Detection of boundary curves on the piecewise smooth
boundary surface of three dimensional solids

Robert Houska

Department of Mathematics, University of Houston, Houston, Texas 77204, USA

Demetrio Labate*

Department of Mathematics, University of Houston, Houston, Texas 77204, USA

Abstract

Suppose that ) is a three dimensional solid with boundary surface S = S; U
-+ U Sy, where each S, is a smooth surface with boundary curve I',. Multi-
scale directional representation systems (e.g., shearlets) are able to capture the
essential geometry of Q by precisely identifying the boundary set

N ={(p.n(p) : p € Srr=1,....q},

where n,.(p) denotes the normal vector to the surface S, at p. This property
has resulted in the successful application of multiscale directional methods in a
variety of image processing problems, since edges and boundary sets are usually
the most informative features in many types of multidimensional data. However,
existing methods are ill-suited to capture those edge-type singularities in the
three-dimensional setting resulting from the intersection of piecewise smooth
boundary surfaces. In this paper, we introduce a new multiscale directional
system based on a modification of the shearlet framework and prove that the
associated continuous transform has the ability to precisely identify both the
location and orientation of the boundary curves I', from the solid 2. This
paper extends a number of results appeared in the literature in recent years to
the challenging problem of extracting curvilinear singularities in 3-dimensional
objects and is motivated by image analysis problems arising from areas including
biomedical and seismic imaging and astronomy.
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1. Introduction

Objects with discontinuities along curvilinear edges and surface boundaries
appear in a variety of imaging applications. For example, in biomedical imaging,
the objects of interest are cells, tissues and other organs; in this case, changes
in molecular structures identifying each object are represented as edges and
surfaces. In seismic imaging, the objects of interest are the material properties
of the Earth’s subsurface as a function of depth and these properties change
discontinuously across a system of layer boundaries. In astronomical images,
the objects of interest include intricate patterns with filaments, clusters, and
sheet-like arrangements of galaxies encompassing large nearly empty regions.
Notice that, in all such applications, the discontinuities occurring along edges
and surfaces are the most informative features and, in many cases, the only
structures one is really interested in recovering from data.

Over the past decade, a number of “directional multiscale systems” were in-
troduced to provide improved framework for the representation of multivariate
functions containing edge-type discontinuities. The ridgelets [2] and beamlets [6],
for example, were introduced to represent more efficiently lines crossing an im-
age. Other prominent constructions are the curvelets [3] and shearlets [24, 14]
that provide (near) optimally sparse approximations for images with curvilin-
ear edges by combining multiscale analysis and high directional sensitivity. Due
to their ability to sparsely represent curvilinear edges, methods based on these
representations are particularly useful for the study of edge-dominated phenom-
ena and often outperform more traditional multiscale methods in many image
processing applications (cf. [8, 9]).

Perhaps the true potential of such directional multiscale systems is best il-
lustrated when the associated continuous transforms are applied to the analysis
of singularities. The continuous curvelet transform, in particular, resolves the
wavefront set of a distribution in two dimensions [4]. The continuous shearlet
transform, in addition to satisfying the latter property [22], has the ability to
precisely identify the set of discontinuities of a large class of multivariate func-
tions. More precisely, let f = yq, where Q is a bounded region in R? or R3 with
a piece-wise smooth boundary S = 9Q2. Then the continuous shearlet transform
of f identifies both the location and orientation of the boundary set S by its
asymptotic decay at fine scales [15, 16, 17, 19]. These theoretical results have
lead to a number of successful applications in problems of edge detection and
feature extraction [5, 23, 26, 30]. Note however that the ability to detect the
set of singularities of functions and distributions is useful beyond these appli-
cations. Consider, for example, the problem of “geometric separation” which
aims to break up complex data into geometrically distinct components. It was
recently shown that the solution to this problem relies on the ability to de-
tect and separate different types of singularities, e.g., pointwise singularities
vs. curvilinear ones [7, 21]. These observations are the foundation for sev-
eral remarkable applications to image inpainting and morphological component
analysis [13, 20, 28, 27].

Motivated by the same types of applied problems, in this paper, we ex-



amine the more challenging problem of extracting curvilinear singularities in
3-dimensional objects, which is not covered by existing results. To be more
precise about our setting, suppose that ) is a three dimensional solid with
boundary surface S = S; U---U Sy, where each S, is a smooth surface with
boundary curve I',. Let n,(p) denote the normal vector to S, at p and ¢,.(p)
denote the tangent vector to I';. at p and write

N ={(p,n-(p)) :p € S}

and
T:{(p7tr(p)):perr,r:17~-~7q}-

The goal of this paper is to extract the collection 7 from the solid region €.

On the surface, our setting is similar to reference [29] that deals with the ap-
plication of directional multiscale transforms to astronomical data restoration.
In this reference, the authors heuristically introduce a variant of the curvelet
transform for handling singularities forming one-dimensional structures in R?
and apply this system to problems of denoising and inpainting of astronomical
data. Note that, while several numerical illustrations are presented in [29], their
approach is purely heuristic. By contrast, in this paper we develop a rigorous
theoretical framework for the detection of singularities forming one-dimensional
structures in R3 which are subsets of singularities forming 2-dimensional struc-
tures in R3.

It turns out that, while existing directional multiscale methods do an excel-
lent job of detecting the boundary set N from (Q, they cannot detect 7 since
they are designed to deal with different types of geometric structures (cf. §1.1).
It was therefore necessary that we develop a new construction intrinsic to the
problem at hand. Similar to the classical shearlet approach, our new system is
generated by applying anisotropic dilations, shear operations, and translations
to a finite set of generating functions, but with some important changes in the
choice of shear matrices. Using this approach, we obtain a variant of the contin-
uous shearlet transform which, by its decay at fine scales, can precisely identify
the set 7. We remark that, while our overall setup bears a superficial resem-
blance to that of [17], most of our technical results and individual arguments
are significantly different.

This paper is organized as follows: For the remainder of the introduction, we
motivate our choice of shear and dilation matrices and set down some notation
(§1.1 and §1.2); next we state our main theorem about the detection of curvi-
linear singularities in 3D (§1.3); we also give an example of a “nice” generating
function satisfying a reproducing property and examine the properties of the
corresponding system (§1.4 and §1.5). In §2, we develop several technical re-
sults to prove our main theorem. In §3, we consider generalizations of our main
results to other dilation matrices (§3.1) and extensions to higher dimensions

(53.2).



1.1. Motivation for our choice of dilation and shear matrices

As mentioned in the previous section, our new analyzing system is generated
by applying anisotropic dilations, shear operations, and translations to a finite
set of generating functions. In this section, we give some further motivation for
the dilation and shear matrices we adopt.

We recall that the analyzing functions associated with the curvelet and shear-
let systems are highly anisotropic. In dimension n = 3, in particular, dilation
matrices are used that make the generating functions “plate-like” at fine scales
(essentially supported on parallelepipeds of size a®? x a x a, for 0 < a < 1)
and shear and translation operators are then used to move these plates to all
locations and “plate” orientations (cf. [1, 17, 18]). This is a natural choice as
they are designed to capture surface boundaries. On the other hand, if we now
focus on singularities along curve-like structures, a natural approach (and the
approach the authors first attempted) is to choose dilation matrices which make
our generating functions “stick-like” at fine scales (essentially supported on par-
allelepipeds of size a® x a? x a, for 0 < a < 1) and then make use of appropriate
shear and translation operators to move these sticks to all locations and “stick”
orientations. One such dilation/shear matrices combination is

ot 00 1 0 s
ale)=( 0 o 0 and b(s;,s2) =10 1 so, (1.1)
0 0 afs 00 1

where 81 = B > (3. However, to make much headway into our arguments, we
quickly need to assume either 51 > (s or 81 < 2. The resulting two new sets
of dilation matrices make our generating functions “plank-like” at fine scales.
Coupling each of them with sets of shear matrices that orient the respective
planks in all “plank” directions, (1.1) is replaced with
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alla)=1 0 o 0 and b'(s)=1{0 1 0],
0 0 af 0 0 1
and
o 0 0 100
ala)=1 0 ao* 0 and b*(s)=(0 1 s],
0 0 afs 0 1

where 81 > f5. The above two dilation/shear matrices combinations (along
with, of course, translations) form the basis for the approach we adopted. Note
that this approach has the added benefit of significantly reducing redundancy
of the shear parameter over that of the “stick-like” shearlets approach.

1.2. Definitions and notation

Q will always denote a bounded and Lebesgue measurable subset of R? and
Sq (note the minor change in notation from the introduction) will denote its
measure theoretic boundary (see §2.1). For notational convenience, we represent



elements of R™ by both n x 1 column vectors and 1 x n row vectors. If pertinent,
the convention adopted in any particular instance is clear from context. For
y € R" and ¢ € GL,(R), we define the operators T, D, : L*(R™) — L*(R") by

T,(f)@) = flz—y) and Du(f)(x) = | dete| /2 f(c1a),

We use the Fourier transform F : L?(R") — L*(R™) defined for f € L'(R") N
L*(R") by

n

F)E) = f(6) = / dz f(z)e= e,

fV will denote the inverse Fourier transform of f € L?(R™).
Fix 81 > B3 > B2 > 0 and write By = (1 — P2 — 83)/2. For & > 0 and s € R,
we define the following matrices:

1 0 O 1 s O 1 0 s
lis)=|s 1 0] b2 =0 1 0] 36 =0 1 0
0 0 1 0 0 1 00 1
1 00 100 1 00
Blisy=(0 1 0] v*36s)=1{0 0] »3(6)=10 1 s
s 0 1 0 s 1 0 0 1
afs 0 0 afr 0 0 afr 0 0
alla)=1 0 o 0 |a% )= 0 % 0 |a®)=[ 0 o o0
0 0 a? 0 0 o 0 0 o
afs 0 0 af2 0 0 af2 0
)= 0 o 0 [dP=[0 ao* 0 |adBa)=[0 o 0
0 0 o 0 0 ah 0 0 afs
0 0 1 1 0 0 1 0 0
a'=[1 0 0 a?2=1(0 0 1 a3=1(0 1 0
01 0 01 0 00 1
00 1 01 0 01 0
a'=[0 1 0 a2 =10 0 1 c®=1(1 0 0
1 00 1 00 00 1
Let ¢ € L?(R?), and, for p € R?, define
Hep = TpDyis () Daii (a) Dois . (1.2)

Suppose, for the remainder of this paper, unless otherwise specified, that n
(the ambient dimension) is 3. The collection {¢7;,} induces the 6 continuous

transforms {S¥}, where

S7(Q)(a,5,p) = (X, Vdup)s (1.3)



and yq denotes the characteristic function of €.

