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THE HOMOGENEOUS APPROXIMATION PROPERTY IN THE
BERGMAN SPACE

ALEXANDER P. SCHUSTER

COMMUNICATED BY VERN 1. PAULSEN

ABSTRACT. It is shown that sets of sampling for the Bergman space A? have
the “homogeneous approximation property” (HAP) and that sets with this
property are sampling for A21¢. In addition, previous results concerning the
boundary behaviour of sampling sets are improved.

1. INTRODUCTION

For 0 < p < oo, the Bergman space AP is the set of functions f analytic in the
unit disk D = {z : |z| < 1} with

1715 =7 [ 1f@PaAG) < oo,

where dA denotes Lebesgue area measure. If p > 1, AP is a Banach space with
norm || - ||, If 0 < p < 1, it is a complete metric space, where the metric is given
by d(f,g) = Ilf — gli5-

A? is a Hilbert space with inner product

)= [ FEEA)

and reproducing kernel k,(z) = (T—la‘—z)f at @ € D. That is, (f, k) = f(a) for

all f € A%. Tt actually turns out that this holds for f € AP, 1 < p < co. Let now
k. 1 |af?
k() = 22 _ A2l
[Ball2 (1 —a2)

be the normalized kernel at a.

1991 Mathematics Subject Classification. Primary 30D99, 30HO05.
Keywords: Bergman space, sampling, interpolation.
707



708 ALEXANDER P. SCHUSTER

A space closely related to AP is A="(n > 0), which consists of functions f
analytic in D with

I£ll-n = sup(1 - |2[*)"|(2)] < oo.
z€D

A" is also a Banach space. It is easy to see that for any § > 0, A~ (1/P=9) C AP
One can also check that AP C A~2/P,

A sequence T of distinct points in D is said to be a set of sampling for AP if
there exist positive constants K; and K3 such that

(1) KUfIE <> (1= 122215 (2)P < KallFI

zel

for all f € AP. Likewise, I' is a set of sampling for A~ if there is a K such that
1£1l-n < K sup(1 — |2]*)"] f(2)]
zel

for all f € A~™. (The analogue of the upper inequality in (1) is automatically
satisfied here.)

Given a sequence I', let T, be the linear operator which maps an analytic
function f to the sequence {f(z2)(1 — |Z|2)%}Ze[‘. Then T is said to be a set of
interpolation for AP if T,,(AP) D ¢P. Likewise, ' is a set of interpolation for A™"
if Ty (A77) 2 £°.

Seip [13] completely characterizes sets of sampling and interpolation for A™",
as well as for A%, using methods which may be extended to AP for 0 < p < co.

Let B now be AP or A~". We say that I' is a B zero set if there is a nontrivial
function f € B which vanishes precisely on I'. By theorems of Horowitz [4] and
Luecking [5], it suffices for f to vanish at least on I'. We say that I is a set of
uniqueness for B if it is not a B zero set. It is clear from the definition that a B
zero set cannot be a set of sampling for B and it is not difficult to show that a
set of interpolation for B must be a B zero set. One may also demonstrate that
[ is a set of uniqueness for A? if and only if the span of {k,}scr is dense in A%

The main results of this paper will be divided into two sections. In §3 we
determine a condition on a sequence, the homogeneous approximation property,
which is necessary and almost sufficient for it to be a set of sampling for A?. In §4,
we improve results in [8] about the behaviour of sampling sets near the boundary
and we discuss some of the relationships between sampling and zero sets.
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2. SEIP’S DESCRIPTION OF SETS OF SAMPLING AND INTERPOLATION

In order to state Seip’s theorems, we need a few definitions. The pseudo-
hyperbolic metric p is defined on D by p(z,() = |¢;(z)|, where
_ (-2
1 Zz’
For r < 1, let B({,r) = {2z : p(¢,2) < r}. A sequence I' = {24} is uniformly
discrete if there is a § > 0 such that p(z;, z;) > § for all i # j.

For 0 < s < 1, let nr((, s) be the number of points of I’ contained in B((, s).
Define, for T" uniformly discrete,

oc(z) z,( eD.

