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AN ANALOGUE OF BERNSTEIN’S THEOREM

LEI FU
Communicated by Robert M. Hardt

ABSTRACT. We prove that for a function f(z1,z2) defined on R2, the graph
of Vf is a minimal surface if and only if f is harmonic or a quadratic poly-
nomial. Using this result we prove the following classical result of Jogens:
if f satisfies the Monge-Ampere equation fr,z, frye, — ff]” =1, then f
must be a quadratic polynomial.

1. MaIN RESULTS

The classical Bernstein theorem says that if f(z1,z2) is a function defined on
R? satisfying the minimal surface equation, then f is a linear function. In this
paper we prove the following analogue of Bernstein’s theorem:

Theorem 1.1. Let f(z1,72) be a function defined on R%. Then the graph of
Vf is a minimal surface in R? x R2 if and only if f is harmonic or a quadratic
polynomial.

Recall the following result of Harvey and Lawson ([1]):

Proposition 1.2. Let f(z1,...,%,) be a real valued function defined in a con-
nected open subset in R™. The graph of V f is a minimal submanifold of R™ x R®
if and only if there exists a constant 8 such that f satisfies

Im det(e? (I + iHess(f))) = 0,
where Im denotes the imaginary part, I is the identity matriz, and Hess(f) is the

hessian matriz of f. In particular if f(x1,z2) is a function defined on R?, then
the graph of Vf is a minimal surface in R? x R? if and only if

sinf(1 — fz,z, frozs + le:lig) +co8 O(fryzy + fzzm) =0.
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This proposition follows from Lemma III 2.2, Theorem III 2.3 and Proposition
III 2.17 in {1}.

By Proposition 1.2, Theorem 1.1 is equivalent to the following theorem:
Theorem 1.3. Let f(z1,T3) be a function defined on R2. Assume f satisfies
sin9(1 - fiE111 fI2$2 + fl‘2112) + cos 6(f$1$1 + fﬂvzzz) =0

for some constant 8. If sinf # 0, then f must be a quadratic polynomial; if
sin@ = 0, then f is harmonic.

As a corollary we obtain the following result of Jorgens ([2]):

Corollary 1.4. Let f(z1,z2) be a function defined on R? satisfying the Monge-
Ampére equation

f:l:111fzzz2 - fz21I2 =1
Then f must be a quadratic polynomial.

I don’t know whether we have a similar classification theorem in higher dimen-
sional cases. Let’s ask the following:

Question. Let f(z1,...,z,) be a convex function defined on R™. Assume the
graph of V f is a minimal submanifold in R™ x R™, that is, there exists a constant
0 such that

Im det(e® (I + iHess(f))) = 0.
Is it true that f must be a quadratic polynomial.

We have the following results of Calabi and Flanders:

Let f(z1,...,zn) be a function defined on R®. Assume its hessian matrix
Hess(f) is positive definite. Then f is a quadratic polynomial if one of the fol-
lowing conditions holds:

(1) det Hess(f) =1and 1 <n <5 ([3]).

(2) tr (I + Hess(f))~! =constant ([4]).

(3) tr (Hess(f))~! =constant ([4]).

Using these results we can solve some very special cases of our question.

2. PROOF OoF THEOREM 1.1
We start with some lemmas:

Lemma 2.1. Let f(z1,22) = (f3(z1,%2),. .., fu(z1,22) be a function defined on
R2. If the graph of f is a minimal surface in R™, then there exists a linear
transformation

r1 = Uy, T2 = auy + bUQ, (b 55 0)
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such that (u1,u2) are global isothermal parameters for the graph of f.

This lemma is Theorem 5.1 of [5].
We also need the following obvious fact:

Lemma 2.2. Two different conics in the x1xo-plane have at most four common
points.

Now let’s prove Theorem 1.3, which is equivalent to Theorem 1.1. The second
part of Theorem 1.3 is obvious. So let’s assume sin§ # 0 and prove that f is
a quadratic polynomial. It is enough to show that fr,.,, fz,z, and f;,., are
constants.

By assumption the graph of V f is minimal. By Lemma 2.1, there exists con-
stants a and b # 0 such that

(u1,u2) = (u1, auy + bug, fo,, fi,)
is an isothermal parametrization.