We are now in a position to define the main transform of this paper, S 1),
which we call the (3,1)-continuous shearlet transform. The “(3,1)” indicates
that the transform is designed to capture singularities along 1-dimensional struc-
tures in the 3-dimensional ambient space (following this terminology, the con-
tinuous transform from [17] would be the (3, 2)-continuous shearlet transform).
Let V denote (R3\ {0})/ ~, where v ~ w if v = cw for some ¢ € R\ {0}. Write

K= {(2’ 1)7 (3a 1)7 (17 2)a (37 2)7 (173)7 (2v 3)}
and, for (7,7) € K, define

b {[—1,1], if (i, ) = (1,3),(2,3), (1,2).

(—1,1), otherwise

If v € V, there exists a unique j = j(v) € {1,2,3} such that v; # 0 and
v;/vj € Py, for all 4, with the quantities j and v; /v; well-defined with respect
to~. If >0, v eV, and p € R?, we define

Sen@(avp) = [ 57 vi/v),p).
ie{1,2,3}\ {4}

1.8. Main results

To formulate and prove our main results, we need the following two defini-
tions to state precisely the notions of piecewise reqular surface:

Definition 1.1. Letp € Sq and K € Zt U{oo}. We say that Sq is CK at p if
there exists an open set U C R® withp € U and F € C¥(U,R) with VF(p) # 0
such that

QNU ={z€U: F(z) <0}

(in the a.e. sense; we use a.e. as an abbreviation for almost everyfwhere]). In
this case, we call Oq(p) = VF(p) the orientation of Sq at p. Note that Oq(p)
is well-defined (up to nonzero scalar multiplication,).

Definition 1.2. Let K € ZT U {cc} and p € Sq. We say that Sq is piecewise
CK at p if there exists an open set U C R® with p € U and F,G € CK(U,R)
with F(p) = G(p) =0 and {VF(p),VG(p)} linearly independent such that

QNU ={z€U:F(z)<0}0{z €U : G(x) <0} (1.4)

(in the a.e. sense), where the symbol O can be either N or U. In this case, we
call
Oq(p) = VF(p) x VG(p)

(where x is the vector cross product) the orientation of Sq at p. Note that Oq(p)
is well-defined (up to nonzero scalar multiplication) and equals the tangent vector
at p to the curve defined by {x : F(x) = G(x) = 0} near p.



Throughout §2, the assumptions we require the generating function 1 to sat-
isfy vary significantly—from very mild assumptions in Theorem 2.2 to relatively
strong assumptions in Theorem 2.9. To handle this, we define three different
“admissibility conditions” on ¢ in §2. The third such admissibility condition is
defined below.

Definition 1.3. Let K1, Ky € Zt with K1 > 2. We say that 1 is (K1, K2, 3)-
admissible (the “3” indicates that this is the third admissibility condition) if
there exists 1, € L*(R) (¢ =1,2,3) and r € {0,1} with

$(€) = 1 (&)va(&2)¥s(8a/80),
for a.e. &, such that

(i) 1 belongs to CX1(R) and vanishes on an open set containing the origin,
P € LYR)NL=(R) (0 < k < K1), and

)1(€) )1(€)
/Rdg ¢ 7/Rd§ & #0.

(i) o belongs to CK1 (R) and is compactly supported, 1/35(1)(0) =0(g=0,1,2),

and R
P2(§)

§

(iii) {3 € CK1(R), 9§ € LYR) N L®(R) (0 < k < K1), €527 143 € L(R),
and 13(0) # 0.

If r =1, we also require that

1 (0), /R de 28 L

(iv) €0 e LY(R) (0 < k < K).
(v) K18 € LYR)NL®(R) (0 < k < K).

We say that ¢ is (00, Ko, 3)-admissible if ¢ is (K, K2,3) admissible, for all
K €{2,3,4,...}; (K1,00,3) and (00, 00,3) admissibility are defined similarly.

We can now state our main result, which shows that Sz 1) precisely identifies
both p and Ogq(p) when Sgq is piecewise C* at p.

Theorem 1.4. Let p € R3. Suppose that 1 < 232 and that v is (00,00, 3)-
admissible. We have the following:

o Ifp ¢ Sq, where Sq denotes the closure of Sq, or if Sq is C™ at p, then

hm OéiKS(&])(Q)(OQ’va) = 07

a—0t

for all K >0 and allv € V.



o Let v €V and assume Sq is piecewise C™ at p. If v ~ Oq(p), then

alirg1+ aiQ(ﬁﬁBSJFB")S(g,U(Q)(Oé, v,p) € CU{oo}\ {0}
otherwise,
lim a_KS(371)(Q)<a7U7p) =0,

a—0t

for all K > 0.

The arguments and technical tools needed to derive these results are dis-
cussed in §2. We make the following remarks regarding the above theorem:

e For simplicity, we state Theorem 1.4 for (0o, 00, 3)-admissible functions
and (piecewise) C'° surfaces. However, a version of Theorem 1.4 also
holds for (K1, K,3)-admissible functions and (piecewise) C%2 surfaces
(see §2).

e Theorem 1.4 does not, in particular, apply to the case p € Sq \ Sq. If Sq
were the topological boundary of 2, then this case would be vacuous, since
then Sq would be closed. However, we make use of a measure theoretic
version of the Divergence Theorem in which Sq is the measure theoretic
boundary of € (see §1.2). In this more general setup, Sq need not be
closed. For example, if  is a solid hyperbolic 3D cone, Sg does not
contain the tip of the cone.

The statement of Theorem 1.4 is rather compact and some of its notation
rather involved. Additionally, earlier in this section, we remarked that exist-
ing (e.g., plate-like) 3D systems, while performing excellently at detecting the
piecewise smooth boundary of a 3D solid, are insufficient to characterize its
boundary curves. For both of these reasons, we now examine the result of The-
orem 1.4 in the context of a simple example and compare this result to what is
achievable with existing state-of-the-art 3D plate-like systems. Suppose, then,
that 51 < 209, that 9 is (o0, 00, 3)-admissible (we construct an example in the
next section), and that

QNU ={zcU:z1<0}n{xelU: a2 <0},
where U = (—=1,1)3. Write ' = {z € U : 21 = x5 = 0},
Si={zeU:21=0,20<0}, and So={xecU:z) <0,29 =0}
Then, it follows that
e SonNU=5UTUS,
e Sqis C™ at p, for all p € S; U S,

e Sq is piecewise C° at p, with Oq(p) = (0,0,1) and j(Oq(p)) = 3, for all
pel.



Thus, Theorem 1.4 implies that
e If pe U\T, then

lim a_KS(3,1)(Q)(aa Uap) = 07

a—0t

for all K >0and allv € V.
e Assume p e T. If v ~ (0,0, 1),

lim 04—2(ﬁ1+63+ﬁ0)3(3,1)(Q)(Ot,U,P) € CuU{oo} \ {0};

a—0t

otherwise,
lim a_KS(3,1) (Q)(avvvp) = 07 (15)

a—0t

for all K > 0.

In other words, the (3,1)-continuous shearlet transform characterizes both the
location and orientation of the singularity curve I' through its asymptotic decay
at fine scales. This is illustrated in Figure 1 showing that the slow asymptotic
decay of the transform characterizes the location and orientation of T

Figure 1: Asymptotic decay rates of S(3 1)(€2)(c, v, p) for various values of v and p.

We now apply Theorem 3.1 of [17] to the example of the previous paragraph.



Theorem 3.1 of [17], which regards the detection of the piecewise smooth bound-
ary of a 3D solid by plate-like shearlet systems, is one of the most precise results
of its kind available. The shearlet transform of of [17] applied to © will be de-
noted by S(s2)(€2)(a,v,p), where a > 0 indexes scale, v € V orientation, and
p € R3 location. We have the following results:

° prEU\(FUSlLJSg),then

lim a_KS(3,2) (Q)(avvap) =0, (16)

a—0t
for all v € V and all K > 0.

e Assume p € S1. If v = (1,0,0) (i.e., the normal vector of Sy), then

lim o™ 'S3.2)(2)(a,v,p) # 0;

a—0t
otherwise,
lim o %S =0
al)HO1+O[ (3,2)(9)(a7v7p) )
for all K > 0.

e Assume p € So. If v =(0,1,0) (i.e., the normal vector of S3), then

lim a™'S2)(Q)(a,v,p) # 0;

a—0t
otherwise,
li “KS50(Q =0
agngOé (3,2)( )(a,v,p) )
for all K > 0.

e Assume p e T. If v € {(1,0,0), (0,1,0)}, then

Jim, o™ S5 (Q) (e, v, p) # 0;
otherwise,
lim sup 073/28(372)(9)(@,1),])) < 0. (1.7)

a—0t

We thus see that S(39) is able to detect the location of I' as all p such that the

condition
lim a_KS(;;’Q)(Q)(a,v,p) =0, forall K >0
a—0t

fails for two at least two v. In this case, S(32) can then detect the orientation,
(0,0, 1), of T as the vector cross product of the two unique v, (1,0,0) and (0, 1, 0),
for which (1.7) fails. Comparing these results to the those in the previous
paragraph (particularly, (1.5) to (1.7)), we see that while S(39) can detect the
location of I' just as precisely as 53 1), the latter is much better able to precisely
identify the orientation of T.

10



1.4. Example of an admissible function satisfying a reproducing property

Let 0 < ag, sp < oco. In this section, we formulate a reproducing condition
on the collection

{0, : (i,5) € K,0 < a < ap, |s| < so,p € R*} (1.8)

and construct a (0o, 0o, 3)-admissible function for which (1.8) satisfies this re-
producing property.

