
DIVER GENCE L2� COER CIVITY INEQUALITIES.

GILES AUCHMUTY

Abstra ct. This paper describessharp L 2� coercivity inequalities for the divergence
operator on bounded Lipschitz regions in Rn . The inequalities are given in a manner
which scalesunder dilations of the region. The optimal constants in the inequality are
identi�ed as the least eigenvalue of a biharmonic problem or elseof a non-standard
problem for the Dirichlet Laplacian. When n = 2, a coercivity result for the curl
operator is also obtained.

1. Intr oduction

An important classof estimatesfor the analysisof elliptic boundary value prob-
lemsare Friedrichs' type inequalities such as

(1.1)
Z



jr ' j2 dnx +

Z

@

j' j2 d� � C0

Z



j' j2 dnx for all ' 2 H 1(
) :

Here 
 is a bounded region with a su�cien tly nice boundary. SeeNecas[9] theorem
1.9 and Hellwig [7], Section5.3 for proofs of this result and referencesto the original
literature. For a recent discussionof generalizations,including L p versions, of this
inequality seeAuchmuty [3].

For the analysisof boundary value problemsinvolving vector �elds, it is natural
to ask about possibleanaloguesof this inequality when ' is replacedby a vector �eld
v and the gradient operator is replacedby div v or curl v. Somesuch inequalities are
described in Monk [8] chapter 3 for usein the analysisof Maxwell's equations. In this
paper sharp inequalities of the form

(1.2)
Z



j div vj2 dnx + j
 j � 1

� Z

@

v � � d�

� 2

� C2

Z



� jvj2 dnx

will be proved. Herev lies in a speci�c subspaceof H (div ; 
) and the optimal constant
C2 will be characterized. The factor in front of the boundary integral hereis chosenso
that this inequality scalesunder dilations as described in section3. This inequality is
sharper than those described in [8] as it doesnot require that the boundary 
ux v � �
be in L2(@
 ; d� ).

In section4, a representation theorem is described which enablesthe characteri-
zation of the subspaceof �elds for which this inequality holds. Then the existenceof a
�nite constant C2 such that (1.2) holds is proved usingvariational arguments in section
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5. The following section6 describesan unconstrainedvariational principle for the op-
timal constant C2 which is then usedto show that the constant is the least eigenvalue
of a biharmonic boundary value problem.

When � (x) � 1, this eigenproblemcanbereducedto a non-standardeigenproblem
for the Dirichlet Laplacian on 
. As a consequence,upper and lower boundson C2 are
found in terms of the �rst eigenvalue of the Dirichlet eigenproblemon 
.

In section 8 a similar inequality for the curl operator with the same optimal
constant is proved when n = 2. Namely

(1.3)
Z



j curl vj2 d2x + j
 j � 1

� Z

@

(v � � ) ds

� 2

� C2

Z



� jvj2 d2x:

This holds for all �elds in a subspaceof H (curl; 
). Here � is a unit tangent �eld on
the boundary @
 while ds represents arc length.

In this paper, we will not try to describe the most generalinequalitiesof this type
involving the divergenceoperator. We shall, however, identify the optimal constants in
theseinequalities and the associated extremal �elds.

2. Definitions and Assumptions.

Let 
 be a non-empty, bounded, connected,open subset of Rn ; n � 2, with
boundary @
. Such a set 
 is called a region. Its closure is denoted 
 and its
boundary is @
 := 
 n 
. Points in 
 will be described using Cartesian coordinates
x := (x1; x2; : : : ; xn ). When x; y 2 Rn , their scalar product and Euclidean norm are
denotedx � y; jxj respectively.

Let L2(
) be the usual real Lebesguespaceof all functions ' : 
 ! [�1 ; 1 ]
which aresquareintegrablewith respect to Lebesguemeasureon 
. Similarly L 2(
; Rn )
is the classof all vector �elds v on 
 whosecomponents vj all are in L2(
). Theseare
real Hilbert spacesunder the usual inner products

(2.1) h';  i :=
Z



'  dnx and hu; vi :=

Z



u � v dnx

The weak j-th derivative of a function ' is denotedD j ' and its gradient is the
vector �eld r ' := (D1'; D2'; :::; Dn ' ). The Sobolev spaceH 1(
) is de�ned to be
the spaceof all functions in L 2(
), whosegradient is also in L 2(
; Rn ). This is a real
Hilbert spaceunder the H 1� inner product

