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1. INTRODUCTION

An integral domain (resp. a commutative, cancellative monoid) D is said to
be atomic, if every non-zero non-unit element a € D allows a factorization into
irreducible elements of D, say a = u1...ug. In this case k is called the length
of the factorization and the set of lengths L(a) C N, is defined as the set of all
possible k € N,. D is said to be half-factorial, if it is atomic and #L(a) = 1
for every non-zero non-unit a € D(equivalently, D has elasticity one). Obviously,
noetherian domains are atomic and factorial domains are half-factorial. In 1960 L.
Carlitz characterized half-factorial rings of integers in algebraic number fields. W.
Narkiewicz, L. Skula, J. Sliwa and A. Zaks studied half-factorial Krull domains.
Nowadays much work in the context of general integral domains is done by D.D
Anderson, D. F. Anderson, S. Chapman and W. Smith (see [AA94, And97, AP97,
ACS94a, ACS94b, ACS94c, ACS95] and the references cited there).

A subset Gy of an abelian group G is said to be half-factorial, if the block
monoid B(Gy) over Gy is half-factorial. We shall be mainly interested in the
structure and the (maximal) size of half-factorial subsets. Define

#(G) = sup{|Go| |Go C G is half-factorial} € NU {c0} .

The connection between the two notions is as follows. Let D be a Krull domain
(resp. a Krull monoid) with divisor class group G and let Go C G denote the
set of classes containing prime divisors. Then D is half-factorial if and only if Gy
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is half-factorial. However, the significance of half-factorial subsets extends this
interpretation. We give two examples.

Let D be a ring of integers in an algebraic number field and let £ € Ni. In the
sixties W. Narkiewicz introduced the following counting function:

Gi(z) = #{aD |a € D,N(a) < z,#L(a) < k} .
In [Ger90] it was shown that
Gi(z) ~ Cz(log 2)"GV1G1-1(log log )P

with B, C non-negative, real numbers. For a generalization see [GHKK95].

The current motivation for the present paper stems from investigations of pos-
sible distances in arbitrarily long sets of lengths. For this one has to study minimal
non half-factorial subsets. The interested reader is referred to [GG98b].

The whole paper is based on a characterization of half-factoriality going back
to L. Skula and J. Sliwa (see Lemma 3.2). This result makes it possible to apply
methods from additive group theory and combinatorics to the investigation of
half-factoriality. In section 4 we derive an upper bound for x(G) by counting the
number of solutions of a congruence mod n. In section 5 we characterize half-
factorial subsets in cyclic groups in terms of splittable subsets of natural numbers.
In the final section we obtain lower bounds for p(G) using generalizations of the
Erdds-Ginzburg-Ziv Theorem. In particular, we show that half-factorial subsets
of maximal size do not necessarily generate the group. Hence there are groups G
having proper subgroups H with p(H) = p(G).

2. PRELIMINARIES

Let N, denote the positive integers, N = Ny U {0} and P C N, the set of
prime numbers. For p € P let v, : Q — Z be the p-adic valuation with v,(p) = 1.
Forne Ny let [1,n]={j e N|1<j<n}

Throughout, let G be an abelian group and Gy C G a non-empty subset. Then
(Gy) (resp. [Go]) denotes the subgroup (resp. submonoid) generated by Go. If G
is a torsion group, then (Gp) = [Go]. We say that G is a generating subset of G,
if [Go] = G. Gy is said to be an independent subset, if 0 € G and given distinct
elements ey, ...,e, € G and integers my, ..., m, € Z, the relation Z:.:l mge; =0
implies that mje; = -+ = mye, = 0. The following simple lemma will be used
several times.
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Lemma 2.1. Let G be an abelian group, ey, ...,e, independent elements with
ord(e;) =--- =ord(e,) =n € Ny andmy,...,m, € Z. Then

OI‘d(Z miei) = n
i=1

ged{mq,...,m,, n}’

PRrROOF. For every 1 < ¢ < r we have ord(m;e;) =
independent, it follows that

ord(z m;e;) = lem{
i=1

which implies the assertion. O

n .
sedmin] Since eq,...,e, are

n n
ged{my,n} " ged{m,,n}

If G is finite and |G| > 1, then G = &7_,C,, with 1 < nq]...|n, where r = r(G)
is the rank of G and n, = exp(G) is the ezponent of G.;y Let e1,...,e, € G
with ord(e;) = n; for 1 < ¢ < r. We say that (ey,...,e,) is a basis of G, if
{e1,...,e,} is a generating subset consisting of independent elements (equiva-
lently, G = &7_, (&;)).