It is often desirable that the collection (1.8) forms a so-called continuous
reproducing system; i.e., that one can recover the function f € L?(R?) from the
inner products

{(f.0i,): (1,5) € K,0 < a < ag,|s| < so,p € R?}.

For our particular setup, it is convenient to formulate the continuous reproduc-
ing property as follows: Let u be a measure on R? x (—sg, s9) x (0, ) and let
E be a Lebesgue measurable subset of R3. We say (1.8) forms a continuous
reproducing system for L*(E)Y = {f : [, | /|2 < oo} (with respect to ) if there
exists a collection {E;; : (i,7) € K} of Lebesgue measurable subsets of R? with
E =i jyex Eij (in the a.e. sense) such that

.ﬂx)zh/ dpa(p, s, @) (f, i3, Y, (2), (1.9)
R3 X (—50,50) %X (0,a0)

in the sense of weak convergence in L?(E;;)V, for all f € L?*(E;;)¥ and all
(4,4) € K. The relationship

Ty Dyii(s)Daii (a) I5Dvii (5) Daii (@) = Tp+bii (s)aii ()5 Dvii (s+ab1—~35) Daii (am)
induces a group structure on G;; = R x R x (0, 00) with multiplication
(p.5,0)(B,5,@) = (p+ b7 (s)a" (@)p, s + o =5, 0).

A computation shows that G;; has left Haar measure A\, where dA(p,s,a) =
dp ds da/?P1 8241 (in particular, A does not depend on i and j). Often, one
chooses pr = A in (1.9).

We first note that if ¢ is (K7, Ko, 3)-admissible, then (1.8) cannot form a
continuous reproducing system for L2({¢ € R? : |¢] > R})Y, for any R > 0.
Indeed, if there exists 0 < €, M < oo such that

supp(®)) C ((—o0, —€] U [e,00)) x [-M, M] x (—o0, 00),

then, using (1.16), it follows that

o e —B2/B1
SWM&JC%EWW&SM<M> },

11



where {i,7,k} = {1,2,3}. Write

c —B2/B1
N = §€R3J&J>A[QGO for all 4,k € {1,2,3} .

Then, N is open and unbounded (since f; > ﬂz) Moreover, by the above
containment and equality, we have N N supp(¢)”
above assertion now follows.

Despite the negative result of the previous paragraph, it is possible for (1.8)
to form a continuous reproducing system for a certain subspace of L?(R?) when
¥ is (00, 00, 3)-admissible. To see this, let 0 < ¢ < M7 < o0 and 0 < My <
M3 < oo be such that

) =0, for all i,7,,s,p. The

asp

Bz2/B1

M M,
— — . 1.10
(%) (1.10)

Choose 01,02 € C*(R,[0,00)) such that
> do 9

Supp(el) - [67 Ml]v Ea(a) = 51/27 (111)

0

65 is compactly supported in (0, 00), and
|92(§)| = ]., for all M2 S f S Mg. (112)

For ¢ = 1,2, define
cven e ) 0q(&),  IfE>0
) = {911(—5)7 if¢ <0’

04(5), if >0
eodd _ q ,
7 ) {@,(g), if ¢ <0

and v, € L*(R) by 1, = v 46994, Let 0 < My < oo and choose ¢3 € L*(R)
such that 13 is even, belongs to C*(R,R), and satisfies 1ﬁ3(0) #0,

supp(ts) C [-My, My], and |J¢s| = 1. (1.13)

Define ¢ € LA(R®) by $(€) = 1 (£1)¢ha(€2)¢s(€3/&1). Then, it follows that ¢
is (00, 00, 3)-admissible and real-valued and that 1) belongs to C°°(R3) and is
compactly supported. Fix ay < oo and

s0 > ap' P My, (1.14)
and define E;; as the set

il 2 il |4

) 1€ < (so—ag T My)&},
(1.15)

{¢eR?: || >

ﬂl’ My(== )5 < &l < M, s(on

12



for all (4, j) € KC, where {4, j,k} = {1,2,3}. Write E = U; jjexcEij-

We claim that (1.8) forms a continuous reproducing system for L?(E)Y with
respect to A (where A is as defined above). To verify this, it suffices to show
that

dsda | -~ « .
I1(¢) = / iyt [0 (@7 )P (a® &) s (0 M (& 4s) P = 1,
(—s0,80) % (0,c0) Q71778

for a.e. £ € E13 (see, for instance, [22]). If £ € E43, we have

o d R . S0 .
I@r:A S @P @) Pl &) [ ds s (E + )P

—so
aP37P1(g5/€1+50)

0 doy - R N
:/43mm%mwwﬁgwf dt [P
0 o aP3=P1(€3/&1—s0)

@ do » .
— [ L) Pl
0 a
B1 2
1 agtlén] dy - 5| - 752/5152
5 [ D@ i (L )| <1
where the second equality follows from the change of variable t = a3 =51 (&3 /¢, +
s), the third equality from (1.14) and (1.13), the fourth equality from the change

of variable v = a1|¢; |, and the fifth from (1.10), (1.11), and (1.12). This verifies
the above assertion.

1.5. Frequency support

Fix 81 =3, B2 = 2, B3 = 5/2. Following the notation and approach in §1.4,
one can construct a (0o, 00, 3)-admissible function ¢ with

621/2 M1:3/2 M2:06 M3:14 80:2 Oéozl M4:1
and R
supp(¢) = ([-3/2,-1/2] U [1/2,3/2))* x [-1,1]

such that (1.8) forms a continuous reproducing system for L?(E)Y with respect
to A. Note that f1, 52, 83 and 1 satisfy the hypotheses of Theorem 1.4. In this
section, we examine the support of the functions ¥, and the structure of the

asp
sets E;;.
Note that
Pip(€) = QTR TImCr (0P a2, 0 (§ 4 56)), (116
for a.e. &, where {i,j,k} = {1,2,3} (unless indicated otherwise, whenever

£,61,&, ... appear in the same context, it is assumed that £ = (£1,&,...)).
It follows that supp(1¥, ) equals

asp

{€eR’ 6] € [a™™ /2,307 /2] || € [a72 /2,307 %2 /2], | /€its| < o701}
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Informally, supp( Afjsp) consists of a plank centered at each of the four points
(gia &k EJ) = (a751 ) iaiﬁ% 780‘7ﬁ1) and (517 &k gj) = (7O‘7ﬁ17 +a P ’ saiﬁl)'
Each plank has long axis in direction (&;,&x,&;) = (1,0, —s) and short axis in
direction (&;, &, &;) = (0,1,0). These planks become more elongated as a — 0"
(see Figure 2). Plugging our particular parameter values into (1.15), we have

2000
1800y i
1000y T

500 ...

-500
-1000 ..
-15004 ..

—2000 .S
-2000

2000 1500

Figure 2: Supports of the functions zﬁg‘;p for (e, s) = (0.1,1) (blue), (o, s) = (0.1, —1) (red),
(a0, s) = (0.16, 1) (green).

3 1 2 2 2 2 2
Eij ={(eR’: || > 57 06(3)31&I% < |6 < 1-4(§)§|§i|§7 €] < 1&l}

(see Figure 3).

2. The transforms S%

In this section, we examine the asymptotic decay of the transforms S¥. We
will prove all our results for the case (i, j) = (1, 3) only. The general case follows
from Lemma 2.12. To ease notation, write b = b3, ¢ = @', and S = S™. Our
analysis of the asymptotic decay of S¥(Q)(a, s, p) will be split into several cases:
p ¢ S (§2.2), So CK at p (§2.3), and Sq piecewise CK at p (§2.4). In section
§2.1, we make use of a clever application (from [17]) of the divergence theorem
that allows us to rewrite yq as an integral over Sg,.

14



Figure 3: The set E13 N {£ € R3 : |¢1] < 1500}. The colors only serve to distinguish between
the various branches and faces. For visualization purposes, the axes are not to scale.

2.1. The Divergence Theorem

Let h denote 2-dimensional Hausdorff measure on R? (§2.1 of [10]). Sq is
defined by z € Sq if
|Br(2) \

B.(z)NQ
lim sup % >0 and limsup — 35— >0, (2.1)
r—0 r r—0 r

where |Q] denotes the Lebesgue measure of Q and B,.(z) = {y € R?: ||y — 2| <
r} (norms without subscripts are assumed to be L?-norms). Then, Sq is a
Borel measurable subset of R? (§5.11 of [10]) and hence h-measurable. Assume
h(Sq) < oco. Using Theorem 1 of §5.11 of [10], the divergence theorem (the
Gauss-Green Theorem of [10]), and that € is bounded, it follows that

)%Q(g) _ As dr XQ(x)e—Qﬂ'ZE-I

) e—27rz§~;c
= /Qdm div [27””5”25] (2.2)

i7; —2m§T
= 5P /s dh{w)e”™ 7 nalz)

for all £ # 0, where ng € L>®((Sq, h),R?) is the measure theoretic unit outward
normal to Q. That is, for h-a.e. = € Sq, ng(z) is uniquely determined by:

15



Ina ()| = 1,

o 1Bel@) 090 H(w, na (@) [(Br(2) \ 9) 1 H(z, —na(2))

=0, and lim =0,

r—0 r3 r—0 r3
(2.3)
where, for p,v € R3, H(p,v) ={y € R®: v (y —p) > 0} (cf. §5.1, §5.7, §5.8 of
[10]).
Using (1.16) and (2.2), it follows that (recall that S = S*?)
S(Q)(a7 Svp) = <XQa 7;3351)
= |, € Xa©)i,(©)
= _alitRts/ / P(aPrey, ab2by, abs (€5 + s61)) (2.4)
2m RS &+ +6 '

x/ dh(z)e” 2 @=P)e ng ().
Sa

2.2. Fast decay away from S

In this section, we prove that S¥(Q)(a,s,p) decays “fast” when p ¢ Sq
(Theorem 2.2). Theorem 2.2 follows from Lemma 2.3, which is our version of
the so-called localization lemma from [17]. Lemma 2.3 also enables us, in the
main results of §2.3 and §2.4, to localize the inner intergral of (2.4) near p.
Below is our first admissibility condition.