_ Jo nr(¢, s)ds
Dr(6r) = 2[09 o(B(0,5))ds’

where

is the hyperbolic area of a measurable subset €2 of the disk. Note that
a(B(¢,s)) = a(B(0, s)) for all { € D.
The lower and upper uniform densities are defined, respectively, to be

D (T) = liminf inf Dr((,)
and

D*(T) = limsup sup Dr(, 7).
r—1 (€D
The following results were proved in [13] for A~™ and A? and stated for AP
(0 < p < ) in [3]. (For a fully detailed proof of this last case, see [9] or [10].)
See also [11] for a different characterization of sets of interpolation for AP.

Theorem 2.1 (Seip). A sequence T' of distinct points in the disk is a set of
sampling for AP if and only if it is a finite union of uniformly discrete sets and it
contains a uniformly discrete subsequence I" for which D~ (I") > %. Also, T is a

set of sampling for A™" if and only if it contains a uniformly discrete subsequence
I for which D~ (I") > n.

Theorem 2.2 (Seip). A sequence I' of distinct points in the disk is a set of
interpolation for AP if and only if T is uniformly discrete and D(I') < %. Also,
T is a set of interpolation for A™™ if and only if I' is uniformly discrete and
D*(T) < n.
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Roughly, the theorems indicate that I' is a set of sampling if there are many
points of I' per unit of hyperbolic area everywhere in the disk. T is a set of

interpolation if there are not too many points per unit of hyberbolic area anywhere
in the disk.

3. THE HOMOGENEOUS APPROXIMATION PROPERTY

In the proofs of Seip’s theorems, the concept of a weak limit, introduced by
Beurling in [1], is used extensively. If A is a closed set in D and ¢ > 0, then

Ay ={zeD:p(z,a) <t for some a € A}.
For A and B closed, the Hausdorff distance is
[A,B]=inf{t: AC B, and B C A;};
and we say that A, converges weakly to A (A, — A) if
(A, NK)UOK,(ANK)UBK] >0

for every compact set K C D. We denote by W(T") the collection of sequences A
such that ¢¢, (') = A for some sequence of Mébius transformations {¢¢, }.

In [13] it is noted that if T is uniformly discrete and W (T") consists only of sets
of uniqueness for A=", then I is a set of sampling for A~". The converse also
holds. In some sense then, a set of sampling can be viewed as a set whose M&bius
transforms are “uniformly” far from being zero sets. We make this idea precise
in what follows.

Let { € D and g € A% Define { * g by ¢ x g(z) = g(¢¢(2)) 8¢ (2).

If B is a Banach space, f € B and M is a closed subset of B, then the distance
between f and M is defined to be

d(f,M) = inf{||f — h|lB : h € M}.

Suppose now that I' is a sequence of distinct points in D. We say that I' has the
homogeneous approximation property (HAP) for A? if given € > 0 and g € A2,
there is an R < 1 such that

d(¢ * 9,Sp(,r)nr) < €
for all ( € D, where Sj4 is the closed span of {k, : a € A}. This definition was
inspired by a similar concept of the same name in [6]. By earlier remarks and an
application of the definition to ¢ = 0, we see that a set with the HAP for A% is

a set of uniqueness for A%2. We are now in a position to state the main result of
this section.
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Theorem 3.1. Let T' be a uniformly discrete sequence of points in D and let
€ > 0. IfT is a set of sampling for A%, then T has the HAP for A%2. On the other
hand, if T has the HAP for A?, then T is a set of sampling for A2te,

This will follow from

Lemma 3.2. Let I' be a uniformly discrete sequence in D. ' has the HAP for
A? if and only if W(T') consists only of sets of uniqueness for A2.

PROOF OF THEOREM 3.1. The first statement follows from Lemma 3.2 and the
fact that if T is a set of sampling for A2, then every A € W(T") is a set of uniqueness
for A%, Consider now the second statement and suppose T has the HAP for A2,
Choose & > 0 such that 1/2 —6 > 53-. Since A=(//2-9) C A? and by Lemma 3.2,
W (T') contains only sets of uniqueness for A~(1/2-%) By the previously noted
fact in [13] then, I is a set of sampling for A~(1/2-9) and so

_ 1

This, in turn, implies that T is a set of sampling for A%+¢. ]

We start by listing some technical facts concerning the above definitions. By a
change of variables argument, one sees that

IS« gll2 = liglle-
Elementary calculations give us
(2) ¢((¢w(z)) = 0(<7w)¢¢w(()(z)’
where 6(¢,w) = % is a complex number of modulus one. By differentiating

(2), we obtain
d)/((d)w(z))({bw,(z) =98(¢, w)ﬁb:;sw(()(z)'
be(c(2))ge(2) =1

is arrived at by differentiating the equation ¢¢(¢¢(z)) = z. From this follows the
fact that

CxCxg=g.
Given 0 € T = {z : |z] = 1}, define gg by go(z) = g(fz). A calculation shows
that

(3) (¢ (C) * go(c,w) )(2) = (w  { x 9)(2)/0(C, w).
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Using the identity
(1= g (2)pc(w)) "¢ (w)gi(2) = (1 —zw) 2,

we obtain
$r (Pw(a))
kg ()(2) = 20— (w * kg)(2),
#@) = fg Guay
from which it follows that
(4) ’LU*SA=S¢W(A).