Let F(Gp) denote the free abelian monoid with basis Gy. An element S =
Hli:1 gi € F(Go) is called a sequence in Gp; it has a unique representation of the

form
S = H g“g(s)
g€Go

where v,(S) € N for all g € G and v4(S) = 0 for all but finitely many g € Go.

Then
1Sj=1= )" v,(S) eN
g9€Go
is called the length of S,

k(S):Z;rdl(gi—)eQ

is the cross number of S and
!
US)=> g €G
i=1

denotes the sum of the elements of S.
We say that S is a zero sequence (resp. a block) if

Zgl—z (S)g=0€G.

9€Go
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The set B(Gp) of all blocks is a submonoid of F(Gy), called the block monoid
over Gy. The sequence S is a minimal zero sequence, if no proper subsequence
is a zero sequence. The set of minimal zero sequences U(Gy) is just the set of
irreducible elements of the monoid B(Gy). Let

D(Go) = sup{|U| | U € U(Go)} € NU {oo}

denote Davenport’s constant of Gg. If Gy is finite, then U(Gy) and hence D(Gy)
are finite. For standard terminology in the theory of non-unique factorizations
the reader is referred to the survey articles of S. Chapman, F. Halter-Koch and
the second author in [And97]. The terminology concerning zero sequences is
consistent with the one used in [GG98a].

3. HALF-FACTORIAL SUBSETS: FIRST RESULTS

We start with the very definition.

Definition 1. Let G be an abelian group.
1. A non-empty subset Go C G is said to be half-factorial, if the block monoid

B(G)y) is half-factorial.
2.

p(G) = sup{|Gy| |Go C G is half-factorial} € NU {oo}.

W. Narkiewicz gave a geometric interpretation of u(G), see [Nar79], Proposi-
tion 5.

Lemma 3.1. Let G be an abelian group with |G| > 1.

1. Half-factoriality is a property of finite character i.e., a subset Gy C G is
half-factorial if and only if every finite subset of Go ts half-factorial.

2. If Gy C G is half-factorial, then so is Go U {0}. In particular, {0,g} is
half-factorial for every g € G, whence p(G) > 2.

3. If H < G is a subgroup, then u(H) < u(G).

4. If G1,Gy are subgroups of G with G1 N Gy = {0}, then u(G) > p(G1) +
n(Ga) — 1.

5. An independent subset is half-factorial.

PrOOF. 1., 2. and 3. are obvious.
4. Let H; C G, be half-factorial subsets with |H;| = u(G;) for 1 <4 < 2. Then

B(H1 U Hg) = B(Hl) X B(HQ)
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is half-factorial, H; N Hy C {0}; whence
w(G) > |H1 U Hp| > |H1| + |He| — 1.

5. Let Gy = {e; | i € I} be an independent subset. Since for every ¢ € I the
monoid B({e;}) is half-factorial, the block monoid

B(Go) = [ B{e:})
i€l
is half-factorial.
O

The following result, due to Skula and Sliwa, plays a key role in the investiga-
tion of half-factorial subsets. It will be used without further quoting. A proof in
the present terminology may be found in [CG97], Proposition 5.4.

Lemma 3.2. Let G be an abelian torsion group and Go C G a non-empty subset.
Then the following conditions are equivalent:

1. Gy is half-factorial,

2. k(U) =1 for every U € U(Gy).

Lemma 3.3. Let G be an abelian torsion group, Gy C G a half-factorial subset
and g € G\(Gyo) such that pg € Gy for somep € P. Then GoU{g} is half-factorial.

ProOOF. Consider an irreducible block

U=g"[lg € UGou{g)).