Definition 2.1. Let K € {1,2,3,...}. We say that v is (K, 1)-admissible if
(i) € C¥(R?)
(ii) 8“1 € LYR3)NL>®(R3), for all 0 < |w| < K —1 (we are using multi-index
notation as in §8.1 of [12]), and that
(iii) 0“1 /eXT1l e LYR3), for all 0 < |w| < K.
Below is the main result of this subsection.

Theorem 2.2. Let K € Zt and suppose that v is (K, 1)-admissible. If p ¢ Sq,
then -

lim sup o~ KP2=50| 81 (Q) (a, 5, p)| < o0,

a—0t

for alli, j, and s.

Theorem 2.2 follows directly from Lemma 2.12, allowing us to reduce the
proof to the case of S13, equality (2.4) and the estimate of Lemma 2.3 below.

Lemma 2.3. Let K € Z*+, let § € L>=(Sq,h), and let U C R3 be open with
0 € U. Suppose that ¢ is (K, 1)-admissible. For o > 0, define

_(B1+B2+4P3)/2 (B B B
I(a) = a dng(oz 151,05 2252’62“ *S) / dh(z)0(x)e 2™ ¢ - ng(x).
2m R3 §+& +&3 So\U
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Then
limsup o~ %2750 |1 ()] < 0.
a—0t

We need the following “repeated integration by parts” lemma (whose proof
follows easily from induction and the standard integration by parts result) in
the proof of Lemma 2.3.

Lemma 2.4. Let J € Z* and let f,g € C?(R) be such that f9)g/=1=3) yan-
ishes at oo, for all j =0,...,J—1, and f@W g/ ¢ LY (R), forallj =0,...,J.

Then,
/ dz f(x)g" (z / dz {9 (x)g(x).

We now prove Lemma 2.3.

Proof of Lemma 2.3. Fix 0 < o < 1. Using the change of variable n, = aﬁQ§q
(¢ =1,2,3), it follows that

I() a(—B1—B2—p3)/2 / p 'l[)(??)
“ 2m R3 a—2ﬁl7ﬁ + a—252n§ I or25377§

% / dh(x) g(x)(a—ﬂl m, oz_'82n2, 04_[33773) . nQ(m)e—2ﬂ1(047B1n17a7ﬁ27]27a*/337]3).x
Sa\U

211 Jps " 17% + a2(/31—/32)77§ i a2(ﬁ1_ﬂ3)77§ .

% / dh(z) 0(z)(n1, afr=Pap, aBl_BSng) . nQ(m)e—%l(a’Blm,oc’ﬂ%z,a’%na)w.
Sa\U

Note also that

o
R3

X / dh(x) |9(x)(n1,a51_52772,aﬁl_ﬁg'ng) ‘ng(z)e
Sa\U

()]
< He”ooh(sﬂ)/R N T T 2B g + 2B B2 (2:6)

< H9||ooh<sg>/ ol _ .

|771|

b(n)
77% + 2B —ﬁ2)77§ + 0&2(61_/83)773%

—27rz(a751m,a752772,a753773)~x‘

where, in the last inequality, we have used properties (ii) and (iii) in Definition
2.1. Choose € > 0 and pairwise disjoint Borel measurable subsets S, C R3, for
q = 1,2, 3, satisfying

S, C{z e R3: x| > €}, (2.7)

for all g, where Sq \ U = S; U Sy U S3. Then, using (2.5), (2.6), and the
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Fubini-Tonelli theorem it follows that

o

“om 2 / ) 01) / dn fo(a,m)e= 20 me 0T )
7TZ 3
=1,2,3
(2.8)

where f, : S x R3 — C is defined by

(771 a1 =Py, af1=5ps) - ng (a) =
n —|—a2(51 52)77 —|—a2([31 ﬂs)nZ

ol m) = (),

for a.e. (x,7n). We require the following claim, whose proof is a straightforward
application of induction and the quotient rule.

Claim. For each ¢ € {1,2,3} and k € {0,..., K}, there exists L{ € Z" and, for

each l =1,...,L}, there exist 'quk >0, c?k € L*°(Sq, h) not depending on « or

qk

n, ml R3 — R, a monomlal not dependmg on o or x, and w;" a multi-index

with [w?| < k and |[w?*| = deg(mI*) — 281 + k + 1 such that

L‘I
ok Oﬂl qu( ) qk (7717 aﬁl_ﬁ2’l72, abr—Ps 773) PR
(,7) :Z L 01" (n),

—f (x
8775 Jalz,m (n? + a2(Br=F2)n2 + 042(517%)77?2;)2]c

=1

for a.e. (x,7n). We are using monomial in the strict sense (i.e., 7173 is a monomial
but —n17m3 and 2713 are not). 0

If ¢ € {1,2,3}, choose r and s such that {q,r,s} = {1,2,3}. If m: R® - R
is a monomial and v € R, then, by switching to spherical coordinates, it is clear
that [m(n)|/||nl|" < 1/|n||7~9°8(™) for all  # 0. Using this and the claim, if
k e€d0,..., K}, we have

m?k (771, 04517’82"727 aﬁ1*ﬂ3n3)
2 + a2(51—52)77§ + (a2(51—53)77§)2k’

01" ()|

ak
et < ch o

<Zuc s o7t =29

771 a51*52772’ 0461753773) ||k+1_‘wl

<ZH qlc”Oo |8 ! ¢( )l

m [FH1=le ak|?

for a.e. (x,7n). The second inequality, together with the claim and property (ii)
of Definition 2.1, implies that %fa(x, -) vanishes at oo, for k =0,...,K — 1
and h-a.e. . The third inequalitqy7 together with the claim and properties (ii)
and (iii) of Definition 2.1 implies that %fa(m, ) € LYR3), for k =0,...,K

and h-a.e. x. Using these observations, the Fubini-Tonelli theorem, Lemma 2.4,
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(2.7), (2.9), the claim, and property (i) of Definition 2.1, we obtain
‘/ dh(ff)e(”)/ ) folz,n)e 2™ o™ 2n 0" Py
Sq R3
<0k [ an) [ anecan] [ an gate et
S, R2 R
aK 67271’104_[3‘17](1‘%(1
=10l dh dn, ® dns dng folz,
ol [ ante) [ i @ an| [ an o) ( (marny ) |

0| oo B oK

q

|9 K A 0K
< 1Pl ZH A oo [0 )/ [

27re

The lemma follows from the above inequality and (2.8). O

2.8. Fast Decay at Smooth Boundary Points

In this section, we prove that S¥(Q)(a, s,p) decays “fast” when Sq is CK
at p, for most values of s (Theorem 2.6). Below is our second admissibility
condition.

Definition 2.5. Let K € ZT. We say that ¢ is (K, 2)-admissible if

55255%
eK

for all |(ko, k3)| < K — 1 (we are considering (ko,k3) as a multi-indezx).

L'(R?),

Below is the main result of this section.

Theorem 2.6. Let p € Sq and K1, Ko € ZT with Ko > 2. Suppose that 1 is
(K1,1)- and (K2,2)-admissible and that Sq is CX2 at p. Then,

lim sup aiﬁ*ﬁo\sij(ﬁ)(a’s’pﬂ < o0,

a—0t
where
(i) B = min{K,fs, (K2 — 1)(81 — B3)}, if sOa(p)i + Oa(p); # 0.

(i) B = min{K; s, (K2 — 1)(51 — B2)}, if Oa(p)r # 0, where k is such that
{i,5,k} ={1,2,3}.

We require the following lemma in the proof of Theorem 2.6.

Lemma 2.7. Let U be an open subset of R3, let f € C?(R2, R), let A € {<,>},

and write
)L if A=<
-1, A =>
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(1) If
QNU ={z €U :z3A f(x1,22)}, (2.10)

(in the a.e. sense), then
SaNU =4z €U :xz3= f(x1,22)} (2.11)
and, for h-a.e. p € Sq NU, we have

_ 001 f(p1,p2), —02f(p1,p2). 1)
VOLf(p1,p2)? + 02 f(p1.p2)? + 1

nq(p) (2.12)

(ii) 1f
QONU = {:C cU: ngf(ﬂchxg)},

(in the a.e. sense), then
SaonNU={zeU:xzy= f(x1,23)}
and, for h-a.e. p € Sq NU, we have

_ U(_alf(plap?))a 17 _82f(plap3)) ]
Vo1 f(p1.p3)? + D2 f (p1,p3)® + 1

no(p)

(ii3) If
QNU ={z €U :z A f(x2,23)},

(in the a.e. sense), then
SaNU={z€U:z = f(x2,23)}
and, for h-a.e. p € Sq NU, we have

na(p) = o(1,—=01f(p2,p3), —02f(p2,p3)) .
VO01f(p2,p3)% + D2 f (P2, p3)2 + 1

Proof of Lemma 2.7. We assume A = < and only prove part (i); the other
cases follow from this special case and Lemma 2.12. Suppose (2.10) holds in
the a.e. sense. We first verify (2.11). To show the first containment, assume
that p ¢ {x € U : 23 = f(x1,22)}. We want to show that p ¢ Sq NU. We may
assume that p € U. Then, p € U~ UU™T, where

U ={xcU:z3< f(z1,72)} and U" ={xcU:x3> f(x1,72)}.
Since f € C(R?,R) and U is open, U~ and U* are both open. Also, it follows

from (2.10) that [U~ \ Q| = |UT N Q| = 0. By examining (2.1), it follows that
p & Sq. This shows SoNU C {zx € U : 23 = f(x1,22)}. To verify the second
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containment, assume

pe{relU:xs=f(x1,22)}. (2.13)
We want to show that p € Sq MU, for which it suffices to verify (2.1). We show
that B Q
r N
lim sup % > 0. (2.14)
r—0 r

