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A FUNCTIONAL CALCULUS FOR PAIRS OF COMMUTING
POLYNOMIALLY BOUNDED OPERATORS

ADRIAN IONESCU
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ABSTRACT. A functional calculus valid for the class of absolutely continuous
pairs of commuting polynomially bounded operators is defined.

1. INTRODUCTION

Let H be a separable infinite dimensional, complex Hilbert space, and denote
by L(#) the algebra of bounded linear operators on H. In [11] Sz-Nagy and Foias
developed an H*-functional calculus for any completely nonunitary contraction
T € L(H) (in fact, this functional calculus is valid for the larger class ACC(H)
consisting of the absolutely continuous contractions on ‘H). A two-variable version
of the Nagy-Foias functional calculus was constructed in [5], valid for commuting
pairs of completely nonunitary contractions. This functional calculus can be ex-
tended to the larger class ACC(®(#) consisting of absolutely continuous pairs of
commuting contractions on # [9]. These functional calculi use the dilation theory
that exists in either of this two cases, cf., [11], Chapter I. For other functional
calculi see |2), 15}, 16, [7], 18], ]10).

In Section 3, we present an H*-functional calculus for commuting operators
Ty and T satisfying the property that for a given M > 1 and for all (complex) two
variable polynomials p we have ||p(T1,T2)|| < M||plloo- The functional calculus
defined in Section 3 is not based on any dilation theory. For another approach to
a functional calculus for certain commuting polynomially bounded operators see

(2], [6]-
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2. PRELIMINARIES

Let D denote the open disc in the complex plane C and T = D the unit
circle. A complex, Borel measure v on T? is called an annihilating measure for
A(D?), the algebra of analytic functions on D? and continuous on D? ™, if for all

u € A(D?)
2.1) /T udv =0

The set of all annihilating measures of A(D?) will be denoted by A* [5].

Let U be a measurable space, and denote by M () the set of all (finite) complex
Borel measures defined on Y. A set I' C M(U) is called a band [5] on M if it
is closed under absolute continuity, i.e., if v € T" and 4 € M(U) is absolutely
continuous with respect to v (notation: p <« v), then p € T, and it is also closed
under infinite sums, i.e., if {v,} is a sequence in I' with 37 | |v,| < oo, then
S yvn € T. If T is a band on U, we denote by I't the set of all complex
measures on U singular with respect to every measure in I'. It is easy to see that
I'! is a band and the intersection of two bands is a band. Note that A* is a band
on T2,

We then define the following two bands on T2, cf., [5]. Let I'; be the set of all
n € B(T?) carried by sets of the form E x T, where E is a Borel set in T such
that m,(E) = 0, where m; is the normalized Lebesgue measure on T. Let I'y be
the set of all n € B(T?) carried by sets of the form T x F, where F is a Borel set
in T such that m;(F) = 0. Then we write

['=A+*NT{nry.

Lemma 2.1. ([5], Lemma 2.1) Let v € T', and let {un} be a bounded sequence in
A(D?). Then u, = 0 pointwise on D? if and only if u, = 0 in the weak* topology
of L=(T?, |v]).

Let v € I be a measure, and define the algebra H™(r + ms) to be the weak*
closure of the bidisk algebra A(D?) in L°(T2, v + m,) (the space of essentially-
bounded functions on T? with respect to the measure v + ms). The Poisson
integral

PO = [ PG wpu(w)ima(u), D,

can be used to define an isometric isomorphism between H® (v+m3) and H*(D?),
the algebra of bounded analytic functions on D?. We define a map © : H*(D?) —
H> (v 4+ ms) by extending the identity map from A(D?) onto itself in such a way
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as to make © a weak*-continuous algebra isomorphism. For u in A(D?) we define
O(u) = u. For u in H*®(D?) we approximate u in the weak*-topology by a bounded
sequence of polynomials {p,}. For each ¢ € D?, p,,({) 5 u(¢). Hence, Lemma 2.1
implies that there exists a function @ in H* (v + my), which is the weak*-limit of
the sequence {p,} in H*(v +my). For u € H*(D?) we then define O(u) = @. We
clearly have that © is multiplicative, and, since sequences are enough to determine
weak*-continuity (cf., [4]), the following identification results [5]:

Proposition 2.2. If v € T, there erists an isometric weak*-continuous algebra
isomorphism © from H®(v + my) onto H®(D?).