=1
We have to show that k(U) =1. Setting k =lp+jwithleNand0<j<p-—1
we obtain that

s
jg=—lUpg) =Y _ kigs.
i=1

If 7 # 0, there is some z € N, such that jz = 1 + mp for some m € Z which
implies that

g = —z(m(pg) + l(pg) + Z kigi) € (Go),
i=1

a contradiction. Therefore, k = Ip and

U' = (pg)' [] 9 € U(Go)

=1
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with k(U’) = 1. Assume to the contrary, that p ford(g). Then there are m,n € Z
such that 1 = mp + nord(g); whence g = (mp + nord(g))g = mpg € (Gy), a
contradiction. Thus we have plord(g), ord(pg) = %fg) and k(U) = k(U') =
1. g

In the sixties L. Claborn showed that for every abelian group G there exists a
Dedekind domain R whose class group CI(R) is isomorphic to G. The question
was raised whether for every given G there is a half-factorial Dedekind domain R
with CI(R) ~ G. Theorem 3.6 in [CG97] shows that this question is equivalent
to the following:

Does every abelian group have a half-factorial generating subset?

For direct sums of cyclic groups this is obvious. In [MS86] Michel and Steffan
found various other classes for which the answers is yes. The general case is
wide open. However, it is at least easy to see that infinite groups have infinite
half-factorial subsets, as the following result shows.

Proposition 3.4. Let G be an abelian group. If G is infinite, it has an infinite
half-factorial subset. In particular, u(G) < oo if and only if G is finite.

Proor. If G is finite, then u(G) < |G| < co. Suppose that G is infinite and
consider the following three cases.

Case 1: G contains a subgroup isomorphic to Z. By the very definition it
follows that {—1} UN C Z is a half-factorial subset.

Case 2: G contains an infinite independent subset. Then Lemma 3.1.5 implies
the assertion.

Case 3: There is some prime p € P such that for every k € N, the group
G contains some element of order greater than p*. Let k € Ny and g € G with
ord(g) = p' for some [ > k. An inductive argument applied to Lemma 3.3 shows
that {p‘g|0 < i <1} is a half-factorial subset. O

Proposition 3.5. Let G be a finite abelian group which is either cyclic or el-
ementary (i.e., exp(G) is squarefree) and Gy C G a half-factorial subset with
|Go| = u(G). Then Gy is a generating subset. In particular, u(G) > u(H) for all
proper subgroups H < G.

PROOF. Assume to the contrary that (Gg) # G.
Case 1: G is elementary. Then there is a non-trivial direct summand such
that G = (Go) ® G2; whence Lemma 3.1 implies that

w(@) 2 p({Ga)) + u(G2) — 1> u({Go)) 2 1Col = (),
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a contradiction.

Case 2: G = C,, for some n € N;. Suppose that |{(Go)| = m and let p € P
with vp(n) > vp(m). Choose some h € Gy with

vp(ord(h)) = max{v,(ord(g))lg € Go} = v,(m).

Then there is some g € G with pg = h. Since v,(ord(g)) = pv,(m), it follows that
g & (Go). Thus Lemma 3.3 implies that GoU {g} is half-factorial, a contradiction
to |Gl = 4(G).

Therefore, Gy generates G which implies that u(G) > p(H) for every proper
subgroup H < G. d

Lemma 3.6. Let G = C} with r,n € Ny ,(e1,...,e,;) a basis of G and a =
Y1 aes, o/ =37 ale; € G distinct with ord(a) = ord(a’) and 1 < a;,a, < n
for every 1 < i < r. Let Go C G be a half-factorial subset with {e,,... e, a} C
Gg. Then we have

L Y7 (n—a)=n-ged{as,...,am,n},
2. Ifa’ € Gy and r = 2, then a; # a} and ag # d.
3. Ifa’ € Gy, then a;, = al implies that ord(a;e;) < ord(a) for every 1 <i < r.

PRrOOF. 1. By Lemma 2.1 we have ord(a) = o ey Since

is a minimal zero sequence, Lemma 3.2 implies that

1=k(U)= %(gcd{al, RN Z(n — a;)).

