Answers to Odd-Numbered Problems

CHAPTER 1
Exercises 1.1
1. (a) ordinary, first order
(c) partial, second order
(e) ordinary, third order
(g) ordinary, second order
3. Both y and z are solutions.
5. Both y and z are solutions.
7. Both u; and wus are solutions.
9. w; is a solution; wo is not a solution.
11. y=16224 Ciz+ Cs
13. y = Ce%?.
15. 7 =2, —2; yi(z) =e** and ya(x) = e 2 are solutions.
17. r=3; y(x) =¢3® is a solution.
19. No real values of r; r =1+ 2¢ are complex values.

21. r=3, =3; yi(x) =23 and yo(x) = 2x~3 are solutions.

Exercises 1.3

1. (b) y=2e".

3. (b) y=
5. (b) y = —sin 3z + % cos 3.
7. (b) y=-Lr+9/z

(¢) ¥ isnot defined at = = 0; there is no solution to ' (0) = 2.
11. 2y —3y+3=0.
13. o — 2y = —4de %=,
15. y? +ay —y=0.

17. ' — 4y +4y=0.



19. 2%y +zy —y=0.
21. y" +9y=0.

23. 3" =0.

CHAPTER 2

Exercises 2.1

1. y=—3%+Ce™.
3. y:l—l—C’e*ﬁ.
5. y=e "+ Ce".
7. y=xa2sinxz+ Cx~ 2
9. y=2(x+1)2+Cx+1)"2
11. y:sin:ccosx—i—Ccosx:%sin2:c+Ccosx.
13. y:ex—l-g.
x
15. y=x(ln z)?+ Cx.
17. y=1+Ce*.

19. y=ax—142e"".

In(1+e”
21. y:w—k(e—ln@e*x.

ex

5 — cos 2z

23. =——"F

4 2sinz
- 2

2 V= Co—se

27, y= (0629” — ex)Q.

1
v= YCx3 =223 Inx

29.

Exercises 2.2

x? 2
1. =(—+C) .
3. tan~'y =2+ C or y=tan(2®+C).

-z
1+

5. coty=1In +C.



7. e ¥V=¢e"—ze®+C.

z+C
9. = .
4 1-Cx

11. > =C(lnz)? — 1.

1
13. 1n|y|:—1n|x|—;—1.

15. y=ze* L

17. y+1Inlyl = 32° — 2 — 5.

C
19. > = —— —1.
4 1+ 22
In|secxz+tanz| C
21. y= + —.

x x
23. y=1 +Ce .

25. y=C(322+1)Y/3-3.

1
27, y=——-——.
4 Cr+1+lnz
29. y=+22+Cx.

31. xlnx+x+y

e =Cux.

33. csc(y/z) — cot(y/x) = C.

Exercises 2.3.1

1. 22 +3°=0C.
2

3. %+y2—4y:C.

2

5. % + 4% = C; ellipses, center at the origin, major axis horizontal.

7. y=C(z—a)
Exercises 2.3.2

t/2
1. (a) A(t) =50 (19—0> ~ 50e0-09268¢, (b) A(4) = 50 (19—0)2 =40.5 grams.

(¢) T =13.16 hours.
3. (a) P(t) =~ 0.25e0-0421¢ (b) = 1.6573 square centimeters () =~ 16.464 hours

5. (a) P(t) ~ 4.5¢0-01438¢, (b) 48.19 years (¢) ~6.17 billion.



Exercises 2.3.3

1. (a) 40.1°. (b) 1.62 minutes.

3. 8:52 pm.
Exercises 2.3.4

1. (a) v:(v0+g)e*’“t—% () lim v=-7.

t—o0o r

1 g —rty 9
(c) y:yo+;(vo+;)(1—€ )—;t

3. k=178

Exercises 2.3.5

1. (a) A(t) =10,000 (1 — e~t/200) (b) ¢t =200 In 5~ 322 minutes
3. (a) A(t)=12 (1—e t/159) (b) t=150In 3 ~ 165 minutes

5. (a) A(t) = 23—0 t(100 — ¢t) (b) max = A(50) = 375
Exercises 2.3.6

1. (a) 3259 people. (b) =~ 6.89 days.