We have

1s]
Ej—l(ul’aul +bug, fzys for) = (1,0, foyzn + @fayags fryz, + afroas)s

19]
51:2-(“1, auy + bu?a fzu f:cz) = (0, b, bfwlzzy bfxgmg)'
That (u1,us2) are isothermal parameters is equivalent to that we have

1+a®+ (foray + afzwz)2 + (fryzp + afwzxz)2 =0 +b%f2,,, +V°f2

ri1x2 Toxa)?

ab+ (fo,2, + afz,2,)bfz100 + (lem + @ fryzy)0fzpa, = 0.

For convenience we let X = f,,.,, Y = fs,2, and Z = f;,,,. The above equations
can be rewritten as

1+a® + (X +aY)* + (Y +aZ)® = > + BY> + b° 2%,
ab+ (X +aY oY + (Y +aZ)bZ = 0.

Simplifying these equations we get

(1+a® =)+ (1+a2=b)Y2+(1+a*> - )22+ (X? - Z%)+ 20V (X + Z) = 0,

ab(14+ Y24+ Z%) +bY(X +2) =0.

So we have

(1) A+a?—bHA+Y 4+ Z2H)+ (X - Z+2aY)(X + 2Z)
(2) a1+ Y2+ Z2H)+YV(X+2Z) =
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where in the second equation we omit the factor b since b # 0. From these
equations and the fact that 1 + Y2 4+ Z2 # 0, we get

det (1~i—¢12—b2 X—Z+2aY> _o,
a Y
that is
(3) —aX+(1-a?-b)Y +aZ=0
By assumption there exists a constant # such that
(4) (1-XZ+YHsin+ (X + Z)cosf =0

Note that X + Z is everywhere nonzero. Indeed, if X + Z = 0 at some point,
then Z = — X at that point. Substituting this into (4) we get
(1+X2+Y?)sinf =0.
But this cannot happen since 1 + X2 + Y2 # 0 and sin 6 # 0.
We have the following two cases:
Case A. a=0.
From equations (1) and (2), we get

(5) A= )1+Y?+Z2)+(X-2)(X+2) = 0
(6) Y(X+2) = 0

Since X + Z is everywhere nonzero, we get Y = 0 from (6). Substituting this into
(5), we get

(7 X2 02722+ (1-b%) =0

Substituting Y = 0 into (4) we get

(8) (1-XZ)sin@+ (X + Z)cosf =0

Equations (7) and (8) define two different conics. By Lemma 2.2 they have only
finitely many common solutions. So there are only finitely many possible values
for X,Y and Z.

Case B. a #0.
From (3) we get

_ 2_b2
x=17"%y.z

a



AN ANALOGUE OF BERNSTEIN'S THEOREM 419

Substituting this into (2) and (4) we get

— b2
(9) 1 Y?24aZ242YZ+a = 0
a

—a?-b 2-b

2 _ 2
(101 +v?2 - 22 - 1 YZ)sin9+(1—;‘a——Y+2Z)cos49 =0

Equation (9) and (10) define two different conics. By Lemma 2.2 they have only
finitely many common solutions. So there are only finitely many possible values
for X, Y and Z.

In any case, there are only finitely many possible values for X, Y and Z, that
is, there are only finitely many possible values for f;,z,, fr 2z, and fz,z,. Since
the domain of f is connected, fy,1,, fzyz, and fgz,z, must be constants. Therefore
f is a quadratic polynomial.

REFERENCES

{1} R. Harvey and H. B. Lawson, Jr., Calibrated Geometries Acta Math., 148 (1982), 47-157.

[2] K. Jorgens, Uber Die Lésungen der Differentialgleichung rt — s2 = 1. Math. Ann., 127
(1954), 130-134.

[3] E. Calabi, Improper Affine Hyperspheres of Convex Type and a Generalization of a Theo-
rem by K. Jogens. Michigan Math. J., 5 (1958) 105-126.

[4] H. Flanders, On Certain Functions with Positive Definite Hessian. Ann. of Math., 71 (1960)
153-156.

[5] R. Osserman, A Survey of Minimal Surfaces. Dover, 1986.

Received September 10, 1998

Revised version received March 2, 1998

INSTITUTE OF MATHEMATICS, NANKAI UNIVERSITY, T1ANJIN 300071, CHINA
E-mail address: leifu@sun.nankai.edu.cn