The other inequality of (2.1) is verified in a similar fashion. Let r > 0 be small
enough such that B,(p) C U. Using that f € C'(R?,R), Taylor’s theorem,
(2.13), and the equivalence of norms on R?, it follows that there exists A > 0
such that f(z1,22) > ps — A\/(z1 — p1)2 + (22 — p2)?, for all (z1 —p1)? + (v2 —
p2)? < r2. Using (2.10), the above inequality, and the translation invariance of
Lebesgue measure, we have

|Br(p) N = [{z € By(p) : 23 < f(z1,32)}]
> |z € B,(p) : x3 < p3 — A\/(ﬂﬁl —p1)? + (z2 — p2)?}

= |{z € B,(0) : 23 < —Ay/2? + 23}

_"3<1_A>
3 Vit Az)’

where the last equality is obtained by integrating in cylindrical coordinates.
Note that 1 — A/v1+ A2 > 0 for all A > 0; (2.14) follows.
To verify (2.12), let p € Sq NU and write

_ (=01f(p1,p2), —02f(p1,p2), 1) .
VOLf(p1,p2)? + 02 f(p1,p2)? +1

We clearly have ||v]| = 1. We show that

B ONH
i |Br®) 0 N (p,v)]

lim 3 = 0; (2.15)

the other equality of (2.3) is verified similarly. Let » > 0 be small enough such
that B.(p) C U. Using that f € C?(R? R), Taylor’s theorem, and (2.11), it
follows that there exists A > 0 such that

|f (21 + p1, 22 +p2) — p3 — 2101 f(p1, p2) — 2202 f (p1, p2)| < A(z? 4 23), (2.16)

for all (z1 — p1)? + (22 — p2)? < r?. Using (2.10) and the translation invariance
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of Lebesgue measure, we have

|Br(p) N XN H(p,v)|

= |{z € B:(p): p3 + (x1 — p1)Or f(p1,p2) + (x2 — p2)Pa2 f(P1,p2) < 3 < f(71,72)}]

= |{z € B.(0): 2101 f(p1,p2) + 2202 f (p1,p2) < w3 < f(21 + p1, 72 + p2) — p3}|

C {z € C0): 2101 f (p1,p2) + 2202 f (p1,p2) < 23 < f(21 + p1, 22 + p2) — p3}|
Amr?

< )
-2

where C3(0) = {z € R® : 2% + 23 < r?} and the last inequality follows by
integrating in cylindrical coordinates and using (2.16). This verifies (2.15);
(2.12) follows. O

We now prove Theorem 2.6.

Proof of Theorem 2.6. Choose F and U as in Definition 1.1. It follows from
Lemma 2.12 that we may assume ¢ = 1, j = 3, s = 0, and p = 0. Moreover, the
proofs of (i) and (ii) are similar enough that we only prove (i). Suppose, then,
that 93 F(0) # 0. We require the following claims:

Claim A. There exists g € C%2(R2, R) with g(0) = 0 and compactly supported
functions ¢, € CE271(R% R) (¢ = 1,2, 3) such that the following holds:

S()(e,0,0) = Sp(a) + S1(a), (2.17)

for all & > 0, where S; : (0,00) = C (j =0, 1) satisfy

limsup o~ K172=50|8; (a)| < o0 (2.18)
a—07t
and
a W(ﬁ)l‘ 16, 0 P60
Sola) < /d /dx e 2rila 160" 26 0 P ) (w9 @) |
| O( )‘ 271_ ﬂZQS ng |§1‘ R? (bq( )
a=1,2,
(2.19)
where
-0 F F ifg=1
0,9(0) = § O EO/REO), g =1 (2.20)
—82F(O)/83F(O), lfq—2
O

Claim B. Let J € Z*, let f,g € C’(R?) with f compactly supported, and let
A € R. Then, there exist compactly supported hy,...,h; € C(R?) depending
on f and g but not on A such that

J
0] (fe) = e Nhj.

=0
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The proof of Claim B is straightforward; we only prove Claim A.

Proof of Claim A. Since Sq is CK2 at 0, it follows from ideas in the beginning
of the proof of Lemma 2.7 that F(0) = 0. By the Implicit Function Theorem
(see, for instance, [11]), there exists open sets V C U and W C R? with 0 € V
and 0 € W and f € C¥2(W,R) such that

OsF(z) # 0, (2.21)
for all z € V, and
(s eV F@) =0} = {(z f(z)) sz € W}, (
Since V' and W are open with 0 € V and 0 € W, f is continuous, and f(0) = 0,
we can choose 6, € > 0 such that with Wy = (=6,8)?, Wy = [—6,0]%, I = (—e€,€),
and I = [—¢, €] we have
Wo CW, f(Wy)C(—€¢/2,¢/2), and Wy xICV. (2.23)
Write Vy = Wy x 1. It follows from (2.22) and (2.23) that
{zreVy:Flz)=0y={z e Vy:x3= f(z1,22)}. (2.24)
Write
A-={zeVy:F(z) <0}, AT ={xeVy:F(z)> 0},
B  ={xecVy:a3< f(r1,22)}, and BT ={x € Vy:a3> f(x1,22)}.
Using that Vj is open, that F' is continuous, and (2.24), we have that
A~ and A" are open; ATUAT =B UBT; AT NAT =0. (2.25)

Define G € C¥2(V,,R?) by G(z) = (z1, 72, F(z)). By (2.21), G'(x) is invertible,
for all z € Vj. The inverse function theorem (see, for instance, [11]) implies that
G is an open mapping. Using also that 0 € V) and F(0) = 0, it follows that

A £+ AT (2.26)

If z,y € B, using (2.23) and that W} is convex, it follows that x and y can be
joined by the continuous piecewise linear path contained in B~ represented by

xr — (3317962, —6/2) — (ylvy27 _5/2) Y.

Thus, B~ is path connected and hence connected. A similar argument shows
that B is connected. These two observations, together with (2.25) and (2.26),
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imply that either A~ = B~ or A~ = B™. Define

A <, ifA- =B~
>, if A= =Bt

and

1, ifA-=DB"
ag = .
~1, if A~ =B+

Finally, using that f € C®2(W,R), that W, is a closed subset of W, and
standard smooth extension techniques (see, for instance, Lemma 2.27 of [25]),
it follows that there exists compactly supported g € C%2(R2%,R) such that
9l = flyw;- Using also Definition 1.1 and that Vo C U, we have that

QNVy = {LU eVo:axz3 A g(.’l?l,!Bg)} (227)

in the a.e. sense. Note also that g(0) = 0 and that (2.20) holds (by (2.24) and
the chain rule).
Choose open Ny C Wy x I with 0 € Ny and 6,6, € C*(R3, [0, 1]) satisfying

Oo(x) =1, for all x € Ny, supp(by) C Wy x I, and (2.28)

Oo(z) + 01 (x) = 1, for all € R.
For q = 1,2, 3, define ¢, € CK271(R% R) by

—a@lg(x)eo(x,g(x)), if q= 1
¢q(x) = ¢ —002g(x)00(x, g(x)), ifqg=2 (2.29)
oty (z, g()), ifg=3

and note that each ¢, is compactly supported.
For j = 0,1 and « > 0, define

aB1+B2+p3)/2 Qp(aﬂlgh ab2&y, aﬁ3§3)
Sj(a) = — 9 / 2 2 2
m R3 £ +& + &3

X /SQ dh(2)0;(z)e 2™ "¢ - ng(x).  (2.30)

Then, (2.4) and (2.28) imply (2.17) and (2.28) and Lemma 2.3 imply (2.18).
Using (2.27) and Lemma 2.7, we have

SaNVo={zeVy:a3=g(x1,22)}

and, for h-a.e. z € Sg N Vy, we have

o U(_alg(x17x2)7 _829(x17x2)7 1)
no(z) = = - .
VOrg(z1,22)? + ogzr, 22)% + 1
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Using that g € C2(R? R) is compactly supported, (2.28), the above two equal-
ities, and the Hausdorff change of variables formula (see §3.2 and §3.3 of [10]),
it follows that

dh(x)0o(z)e "¢ Eng (v /deeo x, g(x))e 2™ @I (~9, g(x), —Dag(), 1)
Sa

Using (2.29), (2.30), the above equality, the change of variable n; = o1&,

no = a5, N3 = 3¢5, and arguments similar to those used to derive (2.9), it
follows that

|So(e)]
_ Bl+'32+63 Z /dffq aﬁlflaaﬁzf%aﬁ353)/dxd)q(x)e27\'745'(1,9(1))
S R G+&8+& R
aﬁo

Z mq (n1, a1~ P2my, 0P = Pan)ih(n)
R3 77 —|—042(’81 ,32)77 _|_a2(51 ﬁ3)’r]3

q=1,2,3

x / da ¢>q(x)e*2’”<a‘f’1m»a‘f’znzya‘ﬁ?’ns)-(m,g(z))
R2

q;?)/]RJ |771

aao

/ dx ¢q (I)672”(0¢_ﬁl n,a”2ng,a”%3n,)-(2,9(x))
RZ

where m, : R* — R is defined by m,(n) = 7, (¢ = 1,2,3). This verifies (2.19)
and proves the claim. O

Let g and ¢4 (¢ = 1,2,3) be as in Claim A. If ¢ € {1,2,3}, using Lemma

2.4, that g € CK2(R?,R), that ¢, € C*271(R? R) is compactly supported, and
Claim B, it follows that there exist compactly supported h{, ..., h% _, € C(R?)
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such that

‘/d.’lﬁl (bq(x)e—%moz’ﬂlflxle—27rzoz7ﬂ3f3g(x)
R

aKgfl 67271'2(1’5)1611’1 B s
=| [ dr1 o = —— | pg(a)em2mre P E9(@)
R Oxy? (—2ma 5151) 2

K>—1 Ky—1
— (a( 2)K)611 / drq 6_27”0‘7‘31511-1 8; 1 <¢q($)6_2mo‘7%53g(w))
2r&y) 2t g oz~

(KZ 1)51

Ko—1
= - dz e—27rza B1eiay —27r1a P3esg(x) _27_‘_&—{33 khq T ’
G [ S Con v

- K- 1)51—k53‘§3|k q
Z (2m)K2=1-F ¢, K> 71/Rdx1‘hk(x)

If 0 < o < 1, using (2.19), the Fubini-Tonelli Theorem, and the above inequality,

we obtain
3l / dzo
|§1

|So (e S%Z/
1,2,3

/d.%' (bq( ) —2ma ﬂlﬁlLl —2ma 53535}(1,)

< o Z |hd || (K2 =1)B1—kBs de &1* 9 (6]
T oor q=1,2,3,k=0,...,Ko—1 (2m) fam ok R3 ST
q k.J
Bo+(K2—1)(B1—B3) ||hk||1 fsw
< Qfomie AT > (2m)Kek || K2
¢=1,2,3,k=0,...,Ko—1 1 1

Part (i) now follows from (2.17), (2.18), and the above two inequalities. O

2.4. Decay at piecewise smooth boundary points

In this section, we prove that S%(Q)(a, s,p) decays “fast” when Sg is piece-
wise CK at p, unless the orientation Ogq(p) coincides with the “orientation” of
i, j, and s, Below are the two main results of this section.