2. Suppose o’ € Gy and r = 2. Since ord(a) = ord(a’) =

gcd{al,T.L..,ar,n}’ 1
implies that
(n—a1) + (n —az) = (n—a}) + (n — aj).

Hence the assertion follows because a # o.
3. Assume to the contrary that @’ € Gg,a; = af and ord(a,e1) = ord(a). Then
there are ng,...,n, € N such that

U = gord@)-1y/ H ey’ € U(Gy).

j=2
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Note that U is irreducible, since (alel)‘“d(“)_la'lel is irreducible. Furthermore,
a # a' implies that 22:2 nj > 0. Therefore,

_ ord(a) — 1 1 1«
kU) = ord(a) + ord(a’) t o ;n] > 1

a contradiction. O

We present a method to count elements in an r-fold product of a finite set.
Let Z be a finite set, r e N, ,E C Z and H C Z". For a = (a1,...,a,;) € H and
V C [1,r] define

V(a)={j€[l,r]|a; € E}
and
H(V)=#{ac H|V(a) =V}
Let V be a system of subsets of [1, 7] such that V(a) € V for every a € H. Then
> H(V)=|H|
vevy
and forevery 1 < j<r
STH(V)=#{acH|jeV(a)}
VeV
JEV

Suppose that |V| > k > 1 for every V € V. Then

B HWV) <Y Y H(V);
vevy i=1 \]/EE‘\/«’

whence

< 230 Y HO).

Proposition 3.7. Let G = C;k with k,r € N_, p€ P and Gy C G a generating
half-factorial subset. Then we have

1. |Gyl < 1+7(pF—1),

2. If k=1, then |Go| <14 2.
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PRrROOF. By Lemma 2.1 in [GG98b] G contains a basis (eg,...,er).
1. For 1 <v <kset H,={g € Gp|ord(g) =p"}. Then

k
GoC{otu | J H..
v=1
Let 1 < v < k. In order to estimate |H, | we use all notations introduced above
with Z = Z/p*Z,E = {a + p*Z | ord(a + p*Z) = p*} and H = H,. Ifa € H,,
then |V(a)| > 1. Set
V={VC(r]||V]>1}
For 1 < j < r we have
Y H(V)=#{acH, |jeV(a)}

Vey
JEV

= #{a € H, | ord(a; + p*Z) = p"}

< #{a; +p*Z € Z | ord(a; + p*Z) = p*}
v v-—1

=p —Pp

where the inequality follows from Lemma 3.6.3. Therefore

IHVI < E § H,,(V) < T(py _pu—l)
j=1Vey
JEV

and
k

Gol <1+ > |H,| < 1+r(p* - 1).

v=1

2. Set H = Go\{0,e1,...,e+},Z =Z/pZ and E = Z\ {0+ pZ}. Let a € H.
Then
V(a)={j € [Lr]|pfas}
and 0 # a implies that V(a) # §. Assume to the contrary that |V (a)] = 1. Then

a = a;e; for some j € [1,r]; whence a; = 1 by Lemma 3.6.1, a contradiction.
Thus |V (a)| > 2 and we set

V={VCr|lVI=2}
Then Lemma 3.6.3 implies that for every 1< j <r

DY H(V)<p-2.

Vey
JjeEV
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Therefore we infer that

1« rp
|Go|S1+r+|H|§1+r+§Zl(p—2):1+5.
i=

4. AN UPPER BOUND FOR u(G).

In this section we follow ideas of J. Sliwa developed in [Sli82]. However, note
that Lemma 2 and its Corollary in that paper are incorrect.

Lemma 4.1. Let G be a bounded abelian group of exponent n and Gog C G a
non-empty subset. Then the following conditions are equivalent:

1. kK(U) € Ny for every U € U(Gy),

2. there ezists some f € Hom(G,Z/nZ) such that Gy C {g € G | f(g) =
—Org‘(g) + nZ}.