We now proceed with the proof of Lemma 3.2. We need to ensure that any
Mobius transform of a set with the H AP also has the HAP. The constant 6(¢, w)
on the righthand side of (3) presents a problem that we have to deal with first.

Lemma 3.3. Suppose uniformly discrete T' has the HAP for A? and let g € A2,

Consider {go}ocT, where go(z) = g(0z). If € > 0, then there exists R < 1 such
that

d(¢ * 96,SB(¢c,R)nr) < €
forall{ € D and all 6 € T.

PROOF. Let h € H*, the set of bounded analytic functions, and #,8, € T.
Suppose that |h(z)| < C for all z € D.

|ho(2) — heo (2)* < 2(1h(82)]? + |1(B02)|?) < 4C°

so by the dominated convergence theorem, we see that limg_,g, ||he — hg,|l2 = 0.
For every 8y € T then, there is a neighbourhood Ny of 8y such that

f < No = th — h90||2 < 6/6.

Let g € A%, Since H™ is dense in A2, there is an h € H> such that ||h—gl|2 < €/6.
Therefore, 8 € Ny implies that

llge — geoll2 < llgs — holl2 + [lhe — hayll2 + l198, — o, l2
= 2||g — hll2 + [|he — he,||2
< €/f2.

Since Ny is compact, we obtain finite sets {6y,...,85}, {N1,..., N5} for which
the above holds. For i = 1,...,s, there exists R; such that

(5) d(¢ * o, SB(¢,Ri)T) < €/2
for all ¢ € D, since I' has the HAP for A%
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Let R = max{Ri,...,Rs}, 6 € T and ¢ € D. There is an ¢ such that § € N;

and so by (5), there is a function f € Sp(¢ g,)nr such that ||C * gs, — fll2 < €/2.
Therefore,

1€ g6 = fll2 < II¢ % go — € * go,
<e/2+€¢/2=¢.

2+ 1€ * g6, — fll2 = llgo — go.ll2 + 1€ g, — fll2

Thus, d(¢ * gs, Sp(¢,rR)nr) < € .

Lemma 3.4. Let e > 0 and suppose I' is a uniformly discrete sequence in D with
the HAP for A%, If g € A2, then there is an R < 1 such that

wa Q . o
T I PBCR)NGw(D)
for all {,w € D.

PrROOF. By Lemma 3.3, there is an R < 1 such that d(¢.(¢)*gs, S (4., (¢),R)nr) <
eforall {(,w € D and all § € T. Now fix w,{ € D. By (3), there is a 8y € T such
that ¢u () * g9, = (w * ¢ * g)/6o. Then

d(C * 9,8 B(¢,R)N$u(r)) = d(w * ( * g, w * Sp(¢, RN, (T))
= d(w * ( * g,SB(4,(¢),R)nT)
= d((w * ¢ * g)/60,SB(¢,(¢),R)nT)
= d(¢w($) * 960+ SB(4 (¢), R)T) < E.

O

Before we can complete the proof of the necessity part of Lemma 3.2, we need
some results concerning the behaviour of S 4 when A is shifted slightly.

Lemma 3.5. Let B be a Banach space. If f,g € B with Cy < ||f||s, llglls < Ca,

then ||—f— - LHB < C||f - glls for some other constant C.
Iflls  llglls

ProoOF. This follows from a straightforward application of the properties of a
norm. ]

Lemma 3.6. Let 0 < s < 1 and suppose that a,b € B(0,s). There is a constant
C, depending only on s, such that ||k, — ks||2 < Cp(a,b).
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PROOF.
- 1 2
ko — k)2 = A
Ko — ol / = | 4
- —(1-a2)2|*
_1 (1-82)2-(1 _az) dA(z)
(1—-a2)%(1 — bz)?
< C/ (1 —b2)2 — (1 — @2)?|?dA(z)
_ c/ 12(5 — @)(2 — (@ + B)2)|2dA(2)
D
< Cla —bJ* < 4C(p(a,b))>.
An application of Lemma 3.5 yields the desired result. O

If {x;}7, is a linearly independent set of elements of unit norm in a Hilbert space,
then we say that {w;}/%; is its orthogonalization if w; = z; and

i-1
wp = x5 — (s, w;)w;
=1
for ¢ = 2,...,m. This process is similar to the Gram-Schmidt process except that

we don’t normalize at each stage.