Theorem 2.8. Let p € Sq and Ki,Ky € Z7 with Ko > 2. Suppose that
Y is (K1,1)- and (Ks,2)-admissible and that Sq is piecewise CX2 at p. If
Oa(p)i # sOa(p);, then

limsup a #7789 (Q)(a, s, p)| < oo,

a—0t

where

B = min{ K1 B2, (Ko — 1)(81 — B3)}
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Theorem 2.9. Let p € Sq. Suppose that p1 < 20, ¢ is (K71, 3, 3)-admissible,
and that Sq is piecewise C%2 at p, with K, satisfying

3(B1 4 B3) 4(B1+B3) 2(B2+ B3) 4(B2+ B3) }
285 =017 283 —02 7 Bs—P2 " 2B2—P1 )

and Ko > 3. If Oq(p); # 0 and s = Oq(p)i/Oa(p);, then

(2.31)

Ky > max{

lim a*ﬂofﬂfﬂi"sij(Q)(a, s,p) € C\ {0},

a—0t
where

)

5 {m, if OF(p) # 0 # 0uG(p)

B2, otherwise
where k is such that {i,j,k} = {1,2,3}.

We require the following lemmas in the proofs of Theorems 2.8 and 2.9. We
forewarn the reader that the statment of Lemma 2.10 is rather long as it must
cover a wide range of circumstances.

Lemma 2.10. Let K1, K> € ZT with Ky > 2. Suppose that v is (Ky,1)-
admissible and that Sq is piecewise C%2 at 0, with F, G, U, and O as in
Definition 1.2. Suppose i,j,k are such that i < j, {i,7,k} ={1,2,3}, and

0,F(0) 9,F(0)
d“@ﬁ@ WNQ*&

Choose I,m € {i,j} such that 0,F(0),0,,G(0) # 0, and 9,G(0) = 0, if | #
m. Then, there exists bounded open intervals Iy,I5,I3 C R, with 0 € I} N
I, N I3, compactly supported f,g € CHK2(R%2R) and v € CK2(R,R3), and
u(f),1u(9),v(f),v(g) € {—1,1} satisfying

(i) 0eV=ILxI,xI3CU,
(i) vi(x) =z, for all x € I,
(iii) ¢(Lsg) % Luts)) C Iy (& = £,9),
(iv) v(I) CV, and
(v) M) Uk) C Iag) (0= 1.9)
such that for any Borel measurable 0y : R? — C satisfying
(a) 0o(R?) C [0,1],
(b) 0o(z) =1, for all x € Vo, where Vi C R3 is open with 0 € Vj,
(c) Op(z) =0, forallx ¢V,
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we have

S(2)(a,0,0) = Sp(a) + S1 (), (2.32)
for all o> 0, where S; : (0,00) = C (5 =0,1) satisfy

limsup o~ 5172758, (a)| < oo (2.33)

a—0t+

and

—a ¥(§)
So(Oé) = d);g 21 u(qﬁ) R3d££% + aQ(Bl—B’Z)f% I a2([31_[33)§§ /]R? dl‘s(¢) ® d‘rt(d’)

% 90(U¢(x8(¢)7 xt(¢)))u¢(33k7 m}\((b))6_27"1(0¢75151,a*52§270t753£3)'vd>(x5(¢)733t(¢))

X We(Ty(), Ta(g)) - (€1, 077726, 0P F3E3), (2.34)

where ugy, vy € CK2(R% R) and w, € CK271(R2,R) are defined by

((z)(x)’x)v Zf T(ﬁb) =1
vp(z) = q (21, 6(2),22), if r(d) =2, (2.35)
(z,¢(2)), if r(¢) =3
(17 —81(]5(1‘), —62¢($)), ZfT((b) =1
wy(z) = (—01p(x),1, =020(x)), if r(p) =2, (2.36)
(=019(x), —020(x),1), if r(¢) =3
U () = X(0,00) (¥ (D) (T2 — Ya(9)(21))) (2.37)

and r, s, t, and X are defined by r(f) =1, r(g) = m, {\&)} = {1,2,3} \
{k,r(@)}, {s(0),t(d)} = {k, N(@)}, and s(¢) < t(¢). Moreover,

f(0) = g(0) = 0 and ~(0) = 0, (2.38)
—0oF(0)/0,F(0), ifw=1andl=1
—03F(0)/01F(0), ifw=2andl=1

) =01F(0)/0:F(0), ifw=1andl=2
%1(0) = —03F(0)/0,F(0), ifw=2andl=2" (2:39)

—01F(0)/0sF(0), ifw=1andl=3

—0oF(0)/03F(0), ifw=2andl=3
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—02G(0)/0:G(0), ifw=1andm=1

—03G(0)/0,G(0), fw=2and m=1

) =01G(0)/0.G(0), ifw=1andm=2
Pu9(0) = —93G(0)/8:G(0), ifw=2andm=2" (240)

—01G(0)/03G(0), ifw=1andm=3

—02G(0)/03G(0), ifw=2andm=3

and

7'(0) ~ VF(0) x VG(0). (2.41)

Lemma 2.11. Let g € {1,2}, K € Z*, h,hy, hy € CE(R?) with h compactly
supported, and A1, o € R. Define H € C*(R?) by H(x) = h(x)et(@)eA2hz(),
Then, for each k € {0,..., K}, there ezists a collection {6F € CE-k(R?) . i €
Ik} of compactly supported functions not depending on A1 and Ao such that

8§H(x) = eMhi(@) Ashz () Z NEN2OF (2),

i=(i1,i2) €Ty
for all x € R2.
Lemmas 2.11 is straightforward; we only prove Lemma 2.10.

Proof of Lemma 2.10. The proofs of all cases are completely similar to one
of (i,5,k,l,m) = (2,3,1,3,3) or (i,4,k,l,m) = (2,3,1,3,2). Moreover, the
cases (4,7, k,l,m) = (2,3,1,3,3) and (4,4, k,I,m) = (2,3,1,3,2) are similar
enough that we only consider (,j,k,I,m) = (2,3,1,3,3). Finally, the proofs of
(4,4, k,1,m,0) = (2,3,1,3,3,N) and (¢, 7, k,I,m,0) = (2,3,1,3,3,U) are similar
enough that we only counsider (4,7, k,l,m,0) = (2,3,1,3,3,N). Suppose, then,
that (¢,7,k,1,m,0) = (2,3,1,3,3,Nn). Note that, in this case,

r(f) =r(g) =3, s(f) = s(g) = 1, t(f) = t(g) = 2, A(f) = Ag) = 2. (2.42)

Under the assumptions of the previous paragraph, the assumptions in the
first sentence of the statement of this lemma become

0,7 (0)  D5F(0)
det (82G(0) 8§G(0)> 70

and 93 F(0),93G(0) # 0. Using also Definition 1.2 and an argument similar to
the first paragraph of the proof of Claim A of Theorem 2.6, it follows that there
exists compactly supported f,g € CK2(R?,R) and v € C*2(R,R?), bounded
open intervals I1, I, Is C R, and Ay, Ay € {<, >} such that (i) — (v) and (2.38)
— (2.41) hold. Moreover, with

Vi={z eV ias A f(zr,z2)and Vy={x € V :z3 Agg(z1,22)}, (2.43)

we have
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(vi) {x eV :Fx)=0}={ax eV a3 = f(x1,22)},
(vii) {z € V: F(z) <0} = Vy,
(vili) {z € V:G(z) =0} ={z € V : 23 = g(1,22)},
(ix) {x € V:G(z) < 0} =V,, and

(x) {z€eV:F(z)=G(z)=0}={z eV :z=7(x1)}
(1.4), (2.43), (i), (vii), and (ix) imply that
Qn Vf = {l’ S Vf L I3 Agg($17x2)}

and
Qny, = {z € Vy i a3 Aff($1,332)}

(in the a.e. sense). Using that Vy and V; are open, that Ky > 2, the above two
equalities, and Lemma 2.7, it follows that there exists u(f), u(g) € {—1,1} such
that

SoNVy={zeVy:x3=g(x1,22)} (2.44)

and, for h-a.e. x € Sq NV, we have

w(g)(=ohg(z1,22), —Oag(z1,72),1)

no(z) = (2.45)
S Voig(x1,29)% + Dag(a, m2)2 + 1
and
SanNVy={recV,:a3= f(r1,22)} (2.46)
and, for h-a.e. x € S NV, we have
no(z) = p(f) (=01 f (w1, 22), =02 f (w1, 2), 1). (2.47)
VOLf (w1, 22)? + 02 f (w1, 22)2 + 1
(2.43) and (2.44) imply that
(SQ N Vf) N(SanN Vg) =0. (2.48)

Assume z € (SoNV)\ ((SaNVy)U(SanVy)). Since z € V' \ Vi, (2.43) implies
that
—x3 Ay — f(21,22) or 23 = f(21,22).