(2.2) [�;  ]1 :=
Z



[� (x) (x) + r ' (x) � r  (x)] dnx:

The spaceH 1
0 (
) is the closureof C1

c (
) with respect to the norm (2.2). When

 is boundedan equivalent inner product on H 1

0 (
) will be

(2.3) h';  i 1 :=
Z



r ' � r  dnx
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The divergence of a vector �eld v 2 L 2(
; Rn ) is the distribution Tv de�ned by

(2.4) Tv(' ) := �
Z



v � r ' dnx for all ' 2 C1

c (
) :

Supposethere is a function � 2 L 1
loc(
) such that

(2.5) Tv(' ) = �
Z



� ' dnx for all ' 2 C1

c (
) :

Then we say that � = div v on 
.

De�ne H (div; 
) to bethe subspaceof all �elds in L 2(
; Rn ) having div v in L 2(
).
H (div ; 
) is a real Hilbert spaceunder the inner product

(2.6) [v; w]div :=
Z



[v(x) � w(x) + div v(x) div w(x)] dnx:

The associated norm will be denotedk:kdiv .

The �eld v 2 L2(
) is said to be solenoidal, or divergence-free,whenever

(2.7)
Z



v � r ' dnx = 0 for all ' 2 C1

c (
) :

That is the (weak) divergenceof v is zero on 
. The classof all solenoidal vector
�elds in H (div ; 
) will be denotedN (div ) and is a closedsubspaceof L 2(
; Rn ) and of
H (div ; 
).

For our analysiswealsorequiresomemild regularity conditionson 
 and @
. Our
basic criteria is that the boundary @
 is Lipschitz in the senseof Evans and Gariepy,
[5], section4.2.

Let � ; d� represent Hausdor� (n � 1)� dimensionalmeasureand integration with
respect to this measurerespectively. When @
 is Lipschitz, the unit outer normal � (x)
is de�ned � a:e:on @
 and the boundary tracesof functions in W 1;p(
) arewell-de�ned.
Seesection4.3 loc. cit. In particular, the Gauss-Greentheoremholds in the form

(2.8)
Z



D j  dnx =

Z

@

 � j d� for all 1 � j � n;  2 W 1;1(
) :

This follows from theorem 1, section 4.3 of [5] with p =1. We will generally require
that 
 satisfy

Condition A1: 
 is a bounded open region and @
 is a �nite union of Lipschitz
surfaces, each with �nite surface area.

When v; div v are in L 1(
; Rn ); L1(
) respectively this implies that the divergence
theorem holds on the region 
. Namely

(2.9)
Z



div v dnx =

Z

@

v � � d� :

This follows from (2.8) by substituting vj for  and summingover j .

The function � will be required to satisfy
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Condition A2: � 2 L1 (
) satis�es � (x) � 0 a:e: on 
 and
R


 � dx > 0.

3. Scaling under Dila tions

There are a variety of forms for the inequality (1.2). Consider the functionals
F ; P : H (div; 
) ! [0; 1 ) de�ned by

F (v) :=
Z



j div vj2 dnx + j
 j � 1

� Z



div v dnx

� 2

and(3.1)

P(v) :=
Z



� (x)jv(x)j2 dnx:(3.2)

We will describe a subspaceX of H (div; 
) and a constant C2 > 0 such that

(3.3) F (v) � C2 P(v) for all v 2 X :

Note that the divergencetheorem(2.9) implies that this F (v) is equal to the left
hand sideof (1.2). From Schwarz inequality

(3.4)
� Z

@

v � � d�

� 2

� j@
 j
Z

@

jv � � j2 d�

When v 2 H (div ; 
) and j
 j is �nite, the left hand side of this inequality is always
�nite - but the right hand sideneednot be. Thus (3.3) is signi�cantly better than the
(3d) result described in corollary 3.51of [8].