CHAPTER 3

Exercises 3.2

1. Yes
3.  Yes
5. Yes

7. () r=-1,r=4.
(b) Fundamental set: y;(z) = 27!, yo(x) = 2*; general solution: y = C12~! 4 Cyx?.
(c) y:%x71+%x4.
(d) The trivial solution: y = 0.
9. ' -2y -3y=0.
11. y”" =0.
13. 2%y’ —2xy +2y=0.
15. Wiy, ye|(x) = e~ Jop®dt £ for all z.
17, {y(2) =z, y(z) = 2}
19, {yi() = ¢, pp(a) =}
21. ad— By #0.
23, Wlyi + y2, 1 — yo] = —2W([y1, 4]

y2(z)

. Then
y1()

25. Set u(zr) =

/ /
_ )
u/(x) Y1Ys 2y2y1 44 [912 Yo 0.
n Y1

Therefore, u = A constant, which implies that yo = \y;.

Exercises 3.3

1. y=Ce* + Cae™ 47,

3. y=C1e" 4 Crxed,

5. y=e 22[C] cos 3z + Cy sin 3z].
7. y=C1+ Coe 2%,

9. y= 0162‘/59” + 02672\/596.

11. y=e"[Cy cos 4 Cy sin z].



13.  y = C1e% 4 Coe 5",

15. y=e*/2[C} cos x/2 + Cq sin x/2)].
17. y=Cie*® + Cozet®,

19. y=2e%® — 37,

21. y=—-3e7 " —2ze™".

23. y=—€" cosz.

25. Y’ +3y —10y=0.

27. Yy’ +4y=0.

29. Y/ -3y +y=0.

31. y'+2y +10y=0.

33. y'+16y=0.

35. y=(1+p)e*?+(1—-pe*? g=—1.

37. If the roots of 72 +ar +b = 0 are real (real and unequal, or real and equal), then
they are negative; r mnegative implies €™ — 0 and ze™ — 0 as x — oo. If the
roots are complex conjugates, then they have negative real part and a negative implies

e* cos fr — 0 and e sin fxr — 0 as = — oo.

39. Suppose that a >0 and b= 0. Then the general solution of the differential equation is

y=C1+ Cre™ and lim y = C;.

Tr—00

The solution that satisfies the initial conditions is: y = (a + é) _p e k=a+ ﬁ
a a a
—a+Va®—4b —a a2 —db
a1, g, = T T N T a1
2 2 2
General solution:
y=0C eletBe L oy el@=Pz  — 0¥ Po 4 Oyt e P
Bz Bz Bx _ ,—fx
oz e +e e e
= e (Cl+02)f+(01—02)f

= €*% (K7 cosh Bz + Ko sinh gbx) .

43. y= 4 $72+02$4.

45. y=C12?2+Cy2% In z.



Exercises 3.4

1.

11.

13.

15.

17.

19.

2z)=a’lnz+3; y=Cia?+Coz ' +2?nz+ 3.

z(z) = -2’ na+ 2% (lnz)% y=Ciz+Coa? -2’ na+ 2% (lnz)?
2(x)=—-(1+422); y=Crz+Cye®— (1+2?%).
yzCleﬂ”—FCzeQm—%xe*m.

y = Cy cos 2z + Cs sin 2z — 1 cos 2z In (cos 2x) + 3z sin 2z.
y=Cre” + Cyze” — e” cos x.

y=Cre 2 + Coze ™ — e 2% In z.

y = C1 cos 3z + Cs sin 3z + sin 3z In (sec 3z + tan 3x) — 1.

y=Ciz+Cox ! +zlnx.

y=Ciz+Coxlnx+ 22

Exercises 3.5

1.

11.

13.

15.

17.

19.

21.

23.

25.

27.

29.

y=Cre @+ Cyed® — 27,
y=Cre 3 + Coze 3 4 %egm.
y=Cre 2 +Cy — % cos 2x — % sin 2x.
y=Cre /2 4+ Coe + 2% —6x+ 14— 19—0 cos & — 13—0 sin .
y=Cre 2 £ Cye 3% 4 %3:4— %.
y=Cre 2" +Cye " + g2,

y = C1 cos 3z + Cs Sin3$+%+L(9$2—6$+1)63m.

162
_ LT : 1 —x 1 —x 3
y = e” (O} cos 2x + Cy sin 2x) — 15 €77 cos 2o — 55 e~ ¥ sin 2.
_x_ 1 -2z . 1
y=e 5€ r— 3.

y= %e*m—k 11—2629”4—21—0003 2z — 23—Osin 2z.

z= A+ (Bz?+ Cz)e™® + Dcos 3z + Esin 3x.