PROOF. 1) = 2) Defineamap f: Gy — Z/nZ by f(g) = oty TN for every g €
Gy. In order to show that f extends to a homomorphism f : (Gy) = Z/nZ let, for
every g € Go, integers mg € {0,...,ord(g) — 1} be given such that 3> o mgg =
0. We have to verify that 3 o mgf(g) = 0. Since B =[] 5, 9™ € B(Go)
allows a factorization into irreducible blocks, it follows that k(B) € N. Therefore,

3 meflg) = > 8 4 nZ = nk(B) + nZ = 0.

9€Go 9€Go ord(g)

Since Z/nZ is an injective Z/nZ module, f : (Gg) = Z/nZ may be extended
to a Z/nZ (and hence Z) module homomorphism f : G = Z/nZ.

2) = 1) Let U = [],cq,9™ € U(Go) be given. Then for some f €
Hom(G, Z/nZ) having the above property we infer that

0=F(0)= (Y meg) = Y —L 4 nZ = nk(U) + nZ;

g€Go 9€Go ord(g)

whence k(U) € N} .
O

Let G be a finite abelian group. Define 1o(G) as the maximal size of a subset
G C G for which the equivalent conditions of Lemma 4.1 hold. Then Lemma 3.2
implies that

1(G) < po(G).
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Using property 2) of Lemma 4.1 we shall determine po(C?). To do so we have
count to the number of solutions of a certain congruence. For n,k € N, let

or(n)= Y d*
1<d | n
the sum of the kth powers of the divisors of n.

Proposition 4.2. Let r,n € Ny, d,aq,...,a, € Z and c = gcd{a,,
1. Ifc | d, then

RO/ 3

#{x €[1,n]" | Zaizi =d mod n} =cn™ L
=1
2. If c=1, then

#{x e [l,n]" | Za,«zi =ged{z1,...,z,,n} mod n} =o,_1(n).

=1

3. #{x € [Ln]" | ¥I_;a;x; = ged{z1,...,2,,n} mod n} = o,_1(n’) for
some divisor n’ of n.

PROOF. 1. see Proposition 3.1 in [McC86].

2. Supposec=1. lfd{nand Y !_; a;z; =d mod n, then ged{x;,...,z,,n}|d.
Therefore, we have

#{xel,n]" | Zaixi = ged{zy,...,z,,n} mod =n}
=1

= 2 #{x e [1,n]" | Zaﬂ?iEd mod n, d | ged{z,...,z,,=n}}

1<d | n im1
n r T _ n
= Z #{y € “’E] | Zaiyi =1 mod _J}
1<d | n i=1
.,
=) (7) t=o,1(n).
1<d | n

3. We proceed by induction on n. Obviously, the assertion holds for n = 1.
Suppose n > 2. If ¢ = 1, then the assertion holds by part 2). Suppose there is

some p € P such that p | ged{a1,...,a,,n}. Then there is a bijection between
the set of all x € [1,n]" with

T

E a;z; = ged{z1,...,2,,n} modn
i=1
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and the set of all y € [1, 2]" with

" n n
Zaiyi = ged{y1,.- -, ¥, ;} mod ;

Hence the assertion follows by induction hypothesis. |
Theorem 4.3. uo(Cr) = o,-1(n) where n,r € N;..

PRrROOF. Let G = C’T, (e1,...,€,) a basis of G, f € Hom(G,Z/nZ) and G; =
{9eG| flg) = oy T nZ}. By Lemma 4.1 we have to estimate |G |. Suppose
fle)=a;+nZfor1<i<randletg=>._,ze; € Gwithzy, ...,z €[1,n]

Then Lemma 2.1 implies that ord(g) = Therefore we infer that

N
ged{z1,...,zr,m}"

Gy = {Z zie; | x € [1,n]” Zalzl = ged{zs,...,zr,n} mod n}.

i=1

Proposition 4.2 implies that |G¢| = o,_1(n’) for some divisor n’ of n. Further-
more, if f is surjective, then ged{a1,...,a,,n} = 1; whence |Gf| = 0,_1(n). O

Corollary 4.4. Let G be a finite abelian group of exponent n and rank r. Then
#(G) < or—1(n).