If —xg Ay — f(z1,22), then W ={y € V : —ys Ay — f(y1,y2)} is open with
x € W and, by (1.4), (i), and (vii), [WN| = 0, implying, by (2.1), that x ¢ Sq,
a contradiction. It follows that x5 = f(z1,z2). A similar argument shows that
zg = g(x1,z2). Using these two equalities, that = € V, (i), (vi), (viii), and (x),
it follows that = y(x1) € y(I1). This shows that

(Sa N V)\ ((S2 N Vy) U (SN V,)) € A(): (2.49)
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Since v € Cl(R,B?’) is compactly supported, it follows from Theorem 1 of §2.4.1
of [10] that h(y(I1)) = 0 (note that v(I;) is compact and hence h-measurable).
Combining this observation with (2.49), we have

h((SQ N V) \ ((SQ n Vf) U (SQ N Vg))) =0. (2.50)
Using (i), (ii), (iv), (vi), (viii), and (x), it follows that
{r eV xg=fla,22) =g(x1,22)} = {x € V22 = 2(x1), 25 = g(x1,22) }
={z €V 2y =(x1), 73 = f(v1,72)}.

Using also (2.43), (2.44), (2.46), (2.39), (2.40), Definition 1.2, (iii), (v), and an
argument similar to that of the second paragraph of the proof of Claim A of
Theorem 2.6, it follows that there exist ¢4, Of € {<, >} such that

SonNVy={z eV 2y Ogva(x1), 3 = g(x1,22)} (2.51)
and
SQ n Vg = {CE ceV: T2 <>f ’)’2(%1),.%3 = f(l’l,l’g)}. (252)
Define
1, if Oy =>
= . 2.53
v9) {1, o2 (253)

Let 0y : R® — C be a Borel measurable function satisfying (a)—(c). Define
the Borel measurable §; : R? — C by

91 (x) =1- 90(33) (254)

and S; : (0,00) = C (j =0,1) by

—(Br+P2+Bs)/2 D(abrEy, al2Ey, a3 Es) )
) _ ) ) . —2mM1E-T ¢
S] (a) 21 ]R3d§ 5% T 5% T gg Sgdh(x)ej (x)e 5 TLQ(J?)
(2.55)

Then, (2.32) clearly holds (cf. (2.4)) and (b), (2.54), and Lemma 2.3 imply
(2.33). Using (c), (2.48), (2.50), that f,g € C%2(R2,R) are compactly sup-
ported, (a), (i), (2.45), (2.47), (2.51) — (2.53), and the Hausdorff change of
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variables formula (see §3.2 and §3.3 of [10]), it follows that

dh(m)@o(m)ed”g'xf -ng(x)
Sa

= / dh(x)0o(x)e ™€ - no(z)
SenV

- dh 0, —2méxe
¢§‘:,g/»9$zﬂV¢ (x) 0(33)6 f nQ(x)

= 3 ) [ datutosta)ug(w)e = () -,

¢=g.f

where vy, uy, and wy are defined by (2.35) — (2.37) and (2.42). (2.34) follows
from (2.55), the above equality, the change of variable 1, = o1&, 7y = o2&,
ns = o3¢, and some algebraic manipulation. This proves the lemma. O

We can now prove Theorem 2.8 and 2.9.

Proof of Theorem 2.8. Choose F and G as in Definition 1.2. It follows from
Lemma 2.12 that we may assume ¢ =1, j = 3, s = 0, and p = 0. Suppose, then,
that

We are in the context of Lemma 2.10 with (i,7,k) = (2,3,1). Choose I,m €
{2,3} such that 9,F(0),0,,G(0) # 0, and 9;G(0) = 0, if I # m. All notation
used below is as in Lemma 2.10. Assume that 6y € C°(R3). We have the
cases (I,m) = (2,2),(2,3),(3,2),(3,3) to consider. By switching F' and G, we
need only consider the cases (I,m) = (2,2),(2,3). We assume (I,m) = (2,2).
The case (I,m) = (2, 3) is handled similarly. In this case, (2.34) takes the form
So(a) = SI(a) + S4(a), where
S¢(0) = - (o) [ ae V)
0N = T9m ) Joa S @ 1 0262 1+ a2(Bi—Fa g2
X /2 dx1 @ das Oo(21, d(21,23), 23)X(0,00) (Y (@) (23 — y3(21)))
R
« e 2mila” 11,07 28,078 65) (21, (1 ,23),23)

x (=Od(w1,23), 1, —Dod(w1,23)) - (&1,07 7P2&, a1 sy,

Applying the change of variable 1 = y; and x3 = y3 + v3(y1) to the inner
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integral of the above equality, it follows that

® _ aPo ¥(§)
S5 (a) = “om (¢) s dg 5% ¥ az(ﬁrﬁg)gg + a2(61753)§§

x /R2 dy1 ® dys 0o (y1, d(y1,y3 + 13(y1)), ¥s + ¥3(¥1)) X (0,00) (¥(D)y3)

% 6—27”(07’316170713252707’3353)'(211745(2117y3+73(y1))7213+’73(211))
x (=010(y1, s + ¥3(11)), 1, =020 (y1, ys + ¥3(y1))) - (&1, a7 7728, 07 P¢s).

The remainder of the proof uses Lemma 2.11 and proceeds in a similar fashion
to the last paragraph of the proof of Theorem 2.6. O

Proof of Theorem 2.9. Choose F and G as in Definition 1.2. It follows from
Lemma 2.12 that we may assume i = 1, j = 3, s = 0, and p = 0. Also, we only
prove the case r = 0 from Definition 1.3 (the case r = 1 is similar). Suppose,
then, that

N F(0)0,G(0) — 02 F(0)0:G(0) = (VF(0) x VG(0))3 # 0. (2.56)
and that
2 F(0)05G(0) — 93F(0)0.G(0) = (VF(0) x VG(0)); = 0. (2.57)

It follows that ¢ is (K7, 1)-admissible. We are thus in the context of Lemma
2.10 with (7,4, k) = (1,2, 3). Unless specified otherwise, all notation below is as
in Lemma 2.10. We divide the proof into three parts: 9;F(0) # 0 # 92G(0),
32,G(0) =0, and 92 F(0) = 0. We only consider the first two cases, as the third
is completely similar to the second.

Part I. Suppose that 92 F(0) # 0 # 92,G(0). We thus may choose | = m = 2.
Examining the proof of Lemma 2.10, it follows, in this case, that

w(fv(f) = —ulg)v(g). (2.58)

Let f and g be the first order Taylor approximations to f and g at 0 and
define 47 : R — R by 43 = 0. Note that

f(0) = f(0) = g(0) = §(0) = 7:(0) =0,
and, by (2.41) and (2.57), that
71(0) = 0. (2.59)
Choose open intervals Jy, J5 C R and 03 € C*>(R, [0, 1]) such that

(1) 0 JiNJsand J, C I, (g =1,3);
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(ii) supp(f3) C Js and 63(x) = 1, for all = in some open set containing the
origin;

(i) ¢(Jy x J3) C Iy, for ¢ = f, g, f, 3
(iv) w(J3) C Jy, for w = v1,%1.

Define 0y : R* — C by 6y(x) = x7,x1, (71, 22)03(x3) and note that 6y is Borel
measurable and satisfies (a)—(c) in the statement of Lemma 2.10.

If h € {f, g}, denote the summand of (2.34) corresponding to h by S(«a). If
E C R? is measurable, ¢ € C%2(R%,R), w € CF2(R,R), ¢1, ¢3 € CK271(R% R),
c€ R, and 0 < d < oo, define

Rh(aa¢a ¢1,¢3,W,E)

_ _aﬂo @
= Tmﬂ(h) s dg é.% +a2(51752)€§+

052('31763)532,1}1(5’ Q, ¢, ¢1; ¢3a w, E),

ﬁl(a7 ¢7 d)la ¢3aw7d7 C)

a’ (&)
= —Tm;u(h) s df 6% 4 012(’317’32)55 + a2(ﬂ17ﬁ3)£§

jh(£7a>¢v ¢1a¢3,wada C)v
where

Ih(é-? Q, ¢7 ¢1a ¢37 w, E) = / dz1 ® dxs QO(xlv ¢($1, 1'3), x3)X(O,DO) (V(h)(xl - W(Ig)))
E
% 6—27”(075151,a*ﬁzﬁz,a*ﬁs&s)-(wl,¢(fb1,f63)7r3)(¢1 (3317 x?’)’ 1, ¢3(x1’ xg)) . (51, aﬁl—ﬁ2£2’ aﬁl—ﬁsgs)’

and

d

TIn(& o, 0,01, ¢2,w,d, ¢) = V(h)/ diy O3 (z5)e~2me " Esvs

—d

X /C dzq e—2ﬂ(a"31£1m1+a*5252¢(z1,13))
w(zs)
X (1(x1,23),1, @3(x1,23)) - (€1, 071 7289, 017 028,).

Write Ji = (a,b). Using (2.31), choose 0 < ¢, < S, (¢ = 1,3) satistying
03 < 01 < 203 and

b1+ B3 < min{K;(B1 — 1), K1(B3 — I3), 303,01 + 393 — B2}. (2.60)

Write
Es, 5,() ={z € R?: |z1] < a‘sl, |za] < 0453}.

We require several claims in the proof of part I, the first two of which are below.
The proofs of many of these claims are straightforward and therefore omitted.
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Claim A. If ¢(J1 x J3) C I, w(J3) C Ji, and w(0) = w'(0) = 0, then there
exists 0 < K < oo such that

Rh(au ¢a ¢17 ¢37w7R2) = ﬁz(aa ¢a ¢17 ¢37w7 Oovc(h))a

where
e(h) = b, ?f v(h) =1;
a, ifv(h)=-1;
and
Rh(O{, (ba ¢17 ¢35 w, E(51,53 (Oé)) = 771<O[7 ¢a ¢17 ¢37 w, aéga V(h>0é61)
for all « < K. ]

Claim B. There exists 0 < K < oo such that
\Rh(a, ¢,¢1, Qﬁg,w,RQ \ E51,63 (a))| < Ka60+K1 min{ﬁl—&,@s—tss}’
for all a. O

Let 5;% be the zero order Taylor approximation to 9;h at 0 (¢ = 1,2).
Eq. (2.59), (iii), (iv), and Claim A imply that
St (@) = Ru(a, h, —0rh, —9sh, 51, R?)
+Ro(o, h, —01h, —02h, 71, By, 5,(e0) — R (at, b, =01, —9sh, 71, Es, 5, ()
+Ro(a, h, —01h, —02h, 71, R? \ By, 5,(e0) — Ru(a, h, —O1h, —9zh, 71, R\ Ey, 5, (ct))
= Th(a, h,—1h, —0zh, 1,00, c(h)) (2.61)
+ Tn(a, h, =01 h, —B2h, 71, 0%, v(h)a®t) — Th(a, h, —1h, —0sh, 71, %, v(h)a’")
+ R, h, ~01h, —02h, 71, B \ B, 5,(0)) = Ru(a, b, =01k, —0sh, 71, R? \ By, 5, (@),

for all small enough «.