2= Az? + Bz + C + Dz cos = + Ezsin z.

z = (Az3 4+ Bx?)e*® + C2? + Dz + E + (Fz + G) cos 2z + (Hz + I) sin 2x.
z=Ae " + Bxe " cos x + Cxe Fsin x + D.

y:CleQm+C2xe2m—|—28—5 cosar:—|—26—5 sin z + 3ze?* In x.



31.

33.

y = C1 cos 3z 4+ Cy sin 3z + % cos & — sin 3z In(sec 3z + tan 3x) + 1.

y1 — y2 is a solution of the reduced equation y” 4+ ay’ + by =0 with a, b > 0. As
shown in Exercises 3.4, Problem 37, y; —y2 — 0 as z — oco. If a =0, b >0, then all
solutions of the reduced equation are bounded (Problem 38, Exercises 3.4).

Exercises 3.6

1.

11.

1
The equation of motion is y(t) = sin <8t + 5#) . The amplitude is 1 and the frequency

is 8/2m = 4/m.

The velocity at the equilibrium point is: +27A/T.

(a) Asin(wt+ ¢o) = Acos(wt +¢g — Z); take ¢1 = do — 1.

(b) Asin(wt + ¢g) = A cos ¢osinwt + Asin ¢g coswt = Bsinwt + C cos wt.

Assume that 7y > ro. If C; =0 or Cy =0, then vy = Cie™? 4 Coe™' can

never be zero. If both C; and C, are nonzero, then Cie™! 4 Cye™! = 0 implies
Ca

1

(rl 7T2)t —

e Since e("~72) is an increasing function (r; > ry), it can take the

C
value 62 at most once. By the same reasoning, x'(t) = Cirie™? 4+ Corae™! can be
1

zero at most once. Therefore the motion can change direction at most once.

F
If v+#w, wetry z= Acosyt+Bsinyt as a particular solution of 3"’ +w?y = = cos yt.
m
Substituting z into the equation, we get ~ —%z + w?z = £ cos~t, giving

Fo/m
z = mcosyt.

If y=w, wetry z= Atcoswt+ Btsinwt as a particular solution of
E
Y+ w2y = 2 coswt.
m
Substituting z into the equation, we have

F
(2Bw — Aw?t) coswt — (2Aw + Bw?t) sinwt + w? (At coswt + Bt sinwt) = —2 cos wt,
m

0 .
, as required.

which gives A=0, B= —
2wm

Chapter 4

Exercises 4.1

1.

1

52’



1

3. ———.
241
5 1 1
T s-1) 25+ 1)
s—a
7. /-
(s —a)?2+b?
Exercises 4.2
3 2 2
1. 2 -S4 2
s  §? + s3
3. § 4 2s
s s—3 244
TR
T3 (s+3)2+4
. 2s 2(s% —4)
2112 (2442
Br _ =B
9. sinh gz = ¢ c
2
11 1 1 n 1 1 n 1
T 2(s—-3 s5-2 s—1 s—4
15. Y(s) !
. §)= 5
2 9 3
17. Y(s) = - - .
S P P Rl g ppray
2
19. Y(s) =
(s) (s +3)?
3 4 5s—5
21. Y(s) = .
)= 55653 T oG e o5+
23. Set g(z) :/ f(t)dt. Then ¢'(x)= f(z) and g¢(0)=0.
0

1
Therefore, L[g(x)] = —F(s).
s
Exercises 4.3
1. 6e 7.
3. & sin 5.

5. e 4% cos z.



7.

9.

11.

13.

15.

17.

19.

21.

23.

25.

27.

29.

31.

33.

35.

11.

13.

15.

e72% cos 2z + e~ 2% sin 2z.

2re2* — e cos x — €” sin z.
leo—z _ 1 1 g

5€ 5 COS T+ 5 sln .
%—%cos 2z.

1

_ LT 3 ,—2x
3 e+26 .

e** — 4e® 4+ 2x + 3.

2 ,—2x 1 _z

3¢ +3e.

3w _ 1 1
5€ 5 COS T+ 5 sIn .
er sin x

672x+6x
-1
a—4.
f=-2
5

1 e s 6725 6725
L =_ - -  _
f@ =5 - - -5
26755
Llf(x)] =
S
_ 1 —2s 1 1 —4s 1
Llf )] = s+ (52 s>+ (S+1
2 1 1 1
_2_26725_ 9 —2s — 9 —4s —
S S
1—e1s '
2 —3s 2 —3s
A T
1 —Ts —27s
s(s2+1) (e )

SLQ (1 —2e7% 4 2e735 — 6745).

sin x — sin x u(z — 7).