The coe�cien t in the de�nition of F waschosensothat the inequality scalesunder
dilations. Given a referenceregion 
, and L > 0, de�ne 
 L := f Lx : x 2 
 g. Consider
the dilation operator SL : H (div ; 
) ! H (div; 
 L ) de�ned by

(3.5) SL v(y) := vL (y) := v(y=L) for y 2 
 L :

This is a linear isomorphismand we have

(3.6) divy vL (y) = L � 1 divx v(y=L) for each v 2 H (div; 
) ; L > 0:

For L > 0, de�ne the functional PL : L2(
 L ; Rn ) ! [0; 1 ] by

(3.7) PL (vL ) :=
Z


 L

� L (y) jvL (y)jp dy

with � L := SL � . This functional satis�es

(3.8) PL (vL ) = Ln P(v) for each v 2 L 2(
; Rn ):

The changeof variablesrule and (3.6) yield
Z


 L

j div vL (y)j2 dny = Ln� 2
Z



j div v(x)j2 dnx:(3.9)

Z


 L

div vL (y) dny = Ln� 1
Z



div v(x) dnx:(3.10)
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If there is a constant C2 such that (3.3) holds on 
, then (3.8)-(3.10) imply

(3.11)
Z


 L

j div vL j2 dny + j
 L j � 1

�
�
�
�

Z


 L

div vL dny

�
�
�
�

2

� C2 L � 2
Z


 L

� L (y) jvL j2 dny:

Thus this particular combination of terms providesa simplescalinglaw under dilations
of the region.

4. Potentials and Allo wable Fields

Clearly the inequality (3.3) cannot hold when v is solenoidalas F (v) = 0 for
such �elds. We shall show, however, that the inequality holds when X is taken to
be the orthogonal complement of N (div ) in H (div; 
). First note that N (div ) is a
di�erent spacethat the usual spaceof divergence-free�elds studied in texts on the
Navier-Stokesequations. For example,theorem1.1 in chapter 3 of Galdi [6], describes
the complement of the spaceof �elds in the closureof the smooth solenoidal�elds with
compact support on 
. This is a proper subspaceof N (div), so its L 2� orthogonal
complement is a di�erent (and larger) subspaceof H (div; 
).

The Laplacian is the linear di�erential operator de�ned by � ' := div(r ' ): De�ne
H0(� ; 
) to be the subspaceof all functions ' in H 1

0(
) having � ' in L2(
). This is
a real Hilbert spaceunder the inner product

(4.1) [';  ]� :=
Z



� ' �  dnx:

The corresponding norm is denotedk:k� .

De�ne G1
0(
) := fr ' : ' 2 H0(� ; 
) g, then G1

0(
) is a subspaceof H (div; 
).
The important property for our purposesis the following.

Theorem 4.1. Assume(A1) holds,then G1
0(
) is the orthogonalcomplementof N (div )

in H (div ; 
)

Proof. When v 2 H (div ; 
) and ' 2 H 1
0 (
), apply the divergencetheorem (2.9) to

' v to seethat Z



v � r ' dnx +

Z



' div v dnx = 0

Thus the subspacesG1
0(
) and N (div) areL 2� orthogonaland orthogonal in H (div; 
).

This result will be proved by establishinga representation theorem for �elds in
H (div ; 
) using saddlepoint methods. First note that div is a continuous linear map-
ping of H (div ; 
) into L 2(
), so N (div) will be a closedsubspaceof H (div; 
).

Given v 2 H (div ; 
), considerthe problem of �nding a saddlepoint of the func-
tional L : H (div ; 
) � H0(� ; 
) ! R de�ned by

(4.2) L (u; ' ) :=
Z



[ ju � vj2 � 2' div u ] dnx:
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Maximizing this on H 1
0 (
), oneobservesthat

(4.3) sup
' 2 H 1

0 (
)
L (u; ' ) = ku � vk2 if u 2 N (div ):

When u =2 N (div ), this supremum is 1 .

The primal problemassociatedwith this functional is to minimize ku � vk2 subject
to u 2 N (div). This hasa uniquesolution û which is the projection of v onto the closed
subspaceN (div ) of H (div ; 
).