Let 77 and 7% be commuting operators in L(H). (The class of commuting
operators in L£(#H) is denoted by L(’H)comm) We then consider the dual alge-
bra Ar, 7, generated by the pair (T1,7T%) in L(?{)colnm The predual of Ap, 1,
will be denoted by Qr, 7,. Let us also consider H*(D?) with predual

HP(D?) = LI(T?)/Li(T?)
(LY(T?) is the class of all integrable functions on T? with respect to the nor-
malized measure mz on T? and L}(T?) is the set of all L!(T?)-functions with
vanishing negative multi-index coefficients), and let ® : H¥(D?) - L£(H) be a
weak*-continuous unital homomorphism. Then, interesting results regarding the
invariant subspaces of Range ® can be obtained by using dual algebra techniques

[1], [4]. Therefore, we are interested in pairs (Ty,T3) € L£(H)Znm for which a
“good” H>(D?)-functional calculus exists.

3. A FUNCTIONAL CALCULUS

We say that a single operator T in £L(H) is polynomially bounded if there exists
a constant M > 1 such that for any (complex) one variable polynomial we have

(D) < M|plloos

where by ||pllcc we understand ||plloc = sup,cp- |p(2)]. We then write PBM (%)
for the class of such operators and, in general,

PB(H)= | ) PBM(H)
M>1
denotes the class of all polynomially bounded operators on H.

Definition 1. Let (71,7%) be in L(H )Comm We say that the pair (T3,T3) is
2-polynomially bounded if there exists a constant M > 1 such that

lp(T1, T2)|| < M||pllco,
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for all (complex) two variable polynomials and we write
(Ty,Ty) € PB® M (),
where by ||pll we understand [|plloo = supy,, ,,)ep2 IP(21, 22)|-

The set of all 2-polynomially bounded cperators will be denoted by

PBA(H) = | J PB®-M(%).
M>1

Remark. If (T1,T2) is in PB®>M () then Ty and T» are in PBM(#).

For (T1,T») € PB®* M (%) and p a two-variable polynomial, the mapping p
p(T1,T») is a norm continuous algebraic homomorphism, and it extends to a
continuous unital algebra homomorphism on A(ID?), the bidisk algebra. Let

\I/T1,T2 : A(Dz) — -ATI,TZ
satisfying
Vr,1,(1) = I, VY7, 1(21)=T, Y, 1(2)="D.
For all z and y in # define the following bounded linear functional W77,
A(D?) —» C by
‘I’;";?{Tg(u) = (u(Tl’T2)x7y>'
We may extend W7Y;, to be a bounded linear functional of the same norm on
C(T?). In fact, the algebra A(D?) can be identified with the algebra of bounded
analytic functions on D? that have a continuous extension to T?. By Riesz rep-

resentation theorem for C(T?) there exists a regular complex Borel measure sup-
ported on T? such that

Vi, () = (T, Ta)o, o) = [ udhay, we ADY),
T

and clearly |pg | < Mllz||||ly]l. Such a family {usy}syen of Borel measures
supported on T2 will be called family of elementary measures for (T}, Th).
For z and y in #H let p,, and v;, be elementary measures for (771,72) €
PB®)(#). Then
Bry — Vzy € A_L,

and, therefore, for every u € A(D?) we can write

(3.1) (u(Ty, Tz, y) =/ udp,,,y=/ udvg .
T2 T2

Using the notation introduced in Section 2, we have
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Definition 2. A pair (T}, T3) in PB®(H) is said to be absolutely continuous if
for every pair (z,y) in H there exists an elementary measure p;, , for (T1,T%) such
that for some v in ', p, , K v 4 ma,

We then write ACPB®2)>M (%) for the class of all absolutely continuous pairs of
operators (T}, T3) in PB®)>M (%) and

ACPB®(H) = | J ACPB®M(y).
M>1

Then the following functional calculus is valid:

Theorem 3.1. If (T}, Ty) € ACPB®@)(H), then there exists a unique unital al-
gebra homomorphism.

