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ABSTRACT. We investigate the existence of solutions of the fourth order non-
linear elliptic boundary value problem under Dirichlet boundary condition
A%u + cAu = but 4 f in ©, where Q is a bounded open set in R* with
smooth boundary and the nonlinearity bu®t crosses eigenvalues of A2 4 cA.
We also investigate a relation between multiplicity of solutions and source
terms of the equation with the nonlinearity crossing an eigenvalue.

1. INTRODUCTION

We investigate the existence of solutions of the fourth order nonlinear elliptic
boundary value problem

A?yu+cAu=but +f in Q,

(1) u=0, Au=0 on 0J9Q,

where vt = maz{u,0} and c is not an eigenvalue of —A under Dirichlet boundary
condition. Here we assume that € is a bounded open set in R" with smooth
boundary 8. The operator A? denotes the biharmonic operator. We assume
that b is not an eigenvalue of A% + cA under Dirichlet boundary condition.

The nonlinear equation with jumping nonlinearity have been extensively stud-
ied by many authors [3,4,6,7,8]. They studied the existence of solutions of the
nonlinear equation with jumping nonlinearity for the second order elliptic opera-
tor [6], for one dimensional wave operator [3,4], and for the other operators [7,8]
when the source term is a multiple of the positive eigenfunction.
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736 Q-HEUNG CHOl AND TACKSUN JUNG

In [10], Tarantello considered the fourth order, nonlinear elliptic problem under
the Dirichlet boundary condition

@) A%yt cAu=b[(u+1)*+1 in Q
v=0, Au=0 on 990

She showed by degree theory that if b > Aj(A; — ¢), then 2 has a solution u such
that u(z) < 0 in Q.

In this paper we investigate the existence of solutions of the fourth order non-
linear equation 1 when the nonlinearity bu® crosses eigenvalues of A2 4+ ¢A under
Dirichlet boundary condition.

In section 1, we introduce the Banach space spanned by eigenfunctions of
A? + cA and investigate the existence of solutions of 1 when the nonlinearity bu*
satisfies A\; < ¢, b < A;(A1 — ¢) and when it satisfies ¢ < Ay, A1(A ~¢) < b.

In section 2, we investigate the multiplicity of solutions of 1 under the following
two conditions.

Condition(1) : Ay <c < Ag, b< A(A1—c¢)and f=s5>0.
Condition(2) : ¢ < Ay, Ag(Ax —¢) < b < Apg1(Aky1—¢) (k=1,2,---) and s < 0.

In section 3, we investigate a relation between multiplicity of solutions and
source terms of 1 with the nonlinearity crossing an eigenvalue.

2. THE BANACH SPACE SPANNED BY EIGENFUNCTIONS

In this section we introduce the Banach space spanned by eigenfunctions of the
operator A% + cA and we investigate the existence of solutions of the boundary
value problem

(3) A’utcAu=but +s in

b

u=0, Au=0 on 9.
Here s is real, ¢ is not an eigenvalue of —A under Dirichlet boundary condition
and the nonlinearity bu™ satisfies A\ < ¢, b < A1(A; —¢) or ¢ < Ap, Ai(A1—¢) < b.
Let Ag(k = 1,2,---) denote the eigenvalues and ¢x(k = 1,2---) the corre-
sponding eigenfunctions, suitably normalized with respect to L?(f2) inner prod-
uct, of the eigenvalue problem Au +Au=0 in €, under Dirichlet boundary
condition, where each eigenvalue Ay is repeated as often as its multiplicity. We
recall that 0 < Ay < A2 < A3 < ---, A; = +00 and that ¢y (z) > 0 for z € Q. The
eigenvalue problem
A*w+cAu=pu in

u=0, Au=0 on 09
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has infinitely many eigenvalues
/‘Lk:Ak‘()‘k_c)a k:1727

and corresponding eigenfunctions ¢k ().

The set of functions {¢y} is an orthogonal base for W;'?(). Let us denote an
element u of Wy'%() as

u:thqSk, th<00
Let c be not an eigenvalue of —A and define a subspace H of WO1 2(Q) as follows
H={ueWyQ): ) M — )|k} < oo}
Then this is a complete normed space with a norm
lulll = [ (A — e)|pF]2.
Since Ay — 400 and c is fixed, we have the following simple properties.
Proposition 2.1. Let ¢ be not an eigenvalue of —A under Dirichlet boundary
condition. Then we have : Foru € W01‘2(Q),
(i) A%u+ cAu € H implies u € H.
(i) |||lul|| > Cliullz2(qy for some C > 0.
(1i1) [|ullL2() = 0 if and only if [|jul|| = 0.

