UH - Math 3330 - Dr. Heier - Midterm Exam - Spring 2014
Thursday, March 20, 2014

Print your INAME: S O p (,Cétb w

Solve all of the five problems. Please show all work to support your solu-
tions. Our policy is that if you show no supporting work, you will receive
no credit. This is a closed book test. Please close your textbook, notebook,
cell phone. No calculators are allowed in this test. Please do not start
working before you are told to do so. The time allowed will be announced
by the proctor.

Problem 1 /20 points
Problem 2 /20 points
Problem 3 /20 points
Problem 4 /20 points
Problem 5 /20 points

Total /100 points



1. (a) (10 points) For sets A and B, prove the following equivalence. (Hint: Recall that

AcBmeansxeA=>:ceB_)

AC Bifand only if AUB = B.

(b) (10 points) For z,y € Z, let z ~ y if and only if x + y is even. Prove that ~ is an
equivalence relation.
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2. (a) Let the function f: Z — Z be defined by

f(x) = {I if r is even

r+2 ifrisodd

(1) (5 points) Is f injective? Prove your answer.
(ii) (5 points) Is f surjective? Prove your answer.

(b) (10 points) Use mathematical induction to prove that n® = n mod 6 for every positive
integer n.
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3. (a) (10 points) Find all integer solutions of
3z +11 =9 (mod 13).

(b) (10 points) Find the solution of the following system of equations in Zz:

[L][z] + [3][y] = [4]
[3][«] + [4][y] = [2]-
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4. (a) (10 points) Let H be the subset

{((1) g) 5a,b€R,b¢0}

of the group of invertible 2 x 2 matrices with real entries. Prove that H is a subgroup of
that group.

(b) (10 points) For a fixed element a of a group G, let

C. ={z € G: ax = za}.
Prove that for all a € G, the subset C, is a subgroup of G.
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H, is a
5. (a) (10 points) Let H; and H, be subgroups of the group G. Prove that Hy N H>
subgroup of G.

(b) (10 points) Let G be a group and g € G a fixed element. Prove that the subset

() ={g":neZ}
is a subgroup of G.
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