10



17. cos x — cos xu(x — ) + sin zu(z — ).

19. u(z —2) — e = Dy(z - 2).

Exercises 4.5

1. y=—3+2e*4u(z—-1) [—%4—%62(9”71)].

3. y=1—cos z+sinx —u(zx—1)[cos(z—1) —1].

5. y=1—e"—ze " +u(zx —2) [33 —4+ 3367(9#2)} .

7. y=—2-1 4 let (e —1) [3 4 LeS@D Lol

9. y=z1c"+8e "+ 3ze ™ +u(z—1) [xef(mfl) —1].

Exercises 5.2

1. z=4,y=1.

3. z=4-2a, y=a, a any real number.

5. r=-3, y=1.

7. No solution.

9. z=2a—-3, y=a, a any real number.

11. x:%a—kl, y:%a—l, z = a, a any real number.
13. No solution.

15. z=2,y=1, z=1.

Exercises 5.3

1. matrix of coefficients: 3; augmented matrix: 3; x =5, y=3, z = —1.
3. matrix of coefficients: 2; augmented matrix: 2; x =4 —2a, y =a, 2z = —2, a an real number.
5. matrix of coefficients: 3; augmented matrix: 3; xy = —1, 9 = —-1—2a, x3=3+a, T4 =a, a

any real number.

7. matrix of coefficients: 3; augmented matrix: 3; 1 =8+2a—3b, z2 =a, x3=3—1—-2b, x4 =
b, x5 = —3, a, b any real numbers.

9. z=2, y=5.
11. z=-3—a, y=2+42a, z=a, a any real number.

13. x:%,y: z =

[\Sl[eY)

3

o

11



15.

17.

19.

21.

23.

25.

x1=11—-2a+b, x9 =a, x3=3—b, x4 = b, a, b any real numbers.
] =—2, xo =—b, x3=—1, x4 =5.

r1=3—2a, roa=a, x3 =2, x4 = 1.

No solution.

() k#-3,2 (it) k=-3 (itd) k=2.

(a) No (b) No (c) Yes

Exercises 5.4

1. Yes
3. Yes
5. No. The leading 1 in the last column is not the only nonzero in its column.
7. Yes
9. z=10, y=-9, z=-7
11. z=-3—a, y=2+42a, z=a, a any real number.
13. z1=11—-2a+b, x2=a, t3=3—0b, x4 =b, a, b any real numbers.
15. 21 =7—2a—0b, z9 =14+3a—4b, x3=a, x4 =0b, a, b any real numbers.
17. z=y=0
19. z=y=2=0
21. z1=2a—0b, xo = —a+4b, 3 =a, x4 = b, a, b any real numbers.
23. 1 =20 =23 =x4=0.
25. Counsider the system
z+y = 0

2v+2y = 0

3z+3y = 0
This system has the solutions z = —a,y = a, a any real number.
27. b= —3a, a any real number.
29. a=4.

12



Exercises 5.5

0 4
1. (a) 3 5
1 -1
8 —4
© 1, 4
2 8
(e) 2 8
5 -3
-4 -3
3. (a) 28 —6
-20 24

(¢) Not defined.

1 3
(e) -3 —12
—41 21

5. (a) C32 = 2 (b) C13 = 34 (C) d21 =5 (d) d22 =1.
7. (a) d22 =6 (b) d12 =—4 (C) d23 = —18.

4 7 10
0 -5 —-14

) Ac_< 14 5>’ CA_<—1 14>'
—2 -3 5 12

©) AD_DA_< 4 4).

11. (a) AB—< ), BA not defined.

-2 2

13. A(BD) = 10 -6 0 8\ [ -6 0 8
’ Lo 1 9 9 —-26 | 9 9 —26

(AB)D_<O—2><—23—2>_<—60 8>'
3 5 3 0 —4 9 9 —26

15. (a) 3x3 (¢) Does not exist (e) 2x3.

Exercises 5.6

o ([ 12 0
1A _<_3/2 1).

13



R 1
3. 4 _<3/2 —1/2>'

-1 2 2
5 A l= -4 0 1
6 —1 -1

7. No inverse.

9. No inverse.
11. det A = +1.
13. z=5, y=0.

15. x:%, y = —b.

17. x:%,y:%,z:—%.
19. -31.

21. —45.

23. 30.

25. -—21.

27. —18.

29. 26.