PROOF. (i) Suppose c is not an eigenvalue of —A and let u = Y hxdx. Then

A%y + cAu = Z /\k()\k - C)hk¢k.

Hence
00 > [[A%u+cAullP = Y [Ae(Ak — (kX — €))?hE
> CY 1Mk = o)k = [llulll?,
where C = ir;f{[)\k()\k ~o)?:k=1,2,---}. (ii) and (iii) are trivial. O

Lemma 2.2. Let d be not an eigenvalue of A? +cA and u € L%(Q). Then (A% +
cA+d)~lueH.

PROOF. Suppose that d is not an eigenvalue of A? 4+ ¢A and finite. We know
that the number of elements of {Ax(Ax — ¢) : [Ax(Ak — ¢)| < |d|} is finite, where
Ae(Ak — ) is an eigenvalue of A% + cA. Let u = Y hy¢x. Then

1

2 -1, 1 .
(A% 4+ cA+d) Mu ZAk(Ak—c)+d kP
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Hence we have the inequality

1
A2 A 2 2< 2
A% ot +d) Ml = 3 e = Ol =gk < C 3R

for some C, which means that

(A% + eA + d)~Hul| < Cullull2(), C1=VC.

With Lemma 2.2, we can obtain the following lemma.

Lemma 2.3. Let f € L?(Q). Let b be not an eigenvalue of A2 + c¢A. Then all
solutions in Wy*(Q) of

A%u+ cAu = but + f(z)
belong to H.

With the aid of Lemma 2.3, it is enough to investigate the existence of solutions
of 3 in the subspace H of W01’2(Q), namely,

(4) Au4cAu=but+s in H.

Let Ax < ¢ < Agg1 and Ag(Ax — ¢), Ak+1(Ak+1 — ¢) be successive eigenvalues of
A? + cA such that there is no eigenvalue between A(Ak ) and Agy1(Akp1 —©).
Then Ag(Ax —¢) < 0 < Agy1(Aky1 — ¢) and we have the uniqueness theorem.

Theorem 2.4. Suppose Ay < ¢ < Agy1 and Ag(Ax — ¢) < b < A1 (Aey1 — ).
Then equation 4 has ezactly one solution in L?(Q) for all real s. Furthermore
equation 4 has a unique solution in H.

PrOOF. We consider the equation

(5) A%y —cAu+but =—-s5 in L}Q).

Let § = %{/\k()\k —¢) + Ag+1{Ak+1 — ¢)}. Then equation 5 is equivalent to
(6) u=(—A% —cA+68)7(6 - b)ut — du~ — s,

where (—A? — cA + §)7! is a compact, self-adjoint, linear map from L?(Q2) into
2 .
L#(Q) with norm S YARY 6 VPR py v g v b We note that

(6 — b)(ug — U1 1) = d(ug —up)| < max{[6 — bl, 16[}lua — udll
< 5{)\k+1()\k+1 —¢) = Ae(Ak = ) Hlue — ui]|.
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It follows that the right hand side of 6 defines a Lipschitz mapping from L?(f2)
into L2(§2) with Lipschitz constant v < 1. Therefore, by the contraction mapping
principle, there exists a unique solution u € L2(2) of 6.

On the other hand, by Lemma 2.3, the solution of 6 belongs to H. a

We now examine equation 4 when A\; < cand b < A;(A\; —¢) < 0.

Theorem 2.5. Assume that Ay < ¢ and b < A\ (A — ¢) < 0. Then we have :
(i) If s < 0, then equation 4 has no solution.
(i) If s = 0, then equation 4 has only the trivial solution.

ProOF. Assume s < 0. We rewrite 4 as
(=A% —cA+ M1 —)lu+ {~ XA\ —c) +bjut — {2 (A1 —)}u™ = —s.

Multiply across by ¢; and integrate over 2. Since ({—A2—cA+A; (A1 —c)}u, ¢1) =
0, we have

(7) /Q[{—)\l(/\l — o)+ B}t = {=M (A1 — ) hu gy = —s/ 1.

But {=A1(A1 —¢) + blut — {=A1(A1 — ¢)}u < 0 for all real valued function u
and ¢1(z) > 0 for z € Q. Therefore the left hand side of 7 is always less than or
equal to zero. Hence if s < 0, then there is no solution of 4 and if s = 0, then the

only possibility is u = 0. O

For the case s > 0 in Theorem 2.5, we shall investigate the existence of solutions
of 4 in the next section.

If ¢ < Ay, A(A1 —¢) < band s >0, then the left hand side of 7 is larger than
or equal to zero and the right hand side of it is negative.
Therefore we have the following theorem.