Claim C. There exists 0 < K, M < oo such that

|7;L(aa h7 _alha _tha 1, a63 ) V(h)a(;l) - n(av il) _ﬂv _égijla ’?17 O‘63a V(h)aélﬂ
< Maﬂo+min{353,51+353—62}’
for all o« < K. O

Write E(Ilaxl}) = Axl + BI3; 51\}/7/(:6171’3) = A7 é;}/L(zlaxl}) = B7 771(04) -
777,(&7 h7 _alhu _a2h7 ’?h 0, C(h)) arid jh(§7 Oé) = Jh(€7 «, ha _alfz‘, _a2h7 ’?17 0, C(h))
Choose €, M > 0 such that supp(¢1) C R\ (—¢,¢€) and supp(¢2) C [—M, M].

For the remainder of part I, we assume that o < 1 and, if A # 0, that

€ 1/(81—B2)
< | —— .
a‘(ﬂmM>
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Write
D(Oé, 51) €2> = gl + Aaﬁl_ﬁ2§25

and note that |D(a, &1, &2)| > €/2 and sgn(D(«, &1,&2)) = sgn(&y), for all (&1, &)
with [£1] > € and &3] < M, for all a.

Claim D. We have

i o (o) — —ANT(0) 5(0) / 4y DL0)

a—0+ 472 n

O

Proof of Claim D. Integration and the change of variable n, = £, (¢ = 1,2),
n3 = a P3¢ + aP2 B, allow us to write Ty, (a) = T2 (a) + T, (), where

v (h)aPotPi+Bs
T o) = u(h) (i 5 / dn ®(n, @) J, (n, @),
78 R3
By, a) = D1(m1) Pa2(n2) Ys(afsns — afs—F2Bny)
’ 17% + a%ﬂl*ﬂz)n% + (aPrny — aﬁ17ﬂ2Bn2)2’
_ _ A Pq(n)
jq L) = —A,l,—B- 7a51 B2 ’aﬁl _a,Bl ﬁzB 0 q ,
() = ( )+ (m M2, 13 12) 3(773)D(a’m’772)
and
1, if ¢ =0;
(bq(é-) - {_6_27”(O‘B1771+aBQAUQ)C(h), if q= 1.
It follows that
2(=A, 1, = B)||||t)3 ]| oo | ¥ b 6
®(n, )70 (1, 0)] < [(=A,1, =B)|[[[¢s] 6|21111(771)|I1/12(772)|| 3(773)|, (2.62)
for a.e. n, for all a and
. — Anp3(0) 4 b bs(n-
hm @(/’7’ a)j}?(n, a) _ w?)( ) ’ll)l (7713 ¢2(772) 3(173),
a—0t m

for a.e. 1. Moreover, arguments similar to those used in the proof of Lemma
2.3 imply that

im [ dn®(n,a)F(m.a) =0. (2.63)

a—0t Jp3

The claim follows from (2.62), (2.63) and the Lebesgue Dominated Convergence
theorem. 0

Using (2.31), (2.32) — (2.34), (2.58), (2.60), (2.61), and Claims B, C, and D,
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it follows that

lim o515 5() (0, 0,0) = in(O)?ﬁT((D( F(0) VG / 000

a—0t T - 47’(252 ()

which is non-zero. This completes the proof of part I. O

Part II. Suppose that 92G(0) = 0. Then, by (2.56), 2F(0) # 0 # 91G(0).
We thus may choose [ =2 and m = 1.

Let f be the first order Taylor approximation to f at 0 and define § : R2 — R
and 41,7 : R = R by g = 0 and 43 = 42 = 0. Note, by (2.40), (2.41), and
(2.57), that R

f(0) = f(0) = g(0) = 71(0) = 2(0) =0 (2.64)
and
71(0) = 919(0) = 029(0) = 0. (2.65)

Using (2.64) and (2.65), choose open intervals Jq, J2, J3 C R and 5 € C*°(R, [0, 1])
such that

(1) 0eJinNJonJs and Jq CIq (q:1,2,3);

(ii) supp(f3) C J3 and f5(x) = 1, for all x in some open set containing the
origin;

) ¢(J1 X J3) C Ja, for ¢ = f, f;
(iv) ¢(J2 x J3) C Jy, for ¢ = g, g;
(v)
(Vl) w(J3) C J27 for w = ’)/27:}/2~
Define 6y : R? — C by

(iii

(J3) - le for w = 717’71

Oo(x) = X xJs (21, 22)05(23)

and note that 6y is Borel measurable and satisfies (a) — (c) in the statement of
Lemma 2.10.

If h € {f, g}, denote the summand of (2.34) corresponding to h by St(a).
It follows from the proof of part I that

lim « —Bo—PB2— ﬂsSf( ) 0.

a—0t

Using arguments similar to those in Part I, we find that

lim o Po=F2=P:8 () =0

a—0t

and

im o —Bo—PB2—B3 qf (g)l/(g) 1[)3(0) 12)1(77) 7/;2(77)
Jim, So (@) = yo /Rdnn/Rdnn.
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It follows from the above three equalities that

i —Bo—F2—P3 _ 1& 0 '(ZJ w
ag%l+a fo=p BS(Q)(O"()’O)— H(g)yiil 3() Rdn 17577) Rdn 27577) # 0.

This completes the proof of part II.
This also completes the proof of the theorem.

2.5. Changes of variables, etc.

In this subsection, we collect several results, that, in particular, allow us
reduce to the case i = 1, 7 = 3, s = 0, and p = 0 in the main results of the
previous subsections. Parts (i) — (iii) of the below lemma follow from results in
§2.6 and §11.2 of [12]. The other results are straightforward.

Lemma 2.12. Let ¢ € GL3(R) and y € R3 and define T : R® — R3 by
Tx = cx +y. We have the following:

o TQ is a bounded Lebesque measurable subset of R3.
o Stq=T8q and h(STQ) < 00.

[ ]
nra(z) = () eI 2)/||(c") " na(T™ )|,
for a.e. x € Stq, where c* denotes the transpose of c.

e fECR? andp ¢ E, then Tp ¢ TE.

o If Sq is CX at p, with F and U as in Definition 1.1, then Srq is CX at
Tp, with FoT~! and TU as in Definition 1.1.

o If Sq is piecewise CX at p, with F, G, and U as in Definition 1.2, then
Stq is CK at Tp, with FoT™', GoT™', and TU as in Definition 1.2.

o Ifz,w € R3, then (2¢) x (we) = (detc)(z x w)(c*)~L.

e We have
S(Q)(a,s,p) = S(b(s) 12 = b(s)”'p)(a, 0,0)

and

S (Q)(a,5,p) = S((@) 71 Q) (a5, (V) 7' p),

for alli, j, a, s, and p.

3. Extensions and Generalizations

In this section, we briefly discuss some extensions and generalizations of the
results presented above.
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3.1. Other dilation matrices

In Theorem 2.9 (and hence in Theorem 1.4, which depends on Theorem
2.9), we make the assumption 7 < 203. Defintion 1.2 necessitates fairly tech-
nical geometric arguments in the proof of Theorem 2.9, and we partly made
this assumption on f; and (32 to avoid additional technical arguments in the
evaluation of the integral in (2.34). Note, however, that this assuption ex-
cludes several cases of interest, for example, the cases (81,82, 83) = (2,1,v/2)
and (51,82, B3) = (3,1,2). It is therefore natural to ask whether Theorem 2.9
(and thus Theorem 1.4) can be extended to include these cases. Preliminary
investigations indicate that this should be possible.

3.2. Higher dimensions

It is interesting to ask whether the framework and results of this paper can
be extented to dimensions n > 4. We highlight some aspects of the case n = 4;
similar observations can be made about the cases n > 5. Definition 1.2 has the
following interesting and nontrivial generalization to n = 4:

Definition 3.1. Assume that n =4. Let K € ZT U{co} and p € Sq.

(i) We say that Sq is piecewise CX at p with one-dimensional intersection if
there exists an open set U C R* with p € U and F,G, H € C¥(U,R) with
F(p) = G(p) = H(p) =0 and {VF(p),VG(p),VH(p)} linearly indepen-
dent such that

QNU={2z€U:F(z)<0}01{x €U :G(z) < 0}0{zx € U : H(x) < 0}

(in the a.e. sense), where each of the symbols Oy and Oy can be either N
or U. In this case, we call the one-dimensional linear subspace

Oq(p) = (span{VF(p), VG(p), VH(p)})*

the orientation of Sq at p. Note that Oq(p) is well-defined and spanned
by the tangent vector at p to the curve defined by

{z: F(z) =G(z) = H(z) =0}
near p.

(ii) We say that Sq is piecewise C* at p with two-dimensional intersection if
there exists an open set U C R* with p € U and F,G € C¥(U,R) with
F(p) =G(p) =0 and {VF(p),VG(p)} linearly independent such that

QNU ={z €U :F(z) <0}0{z e U : G(z) < 0}

(in the a.e. sense), where the symbol O can be either N or U. In this case,
we call the two-dimensional linear subspace

Oq(p) = (span{VF(p), VG(p)})*
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the orientation of Sq at p. Note that Oq(p) is well-defined and equals the
tangent space at p to the two-dimensional surface defined by {x : F(x) =
G(z) = 0} near p.

(We omit the case “piecewise C* at p with three-dimensional intersection” as
this case, while interesting, is the generalization to four dimensions of the results

in [17].)

Note that the dilation and shear matrices used in this paper generalize read-
ily to two collections of four-dimensional dilation and shear matrices, one of
which is naturally suited to case (i) of the above definition, the other naturally
suited to case (ii).
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