Lemma 3.7. Letm € N. There is a constant C such that if {z;}, and {y;}7,
are two linearly independent sets of elements of unit norm in a Hzlbert space and
{wi}i21, {2}, are their orthogonalizations, respectively, then

lwi — 2|l < C max |lz; — y;]|
j=1,...,m
fori=1,...,m

PRrROOF. Because of the inequality
i—1
lwill < 147 Jlwyl?
Jj=1

there is a constant C such that ||w;]|,]|z:]] < C for i = 1,...,m. Using this fact,
as well as the triangle and Cauchy-Schwarz inequalities several times, we obtain
i—1
l[wi = ]| < (Cm = C + Vllzs — yill +2C Y [lw; — z]l-
j=1
This last inequality leads directly to the desired result. O
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We turn now to the proof of Lemma 3.2.

PROOF OF THE NECESSITY. We prove that every A € W(T') has the HAP for A2.
Let € > 0 and g € A2. Without loss of generality, we may assume that ||g||, = 1.
Since A € W(I'), there is a sequence {A,} of images of Mobius transformations
of I' such that A, — A. By Lemma 3.4, there is an R < 1 such that

(6) d(¢ * 9,8 B(¢,R)nA,) < €/3

for all ¢ in D and all n.

Let ¢ € D and choose s < 1 such that B({, R) C B{0,s). We note that the
uniform discreteness of T' implies that A is also uniformly discrete. Thus we write
B((,R)NA = {a1,...,am}. By the definition of weak convergence, there is an
N1 such that n > N; implies that there are precisely m points in B(¢, R) N A,.

{ka,}j=1 is a linearly independent set, so we let {l,;}72; be its orthogonal-
ization. Let K = minj—; . m{||ls,|l2}. Lemmas 3.6 and 3.7 tell us that there is
a constant C such that if {b7,...,b%} is another set of distinct points, then for
i=1,...,m

¥

Mo, = lozll2 < Cj:r{laxm{/)(ajvb?)},
where {ly»}7, is the orthogonalization of {ken}7L1. There is a d; such that

]_r{lax {p(a], T} <61 =l > K/2
for i =1,...,m and we choose Ny such that

Ke

Now, let n > max{Ni, Na}. By (6), there is an f € Sp( r)na, such that
¢ * g — fll2 < ¢/2 and ||fll2 < 2. Let {b;}72, = B({,R) N A,. We suppress
the superscript as n is now fixed.

(f,1
Write f = 3°7" ) Ajly,. Since {ly; }72, is orthogonal, f = Z f“ b G2 There-
: b,
fore, \; <”J;’ IE b;) and so Bessel’s inequality implies that
bjil2

m I

Jj=1
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Therefore,

ol
ZIA = Z'f Al L <K < 16K

Deﬁne h = Z j=1 )‘jla_j' Then h [S SB(C,R)I"\A a‘nd

If— h||2—||ZA a; — o)l < 2™ 1Z|A||| oy — I,)12

j=1
B L K22
<2 Z|)\j| 2mﬁﬁﬁ/z
7j=1
Therefore
[¢*xg—Rlz <lC*g—flla+If —hll2<e
and so d(¢ * g,Sp(¢c,r)na) < €. Hence A has the HAP for A2. O

The idea for the following is based on the proof of Theorem 3 in [6].