Theorem 2.6. Assume that ¢ < Ay and 0 < Aj(A1 —¢) < b, b # Ap(Ae — ©),
k=2,3,---. Then we have :

(i) If s > 0, then equation 4 has no solution.

(1) If s = 0, then equation 4 has only the trivial solution.

PROOF. Assume s > 0. We rewrite 4 as
{A? 4 cA = MOy = )Y+ Mg — ) = blut — Ai(A — cJu™ =s.
Multiply across by ¢1 and integrate over Q. Since ({A2+cA—A1{(A1~c)}u, ¢1) =

0, we have

(8) /n (DO =€) — Blut — MM — )u-}r = s / b,
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But [A1(A\1 — ¢) — bJut — A1(A\1 — c)u™ < 0 for any real valued function u. Also
¢1(z) > 0 in €. Therefore, if s > 0, then equation 4 has no solution and if s = 0,
then the only possibility is that u = 0. O

For the case s < 0 in Theorem 2.6, we shall investigate the existence of solutions
of 3 in the next section.
3. THE EXISTENCE OF SOLUTIONS
In this section we investigate the multiplicity of solutions of the problem
(9) A%u+4cAu=but +s in H

under the following two conditions.

Condition(1) : Ay < ¢ < Ag, b< A1(A1 —c¢) and s > 0.

Condition(2) : ¢ < A1, Ade(Ax —¢) <b < App1(Aky1 —¢) (k=1,2,---) and
s < 0.

First we investigate the multiplicity of solutions of 9 under the Condition(1).

Theorem 3.1. Assume that Ay < ¢ < A, b < A\y(Ay —¢) and s > 0. Then the
problem 9 has at least two solutions.

One solution is positive and the existence of the other solution will be proved
by critical point theory. For the proof of the theorem, we need several lemmas.

Lemma 3.2. Let Ap < ¢ < Agy1(k > 1) and b < M\(A1 — ¢). Then the problem
(10) APu+cAu=but in H
has only the trivial solution.
PrOOF. We rewrite 10 as
{A? 4 cA— (M =)lu+ M —¢) = but =X\ (A\—¢)u” =0 in H.

Multiply across by ¢; and integrate over 2. Since ({A2+cA—X; (A1 —¢)}u, ¢1) =0,
we have

(1) /Q (s = ) = Bt — A (A = ™}y = 0.

But [M (A1 — ¢) = blut — A;(A1 — ¢)u™ > 0 for all real valued function u and
#1(z) > 0 for z € Q. Hence the left hand side of 11 is always greater than or
equal to zero.

Therefore the only possibility to hold 11 is that u = 0. O
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Now, we study the existence of the positive solution of 9.

Lemma 3.3. Let A\ < ¢ < Az, b < A\i(A —¢) and s > 0. Then the unique
solution uy of the problem

(12) A*utcAu=but+s in L*Q)
18 positive.
ProOOF. Let A1 < ¢ < Ay and b < A1(A2 — ¢). Then the problem
Ayt cAu—bu=pu in L3Q)
has eigenvalues Ax(Ax —¢) — b and they are positive. Since the inverse (A% +cA —

b)~! of the operator A%+ cA — b is positive, the solution u = (A2 4 cA — b)~1(s)
of 12 is positive. This proves the lemma. a

An easy consequence of Lemma 3.3 is

Lemma 3.4. Let ¢ < A1, b < A1(A1 —¢) and s > 0. Then the boundary value
problem 9 has a positive solution u;.

PrOOF. The solution u; of the linear problem 12 is positive, hence it is also a
solution of 9. O

Now, we investigate the existence of the other solution of problem 9 under the
condition A; < ¢ < Ay, b < A(A; — ¢) and s > 0 by the critical point theory.
Let us define the functional corresponding to 9in H x R

1
(13) Fy(u,s) = / [—[Au|2 - —c-|Vu|2 - é|u+|2 - su] dx
o l2 2 2

For simplicity, we shall write F = F}, when b is fixed. Then F is well-defined.
The solutions of 9 coincide with the critical points of F(u, s).

Proposition 3.5. Let b be fized and s € R. Then F(u,s) = Fy(u, s) is continu-
ous and Fréchet differentiable in H.

The proof of Proposition 3.5 is similar to that of Proposition 2.1 of [3].

Let V be the one-dimensional subspace of L2(f2) spanned by ¢; whose eigen-
value is A;(A; —c). Let W be the orthogonal complement of V in H. Let
P : H — V be the orthogonal projection of H onto V and I — P : H — W denote
that of H onto W. Then every element u € H is expressed by u = v + 2, where
v = Pu,z = (I — P)u. Then the problem 9 is equivalent to

A%y + cAv = P[b(v+ 2)* + 3],
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A%z + cAz = (I - P)b(v+2)* +35].