PROOF. Set G=Cy, © - ®C,, with 1 <nq|...|n, =n. Then

n(G) < p(Cy) < po(Cr) = ar—1(n).

5. SPLITTABLE SETS AND CYCLIC GROUPS

In this section we characterize half-factorial subsets of cyclic groups in terms of
splittable sets. This notion was introduced by A. Zaks (cf. Theorem 4 in [Zak76])
and further studied by P. Erdés and A. Zaks in [EZ90].

Definition 2. A set N C N, is said to be splittable, if given distinct elements
ni,...,n € N and positive integers k1,...,k € Ny such that Zl 1 %L € Ny,
then there exist k] € {0,...,k;} for every 1 < i < such that s

_,__
=1 n, L.

Lemma 5.1. Let N C N, be chain of divisors (i.e., n,n/ € N with n’ < n
implies n'|n). Then N is splittable.
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PROOF. Let ni,...,n; € N withny|...|n; and kq,...,k € Ny such that Zi:l %L
m

i

=35 €N,. If s =1, we are done. Suppose s > 2. Set m = Hizl n; and m; = =

i

for 1 <¢ <. Then my|...|my and 22:1 kim; = sm. Let ¢t € Ny be the smallest
integer such that 22:1 k;m; > m. Then

-1
0< m-Zkimi < kymy
=1
and m; | m — Zf;i k;m;. Therefore there is some k; € {0,...,k; — 1} such that

t—1 / .
m — y_._; kim; = kim,; whence

O

Lemma 5.2. Let Gy C Z/nZ with2 < n € N, a generating half-factorial subset.
Then there exists some ¢ € Aut{Z/nZ) such that p(Go) C{a+nZ |1 <a<
n, aln}.

PROOF. By Lemma 4.1 there exists some f € End(Z/nZ) such that
n
- = G = -— Z}.
GoCGr={9€G|f(g) ord(g) T " }
Suppose f(1+nZ) =r + nZ for some 1 < r < n and set s = gcd(r,n). Then
G;={a+nZ | ar =gcd(a,n) mod n};
whence sla for a + nZ € Gy. Since (Gy) = (Gf) = Z/nZ, it follows that s = 1.
Therefore
Gs={a+nZ | ar =gcd(ar,n) mod n}.
Define ¢ : Z/nZ — Z/nZ by ¢(z + nZ) = rz + nZ for z € Z. Then
0(Gs) = {ar + nZ | ar = ged(ar,n) mod n}
={b+nZ|1<b<n, b=ged(bn) mod n}
={b+nZ|1<b<n, bn}
O

Theorem 5.3. Let n € N., A C [I,n], D = {d € N, | d divides n} and
Go={a+nZ|ac A}
1. If Gy is a generating half-factorial subset, then there is some ¢ € Aut(Z/nZ)
such that ©(Go) C {d + nZ | d € D} and {ord(g) | g € Go} C Ny is splittable.
2. IfACD and {% | a € A} C Ny is splittable, then Gy is half-factorial.
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3. p(Cr) = max{|A| | AC D, A is splittable}.
ProoOF. 1. The first assertion follows from Lemma 5.2. Since for every ¢ €
Aut(Z/nZ) and every g € Gy ord(g) = ord((g)) we may assume that
GoC{a;+nZ |1<i<k, a; € D}.
Then for every 1 < ¢ < k we have ord(a; + nZ) = > = n;. Suppose that
Zk 2t ¢ N, . Consider the sequence

i=1 n,

k
B= H(ai + nZ)*

i=1

k
Z—lzlgpazem,

Ve’
i=1 " i=1

Then

whence fol kia; = 0 mod n ie., B is a block. Therefore, there is some irre-
ducible block U = Hle(ai + nZ)* dividing B. Thus 0 < k} < k; for every
1<i<kand

ko

1

- n;

2. Suppose that A = {a1,...,ax} C D and {n; = ;> | 1 <i <k} is splittable.

Let some
k

U = [](ai + n2)* € U(Gy)

i=1
be given. Then Zle kia; =0 mod n; whence
k

Z%:—Zkaiel\u
i

=1 =1
By assumption there are k] € {0,..., k;} such that

k k
S E LIS ka=t

3 7 .
i= i=1

—

Therefore, U’ = Hle(ai + nZ)*: is a zero subsequence of U whence U’ = U and
1=k(U")=kU).