Now considerthe problem of evaluating the dual functional G : H0(� ; 
) ! R
de�ned by

(4.4) G(' ) := inf
u2 H (div ;
)

Z



[ ju � vj2 � 2' div u ] dnx:

This is a simplequadratic variational problem and the integral is minimized when
u = v � r ' . Substitute this back in the integrand to �nd that

(4.5) �G (' ) =
Z



[ jr ' j2 + 2' div v ] dnx

The dual problem is to maximize G on H0(� ; 
) : � G is a convex functional so any
critical point of G is a maximizer of G on H0(� ; 
). An elementary calculation shows
that thesecritical points are solutionsof

(4.6) hDG(' );  i =
Z



(r ' � r  +  div v) dnx = 0 for all  2 H0(� ; 
) :

This is a well-known problem which hasa unique solution '̂ in H 1
0 (
), which will be in

H0(� ; 
) when v 2 H (div; 
). Note that (4.6) is the weak versionof the equation

(4.7) � ' = div v on 
 with ' = 0 on @
 :

Putting  = '̂ in (4.6) and substituting leadsto

(4.8) G('̂ ) =
Z



jr '̂ j2 dnx:

De�ne û := v � r '̂ , then û 2 N (div ) and

kû � vk2 = kr '̂ k2

This implies that û is a solution of the primal problem and that (û; '̂ ) is a saddlepoint
of this Lagrangian from theorem3.1 of [1].

That is, an arbitrary v = û+ r '̂ is the sumof a �eld in N (div) and onein G1
0(
).

Since the solution of (4.6) is unique, it follows that this '̂ , and thus the splitting is
unique. Sincefor each v 2 H (div ; 
) there is a r '̂ 2 G1

0(
), then from corollary 3.3 of
[2], G1

0(
) is a closedsubspaceof H (div ; 
) and the proof is complete. �

This result may be summarizedby the decomposition

(4.9) H (div ; 
) = G1
0(
) � N (div ):
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The subspaceson this right hand sideare closedand they are both L 2� orthogonaland
orthogonal with respect to the H (div; 
) inner product.

In view of this characterization of G1
0(
), oneseesthat the inequality (3.3) holds

for all v 2 G1
0(
) if and only if there is a constant C2 > 0 such that

(4.10)
Z



j� ' j2 dnx + j
 j M (� ' )2 � C2

Z



� jr ' j2 dnx:

for all ' 2 H0(� ; 
). Here

M (� ) := j
 j � 1
Z



� dnx

is the mean value of the function � on 
. To prove this inequality we will use the
following compact imbedding theorem.

Theorem 4.2. Assume(A1) holds, then H0(� ; 
) is compactly imbedded in H 1
0 (
) .

Proof. Let f ek : k � 1g bean L 2� orthonormal basisof H 1
0 (
) consistingof eigenfunc-

tions of the Dirichlet Laplacian on 
. Let f � k : k � 1g be the corresponding increasing
family of eigenvalues. When (A1) holds there is such a basisand Lim k!1 � k = 1 . See
[4], section6.5, theorem1.

Suppose ' 2 H 1
0 (
) and ' =

P 1
k=1 ck ek with ck := h'; ek i be the usual L2�

eigenfunction expansion. From Parseval's theorem and the expression(2.3) for the
inner product on H 1

0 (
), we seethat

(4.11) kr ' k2
2 =

1X

k=1

� k ck
2:

Similarly, using (4.1) and someelementary identities, we seethat

(4.12) k' k2
� =

1X

k=1

� k(1 + � k) ck
2:

To show the imbedding is compact,we prove that the unit ball B in H0(� ; 
) is
precompact in H 1

0 (
) by showing that for any � > 0, B has a �nite � � net in H 1
0 (
).

Choose K su�cien tly large that � K +1 > 2=�. Let EK be the subspacespannedby
f e1; : : : ; eK g. Then B \ EK is a boundedcompact subsetof H 1

0 (
). Let PK ' be the
projection of ' onto EK . From (4.11) this hasH 1

0 (
) norm given by

k' � PK ' k2 =
1X

k= K +1

� k ck
2

Sincethe � k are increasing,this left hand side is

� � K +1
� 1

 
1X

k= K +1

� k
2 ck

2

!

< � K +1
� 1 < �=2:

for ' 2 B . HenceB hasa �nite � � net in H 1
0(
) as claimed. �
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5. Varia tional Principles f or C2.

The optimal constant C2 in (4.10) will now be characterizedusing a variational
principle. Let C be the subsetof functions in H0(� ; 
) which satisfy

(5.1) F 1(' ) :=
Z



j� ' j2 dnx + j
 j M (� ' )2 � 1:

Let P1 be the functional on H0(� ; 
) de�ned by

(5.2) P1(' ) :=
Z



� jr ' j2 dnx:

Considerthe variational problem of maximizing P1 on C and determining

(5.3) � := sup
' 2 C

P1(' ):

To describe the existenceof solutionsof this variational problem,someelementary
properties of thesefunctionals are needed.