&, 1, : H®(D?) - Ar, 1,
with the following properties:
1. For j =1,2, @1, 1,(2;) = T};
2. 1, 1| ae) = Y(T1, T2);
3. If (T}, Ty) is in ACPB®>M(H), then for all u € H™(D?)

| @1, () | < M| |0

4. ®p, 1, is weak*-continuous (i.e., continuous when both spaces H*(D?) and
Ar, T, are given their weak*-topologies);

5. The range of ®r, 1, is weak*-dense in Ar, 1,;

6. There is a bounded, linear, one-to-one map

¢T1,T2 : QThTz - LI(T2)/L(1)(T2)

with ¢)»}1 T, — q)Tl,Tg;

7. If D1, 1, 15 bounded below, then the range of ®1, 1, is Ar, 1, and ® is an
invertible algebra isomorphism of H*(D?) onto Ar, 1,; in this case, ¢, T,
is invertible linear isomorphism of the space Q v, 1, onto the quotient space
LY(T?)/Ly(T?);

8. If or(T1,T2) C D? then @1, 1,(u) = u(Th,T2) where u(Ty,T) is given by
the Taylor functional calculus [12].

9. If Ty and Ty are completely nonunitary contractions (or (I11,T2) belongs
to ACC)(H)) then the above functional calculus coincides with the one
defined in [5], [9].

PROOF. Let (Ty,T;) € ACPB®*(H), and for any pair of vectors z and y in H let
us consider p, , an elementary measure for (17, Ts), i.e., for some v € I' we have
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that pg, < v+ mo. For any u € H®(D?) & H®(v + my) let {u,} in A(D?) be
weak*-convergent to u, and then we may write

dp
Ay, = _ Oy g
/mu Haw /1rzud(z/+m2) v+ m)

d
= lim Unp _hzy

d
n—00 J12 d(l/ -+ m2) (V + m2)’

where, by the Radon-Nikodym theorem,

itz y )
d(v 4+ my) € LT v+ ma),

and so
/ udpiyy = lim Up Atz y = lm (un (11, T2)z,y).
T2 n—00

700 T2

Therefore, for (T, T2) € ACPB®(H) and for any z and y in H we then define
(32) (T, To)ay) = |
T

Using (3.1), one can easily remark that (3.2) does not depend on the choice of
fz,y- Since

wdpy g, u € H(D?).
2

[ el < Ll Nz 91

we have then defined a sesquilinear bounded map, which yields a well-defined
operator u(T1,T3) in Ag, 1,. Define

¢T1,T2 (u) = U(TI’ T2)7
where u(Ty,T2) is given by (3.2), and then it is immediate that & is linear and
satisfies (1), (2), and (3). That &1, 1, is multiplicative is a consequence of the fact
that @, 1, is multiplicative on polynomials. For any pair of vectors z and y in
H, let us consider yiz,, an elementary measure for (T7,T3). Let u be an arbitrary
function in H®(D?) = H>®(v + my) (see Proposition 2.2 for the isomorphism).
Using the computation before (3.2) for some sequence {u,} in H®(D?) weak*-
convergent to u, we obtain
(u(Ty, T2)z,y) = [11‘2 udpy,y = lim Un Aligy = nli_)n&(un(Tl,Tg):r,y).