3. If A C D is splittable, then |A| < u(C,) by 2. Conversely, let Gy C Z/nZ be
half-factorial with |Gy| = p(G). Then Gy is a generating subset by Proposition
3.5. Therefore 1) implies that u(G) = |Go| < max{|A| | A C D is splittable}. O
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Main parts of the following Corollary were first achieved by Skula (Proposition
3.4 in [Sku76]), Sliwa (Lemma 1 in [S1i76]), Zaks (Corollary 5 in [Zak76]) and by
Michel and Steffan (Proposition 5 in [MS86]).

Corollary 5.4. Let p € P be a prime and k € N .

1. Go = {p"+p*Z | 0 < i < k} C Z/p*Z is a generating half-factorial
subset. For every generating half-factorial subset H C Z/p*7Z there is some ¢ €
Aut(Z/p*Z) such that o(H) C Gy. In particular, p(Z/p*Z) = k + 1.

2. Let Z(p>™) ~ G = 'z‘—;‘,-— |a€Z, ie NY/Z C (Q/Z,4). Then Go =
{# +Z | i € N} C G is a generating half-factorial subset.

Proor. 1. Gy is half-factorial by Theorem 5.3.2 and Lemma 5.2. The sec-
ond assertion follows from Theorem 5.3.1. Using Proposition 3.5 we infer that
wW(Z/p*Z) =k + 1.

2. Gy is a generating subset by construction. Since half-factoriality is a prop-
erty of finite character (see Lemma 3.1.1) implies that Gy is half-factorial. a

6. LOWER BOUNDS FOR p(G)

Definition 3. For a finite abelian group G let s(G) € N, denote the minimum
of all s € N} such that every S € F(G) with |S| > s has a zero subsequence S’
with || = exp(G).

For a finite abelian group G the invariant s(G) plays a key role in zero sum
theory. Furthermore, it allows a geometric interpretation if G = (Z/nZ)”. We
list some main results on s(G). For more information the reader is referred to the
paper of Alon and Dubiner [AD93].

Lemma 6.1. Let G be a finite abelian group and n € Ny. Then we have
1. (Frdos-Ginzburg-Ziv-Theorem) s(Cyp) = 2n — 1,
2. 5(G) < |G| +exp(G) — 1,
3. s(C,®C,) <6n—5,
4. For everyr € Ny there is some constant c(r) € Ny such that s(C) < ¢(r)n.

PROOF. 1) was first proved by Erdés, Ginzburg and Ziv in [EGZ61]. For a variety
of different proofs of 1) and for 3) and 4) cf. [AD93]. 2) is due to Gao and Yang
(GY97). O

Corollary 6.2. Let G be a finite abelian group of order n, m a divisor of n and
S € F(G) a zero sequence of length |S| = 2n — m. Then S contains a zero
subsequence S’ of length |S'| = n.
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PROOF. Let H be a subgroup of G with |G/H| = m and ¢ : G — G/H the
canonical epimorphism. Since

[p(S)] = [5] = m(2|H| - 1)

we can apply Erdos-Ginzburg-Ziv-Theorem (2|H| — 1)-times to obtain subse-
quences Sy, ..., SQ‘H|,2 such that S = 5,5, ... SQ|H|_2, lSll == |521H|—2| =
m and ¢(S1),...,9(Syp|—2) have sum zero in G/H. But this implies that
1So| = m and ©(Sp) is a zero subsequence in G/H. Therefore T = ]—L.:}gl*2 {S;)
is a sequence in H. Applying the Erdos-Ginzburg-Ziv-Theorem to T' we obtain
the assertion. 0

Theorem 6.3. Let G = H & C,, be a finite abelian group with exp(H) = m and
exp(G) = n where m|n.