Prop osition 5.1. Assume(A1) holds, then
(i). F 1 is continuous, convexand coercive on H0(� ; 
) .
(ii). When (A2) holds, then P1 is convexand weakly continuous on H0(� ; 
) .
(iii). F 1; P1 are G-di�er entiableand their G-derivativesare given by

hDF 1(' );  i = 2
Z



� ' �  dnx + 2j
 j M (� ' ) M (�  )(5.4)

hDP1(' );  i = 2
Z



� r ' � r  dnx:(5.5)

Proof. (i) Apply Schwarz' inequality to M (� ' ), then

jM (� ' )j2 � j
 j � 1 k� ' k2
2 :

Usethis and (4.1) in (5.1) then

k' k2
� � F 1(' ) � 2 k' k2

�

This, and the fact that F 1 is quadratic, implies (i).

(ii) P1 is convex as it is quadratic and positive. If f ' m : m � 1g is a sequence
which convergesweakly to '̂ in H0(� ; 
) then, from theorem4.2, ' m convergesstrongly
to '̂ in H 1

0 (
). When (A2) holds, P1 is continuous on H 1
0 (
), so it will be weakly

continuous on H0(� ; 
).

(iii) Evaluate t � 1 [F 1(' + t ) � F 1(' )] and take the limit as t goes to zero, to
obtain the derivative of F 1. Similarly for P1. �

Theorem 5.2. Assume(A1) and (A2) hold, then � is strictly positive and �nite and
there are non-zero maximizers� ' 1 of P1 on C.
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Proof. The set C is closedand bounded sinceF 1 is continuous and coercive. It is
convex as F 1 is convex, thus C will be weakly compact in the Hilbert spaceH 0(� ; 
).
Since P1 is weakly continuous, it will attain its supremum on C and the value � is
�nite. If � = 0, then every function in C must have r ' = 0 on the support of � . This
is impossiblewhen (A2) holds.

Sinceboth F 1; P1 are even, if ' 1 is a maximizer, so is � ' 1. The maximizersalso
must have F 1(' 1) = 1 by homogeniety. �

This theorem enablesthe proof of the validit y of the coercivity inequality (4.10)
and the identi�cation of the optimal value of C2:

Corollary 5.3. When (A1), (A2) hold, then (4.10) holds for all ' 2 H 0(� ; 
) with
C2 = � � 1. In this case,equality holdsin (4.10) when' is a multiple of a maximizer of
P1 on C.

Proof. When ' 6= 0 is in H0(� ; 
), then c' will be in C provided jcj � F 1(' )� 1=2.
Thus P1(c' ) � � for such c. Multiply both sidesby F 1(' ), to �nd that

(5.6) P1(' ) � � F 1(' ) for all ' 2 H0(� ; 
)

so (4.10) will hold with C2 := � � 1. The last sentencefollows directly. �

Theseresults may be restated in terms of the divergencecoercivity inequality of
section1.

Theorem 5.4. Assume(A1) and (A2) hold, then (1.2) holds for all v 2 H (div; 
)
which are L 2� orthogonal to N (div ) and with C2 = � as above.

Proof. The previouscorollary shows that (4.10) holds with this value of C2. That is
(1.2) holds for all v 2 G1

0(
) and moreover equality will hold here when v = �r ' 1.
This theorem then follows from theorem 4.1. �

6. The Optimal const ant as an Eigenv alue

Wehave just seenthat the optimal constant in (1.2) may becharacterizedin terms
of the value of an inequality constrainedvariational principle. Herewe shall show that
it is the least eigenvalue of an unusual eigenproblemfor the biharmonic operator.

This eigenproblemarisesfrom the extremality conditions satis�ed by the maxi-
mizersof P1 on C. Insteadof usinga theory basedon multipliers, the following analysis
usesa di�erent variational principle to obtain the equationssatis�ed by the maximizers
of P1 on C.