PROOF OF THE SUFFICIENCY. If I" doesn’t have the HAP, then there is an e > 0
and a g € A? that defeat it. Let {¢,} € D and R,, — 1 such that by (4),

d(9,8B(0,Rm)T,) = d(Cn * 9,8 B (¢, Ra)NT) > €

for all n, where I', = ¢, (I'). By passing to a subsequence if necessary, we may
assume that I', — A, for some A. Let R < 1 and B(0,R)NA = {a1,...,an}.
Let f € Sp(o,r)na and write f = Z;”zl Ajka;. Choose n so large that R, > R
and the number of points in B(0, R) N T, is precisely m. By Lemma 3.6, choose
N such that

€

n>N = kg, — kb?”Z < 2(’"’“)/2(2 |/\j|2)1/2’

where {b7,...,b%} = B(0,R)NT,.
Let n > N and now suppress the superscript n as it is fixed. If we define
h = z;n:l )\jkbj, then h € SB(O,R)nFn - SB(O,Rn)ﬂI‘n and

||h—f||%:||ZAj(kaj— ||2<2m12|x||| o; — kb,)13

6

m—1 2 _ 2
<2 ZI’\lgmHZMP—e/‘l
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50 ||k = fll2 < €/2. Therefore

lg—fll2>llg =kl — |k = fll2 > e —€/2 =¢/2

and so

(7) d(g,SB(0,R)nA) > €/2.

Since R < 1 was arbitrary, (7) implies that A is an A2 zero set, contradicting the
hypotheses of the lemma. Thus I" has the HAP for A2. O

A natural question is whether the ¢ > 0 is necessary in the statement of
Theorem 3.1. In other words, is there a set with the HAP for A? which is
not a set of sampling for A2? Unfortunately, the answer is yes. Before we can
discuss an example of such a situation, we require a technical lemma.

Lemma 3.8. Let T' be a uniformly discrete sequence in D. Suppose I' has the
property that there is an analytic function g which vanishes precisely on I' with

®) 19()] ~ p(z, D)1 = [2[2)7"/2

for all z € D. Then every member of W(I') also has this property. We say that

f1(2) = fa(2) if the ratio of f1(z) and fa(2) is bounded above and below by positive
constants.

PrOOF. Because of (8) and the identity

’ _ 1- |¢C (Z)|2
l¢g(z)| - 1= |Z|2 ’
we have
19(6¢(2))(¢:(2)?] = p(z, ¢ (T))(L — [2*) 742
If A € W(T'), then there exists {(,,} € D such that ¢, (I') = A. If we define
gn(2) = 9(¢¢, (2))(¢), (2))*/2, we see by the above that there is a constant C such
that [|gn||-1/2 < C for all n. Because of the compactness property of A~'/2, there
is a function f and a subsequence {g,, } such that g,, — f uniformly on compact
subsets of D. It is easy to see that f vanishes precisely on A and satisfies the
condition (8). O

In [12], Seip shows that if I" is a uniformly discrete set in D with the above
property, then

1

D~ (I')=D*() = 3
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and T is a set of uniqueness for A2. Therefore, by Lemmas 3.2 and 3.8, the sets
. 2 1 . . .
I'(a, b) with bloga =3 constructed in [12] and defined later in the present article
for the reader, provide examples of sets with the HAP for A? which are not sets
of sampling for A%. Notice that T, /2, as defined in [8], is also an example of this
phenomenon.
We remark that all of the analysis in the previous section can be applied to a

certain class of weighted Bergman spaces, as well as the Bargmann-Fock space.

4. BOUNDARY BEHAVIOUR OF SETS OF SAMPLING

Sets of sampling, as can be seen from the definition, must be fairly dense near
the boundary.

An open set W in C will be called an N-type neighbourhood if it is inter-
nally tangent to T at one point or if it contains an arc of T. We say that a se-
quence of points I" in D accumulates strongly if for all N-type neighbourhoods W,
DY NW)>o0.

In [8], it is shown that if a sequence ' does not intersect every N-type neigh-
bourhood, then D~ (T") = 0. As a corollary, we see that sets of sampling intersect

every N-type neighbourhood. The following lemma allows us to strengthen this
result.

Lemma 4.1. Let T be a sequence of distinct points in D. If I' does not accumu-
late strongly, then D—(T") = 0.

ProoOF. If I doesn’t accumulate strongly, then there is an N-type neighbourhood
W such that DY (I'N W) = 0. Note that D=(I' \ W) = 0, since I'\ W does not
intersect W. Lemma 1 of [8] states that

(9) D (AuB)< D (A)+D*(B)< DT(AUB),
if A and B are disjoint. Therefore,
D) <D ITNW)+D (I'\W)=0.
O

It follows from the work in [2] and (7] on the spectrum of the multiplication
operator acting on the invariant subspace of AP generated by a Bergman space
zero set, that if A and B are AP zero sets whose union is a set of sampling for AP,
then both A and B accumulate everywhere on T. (See [10] for details.) If A and
B are actually sets of interpolation, we can say a little bit more. We first need a
result about the density of the part of a sequence in an N-type neighbourhood.
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Lemma 4.2. Let T be a sequence of points in D with D~ (I') = D*(T'). For any
N -type neighbourhood W, D*(T') = DT NW).