1. If D(G) < 2n or s(H) < n+m, then u(G) > % + 1.
2. If n is even, D(G) < 2n and |G| = n?, then u(G) > n + 2.

Remark. Note that |G| < n? implies |H| < n; whence Lemma 6.1.2 yields s(H) <
n+m — 1. Part 2) shows that the Corollary after Lemma 2 in [Sli82] is incorrect.

PROOF. Set G = H @ (a) with ord{a) = n and n = mk. Define
Go={0}U{h+a|heH}
Then |Go| = 1 + |H| =1+ L.

1. To show that Gy is half-factorial we verify that kK(U) =1 for every 0 £ U €
U(Go). Let 0 # U = [1;c;(hi +a) € U(Go) be given. Since k(U) = %, we have
to check that |U| = n. Clearly, n = ord(a) divides |U].

If D(G) < 2n, then 1 < |U| < D(G) < 2n implies that |U| = n.

Suppose that s(H) < n + m. Assume to the contrary that

IS| > 2n =n+ km.

By definition of s(H) there exist k zero sequences V, = [[,c, h; with [V,| =
exp(H) = m for 1 <v < k such that Vi ... Vi | [[;c; hi- Then

k
S =1 [] (h: + o)
v=licl,
is a proper zero subsequence of S, a contradiction.
2. Suppose that n is even, D(G) < 2n and |H| = n. Set a* = %a and
G} = Go U {a"}. To show that G§ is half-factorial it remains to consider blocks
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U € U(Gp) of the form

U =a"[](h: +a) € U(Go).
icl
Since U has sum zero and D(G) < 2n, it follows that |I| € {%, 3}. Assume to
the contrary, that |I| = 2. Then by Corollary 6.2 the sequence [, ., hi contains
a zero subsequence [, ;, h; with [I'] = n. Therefore, [];c; (hi + a) is a proper

zero subsequence of U, a contradiction. This implies that |I| = % and

1 1
k(U) = 5T |I|ﬁ =1.
a
Part 2) of the following Corollary was first established in [GK92] Theorem 8.

Corollary 6.4. Let n,r € N, and Q(n) the number of prime divisors of n
counted with multiplicity.

L 1+ (r=2[5D)9n) + n[5] < u(C;) < or-1(n).

2. If n=peP, then

L+ (r—2(Z]) +pl5] < w(C)) S 1+ 7

3. Ifn=peP and k € N, then

. pFHl 1
1+p~ < u(Cpk @Cpk) < ‘—F
PROOF. 1. The right inequality follows from Corollary 4.4. Let n = py ... p, with
s = Q(n) and py,...,ps € P. Then {Hlepi | 0 € k < s} is a splittable set of
divisors of n; whence pu(Cr) > s+ 1 = Q(n) + 1 (cf. Theorem 5.3 and Lemma
5.1). Theorem 6.3 implies that u(C, & C,) > n + 1. Thus the left inequality
follows from Lemma 3.1.4 by induction on r.
2. Since Q(p) = 1, the left inequality follows from 1. Let Go € G = Cj be
a half-factorial subset with |Go| = u(G). By Proposition 3.5 Gg is a generating
subset; whence Proposition 3.7 implies that |Go| < 1+ %%,
3. This is a consequence of 1. O

Corollary 6.5. Letpe P, k,s € N, withk >2, p+k>6andG = (Cpk)(”“)s.
Then u(G) > 1+ spP*~ 1. If Go C G is half-factorial with |Go| = (G), then
(Go) # G but u((Go)) = p(G).
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PROOF. Set H = C;’k,l@Cpk. Then exp(H) = p* and D(H) = p*4+p(p*F~1-1) <

2p*. Thus Theorem 6.3 implies that u(H) > 1+ pP=1_ By Lemma 3.1.4 we
infer that

u(G) > p(H®) > 1+ s(u(H) — 1) > 1+ spP* D,

Let Gy C G be a generating half-factorial subset. Then Proposition 3.7 shows
that

|Gol < 1+s(p+1)(p* - 1).

Since 2 < k and p + k > 6 it follows that |Gy| < u(G). Therefore, if Gg C G is
half-factorial with |Gg| = p(G), then (Go) # G but

1(G) = |Go| < pu({Go)) < p(G).
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