31. =z=0,1, -3.
33. y=-32
35. Cramer’s rule does not apply.

37. z=0.

39. A=-4, T.

Exercises 5.7

3. Dependent; (—4, 8, 9)=2(1, =2, 3)+3(-2, 4, 1).

5. Dependent; (-2, 6, 3)= (1, —1, 3)+2(0, 2, 3) —3(1, -1, 2).
7. Dependent; (7, —4, 1)=3(1, =2, 1)4+2(2, 1, —1).

9. Dependent; (4, —2, 0 2) =2(2, —1, 0 1).

11. b# -3

14



13. b=0, —T.

17. No; alinearly dependent set can have linearly independent subsets. For example, {(1, —2, 3), (-2, 4, 1)}
is a linearly independent subset of {(1, —2, 3), (=2, 4, 1)}, (—4, 8, 9).

19. W(z) = —a; linearly independent.
21. W(z) = —2275 linearly independent.
23. W(z) = €?**(z — 2); linearly independent.

25. (a) False (b) True (¢) True.

Exercises 5.8

1 1 0
1. 8, [ o |; 1, =1 |; 2] 1
1 1 1
1 1
13. 1, 1, 1, o, -1
-1 0
2 2 0
15, 144, | 1t | +d| 1t |; 1—=4 [ 1t |=d|l 1 |; o 1
1 1 1 1 -1
1
17. 1, 1, 1, 0
1
-5 3 -5 3 1
19. 2+ 3i, 3 |+i| 3 |; 2-34 3 |—if 3 |; 2 0
2 0 2 0 ~1

15



1 0 1 0

a2 | P | Ve [0 e

0 1 0 0

0 1 1 -1
Chapter 6

Exercises 6.1

1. y=Ce” + Cre?* 4+ Cyqe3®.

3. y=C1e* + Cye 2 + €%[C3cos 22 + Cy sin 2z].

5. y = Cjcos x+ Cysin x + €*2[C3 cos 3z + Cy sin 3z].
7. y=C1+ Cox+ C3e” + Cye™™ + C5co0s x + Cgsin z.
9. y=2x.

11. y:%ex—%cosfix—l%sinfix.

13. y™ — 8y + 31y’ — 78y + 90y = 0.

15. y(5) - 2y(4) — 2y — 2y — 3y =0.

17. y® — 2y 4y 2y = 0.

19. y® —y’ =0.

21. y=Cire " 4+ Cscos x+ Cj sinx—l—%ex—l-él.

23. y=Cqcos xz+ Cy sinx+03xcosx+04xsinx+6+%cos2x.

25, y= %e*x [e3x(2x— 1) + 3 cos V3z + /3 sin \/gx]

Exercises 6.2

T 0 1 0 X1 0
3 x5 | = 0 0 1 xo | + 0
x4 -1 0 1 T3 et
5. r) = 2x; —x9+ €
xh = 3xp+2t
¥) = 2x1 43w —x3+¢t
7. wxf = —2x;+x3+ 27!
xé = 2{E1 + 3{E2 + €2t

16



xh -2 1 x1 sin ¢
xh 1 -3 Z2 —2cos t

x} 2 1 3 x1
1 x’Q = 1 -3 0 T2 +
xh 2 -1 4 T3

Exercises 6.3

1.

—

Independent
Independent
Dependent
Dependent

Dependent

e215 36315
(@) x(t) ——2< >+ < . )

0 Ate™?
3() x(t)=1 2 | - et
2 0

1 . 1
x(t) =1 lcos 2t< ) )—s1n2t< O)
1 . 7
x(t)—cos2t< 3>+sm2t< 4 )

3e2t

—2cos t

+ c2

1
x(t)=c1 | 0 | +coe? 1 | +cze™™
2 -1
1 0
x(t)=c1 | -1 | +ece™ | 1 | +cze”
-1 0

17

. 1 (c) x(t) =ciu+ cov, where ¢, co are arbitrary constants.

1
cos2t< O>+sin2t<

1
-1

I



5 0 0 5
11. x(t) = c1e? 1 [+c2e? [cost| —2 | +sint| 1 +eze? fcost | —1 | +sint| —2
-1 5 0 0 5

Exercises 6.4.2

0 0 1
7. vi=et 1 , Vo =e 2 0 +te™?t 1
1 -1 0
1 1
9. vi=¢e? -1 , Vo =e 2 1 +te™?t 1
—1 —1
11. vy =e¢et 2 , vo=et 1 +te 2t 2
0 —1 0

18



