
k=1

It immediately follows from this construction that S(0) = {z1,...,zap}, S(1) = J, and
S(t) C S(t') for each t' > t. To show that S(t) is continuous, let 0 < ¢ < ¢’ < 1, then, for
each k, 1 < k < M, we have

p(Be(t) \ Br(t)) = ()" —t"
_ (t/ - t)((t/)n_l + (t/)n—Zt 4ot t/tn—Q + tn—l)
<n(t' —t)—0

ast' —t — 0, and, thus, also p(S(t') — S(t)) — 0.

13



Now define F; = Eg(;), where the set Eg) is given by (2.10), with S = S(t) and, finally,
set g+ = gp,, where gg, is given by (2.1), with E = E;.

By Proposition 2.7, g; € Fp for each ¢t € [0, 1]. In particular, for ¢t =0, gy = g a.e., since
Eo={x1,...,2x} and, for t =1, g1 = (xs)", since E; = J and 75(E;) = 75(J) = R".

Step 2. We now need to show the path {g; : 0 <t < 1} is continuous in the L?>-norm.
That is, we have to show that:

tim [lg0 — ol = 0, (213)

for0<t<t <1.
Observe that, since S(t) C S(t') for ¢’ > ¢, then, for all 0 < ¢ < ¢ <1, we have

Ey = Egiyy =78(7(S(t)) NnJ C 1(7(S(t)) N J = Eyp. (2.14)

For 0 <t <t <1, we can show that g, = gy on the set (R"\ 75(Ey)) UTp(FE;). In fact, by
(2.14), gt = g = gy on R" \ 75(Ey) and ¢ = xg, = gv on 7(F;). Thus, we have:

lge — gll3 = 119 — gvl13 = / 19:(6) — xB, (€)I” dé. (2.15)
B(Ey)\TB(Et)
Since [§:(§) — x&, (O2 <2(|g:(€) + XE, (€)?), from (2.15) we obtain:

=gl [ 2 (10l e ) de (2.16)

Observe that

X (€) dé < / x5, (€ — BR)de
/TB<Etf>\rB<Et) ' 2 '

keZn
— [ @
Ey\E;
= pu(Ey \ Ey). (2.17)

Also observe that, since g € Fp, then, by Theorem 1.2, >, 7. [§(§ — Bk)[> < 8 for a.e.
¢ € R", where 8 < oo is the upper frame bound for the Gabor frame Gg(g). Thus:

()2 d < / Gu(€ — BE) 2 d
/TB(Et/)\TB(Et) Z t/ Et

keZm

=/ ™ lae - BR) de

Ey\Et pegn
< Bu(Ey\ Et). (2.18)
Therefore, from equation (2.16), using (2.17) and (2.18), we obtain:

lge = gull3 <2(B+ 1) u(Ey \ Ey). (2.19)
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Thus, to complete the proof, we have to show that u(FEy \ E}) approaches zero as |t —t'| — 0.
Since S(t) = Un_, Ry(t), then

=

B, =15 (T(S(t))) N7 = (| Re() + 2" + BZ") () J.

=
Il

1
For each hyper-rectangle Ry (t), 1 < k < M, we have

Rk( ) = Ifl?kl( ) X kan(t)v

where I, (t) is the interval [xy;, xg; +t¢). Thus, using the fact that Z+p;/¢Z = 1/¢; (G2 +
piZ) = 1/q; Z, we have:

M
Uk ) x - x IF (1) + 2" +BZ”> N/

B = (
k=1
M
— (U @O +Z+p/aZ)x - x (I8 (0) + Z+ pafaaZ) ) (T
k=1
M
- (U(I;fl(t)ﬂ/qlz)x--- x (I¥ (t) +1/guZ )ﬂj
k=1
M
_ (U Ri(t) + Q—lzn) M.
k=1
= g1 S(t)) N
aq 0 0
0 @ : : . : .
where Q@ = | = . . Since S(t) is continuous, this quantity tends to zero as
. . . 0
0 0 - q

(' =t) — 0. Thus, by (2.19), the path {g; : 0 < ¢ < 1} is also continuous, and this
completes the proof of part (a).

(b) Let us choose any g € PFp and let g1 = (xs)Y, where J = B[0,1)", as in part (a).
Observe that g1 € PFp. The proof that g is path—connected to g; then follows exactly as
in part (a). O

From Remark 2.5 we also deduce the following.

Corollary 2.8. The set of Gabor orthonormal bases for L*(R™) is path connected in the
norm topology of L*(R™).

Remark 2.9. A simple modification of the proof of Theorem 2.1 shows that, if we assume
that g € L*(R™) N LP(R"), 1 < p < oo, then we can prove that the path g, 1 <t < 1 is

continuous not only in the L? norm, but also in LP, 1 < p < oc.
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2.3 Irrational Gabor frames

The construction that we have used in the previous section cannot be extended, in general,
to the case of Gabor systems Gp(g) where B € GL,(R) rather than B € GL,(Q). We point
out, however, that this is a limitation of the constructive proof, and that Theorem 2.1 holds
for all B € GL,(R), as shown in [4].

In order to show that the constructive proof breaks down, let us consider, for the mo-
ment, the one-dimensional case. As in the previous section, let J =[0,b0), S = Sy C J, and
let the sets {Sj : k£ > 0} and Egs be defined by (2.10). The following Lemma shows that
when b ¢ Q and S has measure larger than zero, then the sequence of sets {Sy : £ > 0}

converges very rapidly to J.

Lemma 2.10. Let J = [0,b), with b ¢ Q. If u(S) > 0 and S has nonempty interior, then
Es =10,b).

Proof. Without loss of generality, let S = [0,7), 0 < 7 < b (if 7 = b, then there is
nothing to prove). Given 0 < € < 7/2, choose zp such that ¢ < 9 < 7 —e. Now take
Yo € (0,b). We can show that there is a point y € (yo — €, yo + €), where y = x + k + 1b, for
some x € (xg—€,29+€), k,l € Z. In fact, given y € (yo —€,yo +€), since {k+1b: k,l € Z}

is a dense set in R, we can find k,l € R such that
(y —z0) — (E+1)| < e

Hence, there is an x € (xg — €, 29 + €) € S so that y = x + k + [b, for those k,l € Z. Since
So = S+ 7Z + bZ, this implies that y € So. The same construction can be repeated for each
y € (0,b), since € > 0 can be chosen arbitrarily small. O

As a consequence of this lemma, if we define the path S(t) = t[0,b), E; = Eg(), as we
did before, we will not be able to obtain a continuous path. In fact, if b ¢ Q, the set-valued
function F jumps from Ey = {0} to E; = [0,b) when ¢ > 0.

In the higher dimensions, we have different cases. Let W be the maximal subspace of
R™ such that (Z" + BZ") (W is dense in W. If B € GL,(Q), then W is a lattice, and
we have the situation that we have considered in the Section 2.2. On the other hand, if
B € GL,(R) and B ¢ GL,(Q), we can distinguish two cases: Z" + BZ" is either dense in
R™ or is not. In the first case, we have W = R" and the argument of Lemma 2.10 shows
that the construction of Section 2.2 fails. In the second case, we have 1 < dim (W) < n and

it is possible to extend the argument of Section 2.2 to this situation.
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