Considerthe functional J : H0(� ; 
) ! R de�ned by

(6.1) J (' ) := F 1(' )2 � 2 P1(' );

and the unconstrainedproblem of �nding the in�m um of J on H0(� ; 
). The basic
results about this problem may be summarizedas follows.
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Theorem 6.1. AssumeA1, A2 hold with � ; J de�ned by (5.3) and (6.1). Then J
is weakly l.s.c. and coercive on H0(� ; 
) and attains its in�mum at points � ~' in
H0(� ; 
) where ~' = � 1=2'̂ and '̂ is a maximizer of P1 on C. Moreover F 1( ~' ) =
� ; P1( ~' ) = � 2 and J ( ~' ) = � � 2:

Proof. This is a special caseof theorem 5.3 of [3]. �

When F 1; P1 are G-di�erentiable on H0(� ; 
), so is J with

(6.2) DJ (' ) = 2[ F 1(' ) DF 1(' ) � DP1(' ) ]:

Thus the last part of theorem6.1 shows that the minimizers ~' of J are solutions of

(6.3) DF 1(' ) = � � 1DP1(' ):

This may be regardedasa linear eigenproblemwith � � 1 asan eigenvalue. Substi-
tute the expressionsfor thesederivatives from proposition 5.1 and considerthe eigen-
problemof �nding the valuesof � such that therearenon-trivial solutions' 2 H 0(� ; 
)
of

(6.4)
Z



(� ' �  � � � r ' � r  ) dnx + j
 j M (� ' ) M (�  ) = 0

for all  2 H0(� ; 
) : This is the weak form of the system

� � 2' = � div(� r ' ) on 
 subject to,(6.5)

� ' + I (� ' ) = 0 and ' = 0 on @
 :(6.6)

Here I (� ) :=
R


 � dnx is the integral of � over 
.

The following theorem proves that the least eigenvalue of this biharmonic eigen-
problem (6.4) yields the optimal constant in the inequalities (4.10) and (1.2).

Theorem 6.2. AssumeA1, A2 hold, C2 is the optimal constant in (4.10) and � as
above. Then the least eigenvalue� 1 of the system(6.4) obeys � 1 = C2 = � � 1 and
equality holdsin (4.10) for any eigenfunctioncorresponding to the eigenvalue� 1.

Proof. When ' 1 is a maximizer of P1 on C, then it will be a solution of (6.3) using
linearity and theorem 6.1. Henceit is a solution of (6.4) with � = � � 1. Let (�; ~' ) be
any eigenvalue and a corresponding eigenfunctionof (6.4). Put  = ' = ~' in (6.4),
then F 1( ~' ) = � P1( ~' ). Use(5.6), then

0 = F 1( ~' ) � � P1( ~' ) � (1 � �� )F 1( ~' ):

This implies � � � � 1 or � � 1 is the least eigenvalue of (6.4). �



DIVER GENCE L 2 � COERCIVITY. 11

7. The case � � 1.

When � � 1 on 
, this biharmonic eigenproblemcan be reducedto an eigenprob-
lem for the Laplacian with zeroDirichlet data.

Given ' 2 H0(� ; 
), let  = L' := � ' + I (� ' ). If ' is an eigenfunctionof the
system(6.5)-(6.6) with � � 1, then, from the boundary conditions, the corresponding
 will be in H 1

0 (
) and will be a solution of

(7.1) � �  = � I 1 on 
 :

Here I 1 is the linear mapping of L 2(
) to itself de�ned by

(7.2) I 1 :=  � (1 + j
 j) � 1 I  :

Observe that I 1 is a rank 1 perturbation of the identit y on L 2(
) and it is continuous
and self-adjoint. Take inner products of this with  and useSchwarz inequality to see
that

(7.3)
1

1 + j
 j
k k2 � hI 1 ;  i � k k2 for all  2 L2(
) :

In particular I 1 is a positive de�nite, self-adjoint, operator on L 2(
).

This inequality leadsto the following boundson the best constant C2 in terms of
the �rst eigenvalue � 1D of the Dirichlet Laplacian on 
.

Theorem 7.1. Assume(A1), � � 1 and � 1D is the least eigenvalueof the Dirichlet
Laplacian on 
 . Then the optimal constant in (4.10) obeys

(7.4) � 1D � C2 � (1 + j
 j) � 1D

Proof. From Rayleigh's principle the least eigenvalue � 1 of (7.1) is given by the min-
imum value of

(7.5) R( ) :=
kr  k2

hI 1 ;  i

for  2 H 1
0 (
) n f 0g. The inequality (7.3) then yields (7.4). �

8. A 2D curl coer civity inequality

When 
 is a planar region, the inequality (4.10) enablesus to prove (1.3) for all
�elds in a subspaceof H (curl; 
).