PROOF. By (9),
D (T) < D (T\W)+ DY NnW) < D).

By the hypotheses of the lemma and since D~ (I' \ W) = 0, we obtain the result.
a

Proposition 4.3. Let I' = AU B be a uniformly discrete set of sampling for AP.
If one of A or B is a set of interpolation for AP, then the other will accumulate
strongly. The result is sharp in the sense that if ¢ > p and I' is sampling only
for A1, then neither A nor B need accumulate everywhere. It is also sharp in the
sense that if 1 < p and A and B are interpolating for A", then neither A nor B
need accumulate everywhere.

PROOF. If A does not accumulate strongly, then D~ (A) = 0. Therefore,
D=(T)=D (AUB)< D (A)+ D"(B) <1/p,

which contradicts the fact that T’ is a set of sampling for AP. To prove the
sharpness of the result, we recall the example provided by Seip in [12].
Let a > 1,b > 0 and let

Afa,b) = {a™(bn + 1) }m nez,

where Z is the set of integers. A(a,b) is a sequence of points in H*, the upper
half-plane. An analytic isomorphism from D to H' is given by

¥(z) = i)

1-—-2

and we define
(a,b) = ¢~ (A(a,b)),

so I'(a, b) is a sequence of distinct points in D. In fact, I'(a, b) is uniformly discrete
and Seip shows that

D™ (I(a,b)) = D*(Ia,b)) = if;a'

In [8], we introduce a special class of subsequences of I'(a, b).
Let N be the set of natural numbers. For u,v,k € NU{0} withu <v £ k-1,
define '

Z.Ak(av b) = {am (bn + i)}méZ,nEu (mod k)n=u+1 (mod k),...,n=v (mod k)
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and
wTe(a,b) = 971 (L Ak(a,b)).
Lemma 2 in [8] states that

D™ (:Tk(ab) = D* (Mot = o ().
We use these subsequences to demonstrate the sharpness of our result. Choose
a,b, k,l such that
2m < ! and 2r 1 > l
bloga p blogak ¢
Let A=4"1T(a,b)NH* and B = I'(a,b)NH-, where H™ is the lower half-plane.
Then, by Lemma 4.2,

2= I 1

Dt (4) = — < =

(4) blogak p

and ) .
D¥B)= T <=

(B) bloga < p’

so both A and B are AP interpolating. Also,
AUB =514 (a,b) U (¥ Ty (a,b) NH),
where the union is disjoint. Therefore,
D=(AUB) > D~(;"'T(a,b)) = %&% > (—11
The second sharpness is proved using the same construction. This time choose
a, b, k,l such that
27 1 2r 1 _ 1

- d - > -,
bloga< T an blogak>p

O

We conclude with some remarks about the relationship between Seip’s work
and zero sets. By the observations made in the introduction, we see that for
uniformly discrete T,

1
(10) T is an AP zero set = D~ (I") < v
and
1
(11) DF(T) < = = I' is an A” zero set.

p
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We show that the necessary condition (10) is far from sufficient and the sufficient

condition (11) is far from necessary for I to be an AP zero set, even for I" uniformly
discrete.

Proposition 4.4. Let p, M > 0. There is a uniformly discrete sequence T' such
that D—(I') = 0 but T is not an AP zero set. There is a uniformly discrete Blaschke
sequence A such that DY(A) > M.

ProOOF. Choose a,b such that
27 2

12
(12) bloga > p

and write

I(a,b) = (T(a,b) NH") U(T'(a, ) NH~) = AU B.
Note that D™ (A) = D~ (B) = 0. If A and B were both AP zero sets, then their
union would be an A% zero set, contradicting (12).

Consider now the second statement of the proposition. Choose any uniformly
discrete set I' with D~ (I") = D*(I') > M and let W be an open disk tangent to
T at 1. Let A=TNW. By Lemma 4.2, D*(A) = D*(I') > M. Since D*(A) < é
for some g, it is an A? zero set. A well known-result states that an A9 zero set

contained in a circle tangent to T is a Blaschke sequence. This completes the
proof of the proposition. a
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