n-3o0 fr2

Thus, the sequence {u,(7},72)} converges to u(71,T3) in the (WOT)-topology.
Since on bounded sets the weak-operator topology and the weak*-topology coin-
cide, we have obtained (4) (sequences are enough to determine weak*-continuity
[4]). By definition, the polynomials are weak*-dense in A7, 1,, and thus, we ob-
tain (5). Moreover, since a linear map between Banach spaces is weak*-continuous
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if, and only if it is the adjoint of a bounded map (4], then (6) becomes obvi-
ous, and (7) as well. If o7(T1,T2) C D? then &1, 1, coincides with the Taylor
analytic functional calculus because the two representations coincide on polyno-
mials (all we have to remark is that for any u € H*(D?) one can write the
Cauchy representation for u(Ty,T2) on some bidisc D = D; x D, satisfying
D? > D~ > D O or(T1,T:), and then use a uniform approximation by poly-
nomials), and this concludes (8). If T} and T are commuting completely nonuni-
tary contractions or (T1,T%) € ACC®)(#), then the above functional calculus
coincides with the one defined in [5] and [9] because of a similar reason (these
functional calculi are weak*-continuous and coincide on polynomials), and (9) fol-
lows. We remark that, in this later case, i.e., for pairs of commuting completely
nonunitary contractions, a family {ftz y }zyen of elementary measures for (T4, T2)
can be explicitely defined with respect to the amalgamation given by a unitary
dilation of the pair (T1,T2) of commuting completely nonunitary contractions (cf.,
31, 181). D

Ezample 3.2. Let (T1,7%) be a pair of commuting completely nonunitary con-
tractions and let § be an invertible operator which commutes with 75. Then, for
some M < ||S~Y| - ||S|| the pair (ST1S~1,Ty) is in ACPB?)M(14).

PROOF. Obviously, we have that (ST;S~!,Ty) € PB®) M (%), for some M <
157 - ||S]]- For Ty and T% as above and for any vectors z and y in H we have
the following representation:

(u(Ty, To)z,y) = /

wdpey,  ueHOD?),
'I[‘Z

where, for some v €T, p, € v+ my. In particular, we have that

(u(leTZ)S_1x7S*y> :/EZUdMS_Im,S*y’

where for some ¥ € T, prg-15 g-y K U +ma. Let us denote fi;y = pg-15 5+,; then

(w(STY S, To)z,y) = (w(Th,T2)S 'z, S*y)
= / Udpg-15,gry = / Udflyy.
T2 T2
Therefore, we have that (ST,S~*,Tz) € ACPB®):M (). O

Acknowledgement: This paper is part of the author's Ph.D. thesis, written at
Texas A&M University under the direction of Professor Carl Pearcy.



104 ADRIAN IONESCU

REFERENCES

[1] E. Albrecht and B. Chevreau. Invariant subspaces for certain representations of H®(G),
Functional Analysis, Biersted, Pietsch, Ruess, Vogt, Marcel Dekker, Inc., N.Y., 1993,
293-305.

[2] C. Apostol. Functional calculus and invariant subspaces, J. Operator Theory, 4(1980),
159-190.

(3] S. K. Berberian Notes on spectral theory, Van Nostrand, Princeton, N.J., 1966.

[4] H. Bercovici, C. Foiag and C. Pearcy. Dual algebras with applications to invariant sub-
spaces and dilation theory, CBMS Regional Conf. Ser. in Math. No. 56, Amer. Math.
Soc., Providence, N.J., 1985.

[5] E. Briem, A. M. Davie and B. K. @ksendal. Functional calculus for commuting contrac-
tions, J. London Math., 2(1973), no. 2, 709-718.

[6] M. Kosiek and A. Octavio. Representations of H®(DV) and absolute continuity for
N-tuples of contractions, Houston J. of Math., 23(1997), 529-537.

[7) W. S. Li. On polynomially bounded operators I, Houston J. Math., 1(1992), 73-96.

[8] W. Mlak. Algebraic polynomially bounded aperators, Ann. Pol. Math., 29(1974), 133-139.

[9] A. Octavio. Coisometric eztension and functional calculus for pairs of contractions, J.
Operator Theory, 31(1994), 67-82.

[10] J. Stampfli. An extension of Scott Brown’s invariant subspace theorem: K-spectral sets,
J. Operator Theory, 3(1980), 3-22.

[11] B. Sz.-Nagy and C. Foiag. Harmonic analysis on Hilbert space, North Holland Publishing
Co., Amsterdam-Budapest, 1970.

(12] J. L. Taylor. The analytic functional calculus for several commuting operators , Acta
Math., 125(1970), 1-38

Received January 22, 1996

Revised version received January 12, 1998

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE, TEXAS LUTHERAN UNIVERSITY,
SEGUIN, TX 78155
E-mail address: IONESCU_A@@txlutheran.edu