First the relevant de�nitions. When  2 H 1(
), then Curl  is the vector �eld
whoseCartesian components are (D2 ; � D1 ). If v 2 L2(
; R2), then its (weak) curl
will be the distribution Wv de�ned by

(8.1) Wv(' ) :=
Z



v � Curl ' d2x for all ' 2 C1

c (
) :

When v(x) := Curl  (x) then jv(x)j = jr  (x)j and curl v(x) = � �  (x).
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If there is a function ! 2 L 1
loc(
) such that

(8.2) Wv(' ) = �
Z



! ' d2x for all ' 2 C1

c (
) ;

then we say that ! = curl v on 
. When v is di�erentiable, the Gauss-Greentheorem
yields the classicalde�nition

curl v(x) := D1 v2(x) � D2 v1(x):

De�ne H (curl; 
) to be the subspaceof all �elds in L 2(
; R2) having curl v in
L2(
). H (curl; 
) is a real Hilbert spaceunder the inner product

(8.3) [v; w]curl :=
Z



[v(x) � w(x) + curl v(x) curl w(x)] d2x:

The associated norm will be denotedk:kcurl .

A �eld v 2 L2(
; R2) is said to be irr otational whenever

(8.4)
Z



v � Curl ' d2x = 0 for all ' 2 C1

c (
) :

The classof all irrotational vector �elds in H (curl; 
) will be denotedN (curl) and
is a closedsubspaceof L 2(
; R2) and of H (curl; 
).

Supposev; curl v are in L 1(
; R2); L1(
) respectively, and � := (� 2; � � 1) is a unit
tangent �eld on @
. Then (2.8) and (A1) imply that

(8.5)
Z



curl v d2x =

Z

@

v � � ds:

In consequence,(1.3) cannot hold for any irrotational �eld. Note that, from Schwarz
inequality, for all v 2 H (curl; 
),

(8.6)
� Z

@

v � � ds

� 2

� j@
 j
Z

@

jv � � j2 ds

When v 2 H (curl; 
), the left hand side of this inequality is always �nite - but the
right hand side neednot be. Thus (1.3) is signi�cantly stronger than the analogous
(3d) result described in corollary 3.51of [8].

We shall show that (1.3) holds on the orthogonal complement of N (curl) in
H (curl; 
). De�ne Curl10(
) := f Curl  :  2 H0(� ; 
) g. Then Curl10(
) is a subspace
of H (curl; 
) and the following analogof theorem4.1 holds.

Theorem 8.1. Assume
 � R2 satis�es (A1). Then Curl1
0(
) is the orthogonal com-

plementof N (curl) in H (curl; 
) .

Proof. When v 2 H (curl; 
) and  2 H 1
0 (
), use the Gauss-Greentheorem to see

that Z



v � Curl  d2x =

Z



 curl v d2x:
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Thus the subspacesCurl1
0(
) and N (curl) are L 2� orthogonal and also orthogonal in

H (curl; 
).

Substitute H (curl; 
) ; curl u for H (div ; 
) ; div u in the de�nition (4.2) of a La-
grangian and repeat the proof with the obvious changes. Given v 2 H (curl; 
), we
�nd a û 2 N (curl) and a  ̂ 2 H0(� ; 
) such that v = û + Curl  ̂ . This is the desired
orthogonal decomposition and Curl1

0(
) will be a closedsubspaceof H (curl; 
) just as
was the casefor G1

0(
). �

This result enablesthe proof that (1.3) holds on the subspaceCurl1
0(
).

Theorem 8.2. Assume(A2) holds and 
 � R2 satis�es (A1). Then (1.3) holds for
all v 2 H (curl; 
) which are L 2� orthogonal to N (curl). Moreover C2 = � 1 is the least
eigenvalueof (6.4).

Proof. Substitute v = Curl  in (1.3). Then

(8.7)
Z



j�  j2 d2x + j
 j � 1

� Z

@

(r  ) � � ds

� 2

� C2

Z



� jr  j2 d2x:

upon using the relationship between� and � on @
. From theorem 6.2, this holds for
all  2 H0(� ; 
) with C2 = � 1. Hence(1.3) holds for all v 2 Curl1

0(
). The preceding
theorem 8.1 now yields this theorem. �
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