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UH - Math 4377/6308 - Dr. Heier - Fall 2012
Midterm Exam

Monday, October 22, 2012

Solve all of the problems. Please show all work to support your solutions. Our policy is
that if you show no supporting work, you will receive no credit. This is a closed book
test. Please close your textbook, notebook, cell phone. No calculators are allowed in this
test. Please do not start working before you are told to do so. The time allowed will be
announced by the proctor.

Problem 1
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Total
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/10 points
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/20 points
/20 points

/10 points

/100 points



a. (10 points) Let N = {1,2,3,...} be the set of positive integers. Let A = N0 x N#0,
For (a1,as), (b1,bs) € A, let (al, az) ~ (b1, be) if and only if a; - by = ay - b;. Prove that ~
is an equivalence relation.

1b. (5 points) Keep all definitions from part (a), except that now (ay, as) ~ (by, bs) if and
only if a; -b = ay-b3. Is this new relation also an equivalence relation? Prove your answer.

lc. (5 points) Let X,Y, Z be arbitrary sets. Let f: X — Y and ¢g: Y — Z be functions.
Is the following statement true in general? If g is not one-to-one, then go f : X — Z is
not one-to-one. Prove your answer.
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2a. (5 points) Determine if the following subset of R? is a subspace:
S ={(a1,a2) €R?: a; - ay = 0}.

2b. (5 points) Let V' be a vector space. Let Wy, W, be subspaces of V. Complete the
following sentence (do not prove your answer—just complete the sentence). The union
W1 U W, is a subspace of V' if and only if .. ..
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3a. (10 points) Find the condition(s) on a, b, ¢, d so that
(a,b,¢,d) € span{(2,2,0,2),(2,1,1,2),(1,0,1,1), (~1,1,-2, -1} }.
3b. (10 points) Find bases for the null space and range of

T :R* - R? (a1, a2, a3, a4) = (5a; — 3az — 2a3 — 5ay, 2a; — ay — a3 — 2ay, —a; + az + aq).

Se. 2 g | — | i
2 I o L e

a1 o | Ty s g ) See e G c
& 2 1 — oL

ZQ‘ -+ ZQZ_ -+ Q\z - Q(f =0l
& , il
g 4 LTt +ag =

LI REE a5 ) onLt =C

ZQ’I +ZQ,Z+ Ry A :Oé

> ZQ\+Zq2+al~ag z a,
- SRS +a?f£({=é“Q,
O:OZ"GV
2o Ay, e
&) l e S jec/égv #w@

O gt +é"cz,
O = Oé"(l.‘

=) T& wuog{c'cw Qve = é—fc, amc(, Q:O(.

)

{{




This blank page is additional space for solutions.

? i O
34 ‘ (QI)",Q%): <8)
§o.\ —QQZ'ZQ_S - CQQf =)
G Za;’QZ—Q;wz_%((:Q)

iy 3 e U e Lt

% B L e
= Ryl =)

~ L) 1 3axy =

RIS
T ool 3; T(0/1,0,0)- B
These e vec \s(qw_) Qv é« wcle ( % ﬁam(
oo éasd -[w Q(T) o&u,%o Mu@l[\“{ (Tf g(T ‘4

\/V‘/

;’a/ =) :Q/




¢ WA\ _fa+d 2¢
4a. (10 points) Let T : Matoyo(R) — Matg, (R)T(C d))_< d a+c). Let

=100 )( 0):(0 1)) Compe 7

4b. (10 points)
also a basis for R Pro yu answer.
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5a. (10 points) Let n > 2 and 0 < k < n be integers. Let V be a vector space and
W, a subspace of V. Assume that dimV = n and dim W, = k. Prove that there exists a
subspace W of V' such that W & W, = V. What is the dimension of W,? In this problem,
you may cite any theorem from class.

5b. (10 points) Let V' be a finite dimensional vector space. Let T : V — V be a linear
transformation. Assume that rank(7T’) = rank (T o T)). Prove that R(T) N N(T) = {0}.

(Hint for 5b: R(T') denotes the range of T, N(T) the null space of 7. Use the dimension
formula for the restriction of 7" to R(T).)
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6. (10 points) For the matrix

e |
Sy
and the ordered basis 8 = {(1,2),(4,9)}, find an invertible matrix Q such that [L4]s =
Q'AQ. Then use the formula to find [L 4]z explicitly.

——‘/\/\/L oggg) g g Q: Ifcﬂ,jégw&mj

e
R o |
i [B€ 5
&yt o SR
TS e N 3“")
G e | 2 Q (-’l’

: (?z v\)(g 'g)
% 65)

—

10