We look on the above equations as a system of two equations in two unknowns v
and w.

Lemma 3.6. Let A\ < ¢ < Ag, b< A\i(A1 —¢) and s > 0. Then we have :
(i) There ezists a unique solution z € W of the equation

(14) A’z 4 cAz— (I —-P)bv+2)t +s]=0 in W

If for fized s € R, we put z = 0(v, s), then @ is continuous on V. In particular, §
satisfies a uniform Lipschitz condition in v with respect to the L2 norm (also the
norm || - 1.

(it) If F : V — R is defined by F(v,s) = F(v+6(v,s), s), then F has a continuous
Fréchet derivative DF with respect to v and

DF(v,s)(h) = DF(v+6(v,s),s)(h) =0 forall heV.

If vy is a critical point of F, then vy + 8(vo, 8) is a solution of the problem 9 and
conversely every solution of 9 is of this form.

PROOF. Let Ay < ¢ < A, @ < b < Ay(A —¢) and s > 0. Let 6 = § < 0 and
g(&) = bET. If g1(€) = g(€) — ¢, then equation 14 is equivalent to

(15) z=(A%+cA —8) 7Y - P)(g1(v+2)t +5).

Since (A%+cA—§)~1(I—P) is self-adjoint, compact, linear map from (I—-P)L?(f)
into itself, the eigenvalues of (A2 +cA — §)~1(I — P) are (A\;(\ —¢) — )™, where
MM =€) = A2(A2 — ¢). Therefore its L? norm is m Since

l91(€2) — 91(&1)| < max{|b— 4|, |d[}|€2 — &,

it follows that the right hand side of 15 defines, for fixed v € V, a Lipschitz
mapping of (I — P)L2(Q) into itself with Lipschitz constant v < 1, where

0] 1

—_— < 1.
2 )\2()\2—6)—%

’y =
Therefore, by the contraction mapping principle, for given v € V, there exists

a unique z € (I — P)L?(Q) which satisfies 15.
Since the constant § does not depend on v and s, it follows from standard
arguments that if (v, s) denotes the unique z € (I — P)L?(Q2) which solves 15,
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then 8 is continuous with respect to v. In fact, if z; = 8(v1, s) and 22 = 6{va, s),
then we have

fi

1 = zll| (A2 +cA — 8)"H(I — P)(g1(v1 + 21) — g1(v2 + 22)|
Mwr + 21) = (v2 + 22)||

Y(llor = vall + ll21 — 22))-

Il

IA

Hence we have

~
2 — <Cllvy —wf|, C=-——
1 = 22| £ Cllvr — v —
which shows that 6(v, s) satisfies a uniform Lipschitz condition in v with respect
to L2-norm. With the above inequality we have

W21 — zelll (A% +cA = 8)7H(I = P)(g1(v1 + 21) — g1(v2 + 22)}l)

< Gl = PY(g1(v1 + 22) — g2(va + 22) ]|
< Cigllos +2) = (v + )l
< Cigllon =l + o1~ zal)

b
< G 5(1 + C)|lvr — vzl
for some Cy > 0. Hence we have
(16) lz1 = z2]l] < Callvr — valll

for some C3 > 0. This shows that 8(v, s) satisfies a uniform Lipschitz condition
in v with respect to the norm ||| [||.

Let v € V and 2 = 0(v, s). If w € W. then from 14 we see that

(17) /;z[Az cAw—cVz-Vw— (I - P)bv+2)* + 5] wdz = 0.

Since
/Av-Aw:O and /Vv-szO,
) 0
we have
(18) DF(v+ 8{(v,s),s{w) =0 for weW.

From Proposition 3.5, F‘(v, s) has a continuous Fréchet derivative DF, and

(19) DF(v,s)(h) = DF (v +0(v,s),s)(h), heV.



744 Q-HEUNG CHOI AND TACKSUN JUNG

Suppose that for some fixed s > 0, there exists vy € V such that Dﬁ'(vo, 5)=0.
Then it follows 19 that

DF(vg + 8(vg, 8),8)(v) =0 forall veV.
Since 18 holds for all w € W and H is the direct sum of V and W, it follows that
DF(vg + 6(vg,s),s) =0 in H.

Therefore u = vg + 8(vy, $) is a solution of 9.

Conversely, our reasoning shows that if » is a solution of 9 and v = Pu, then
DF(v,s)=0in V. O

Let A; < C < A2, b< A1(A1 — ), Me(Ar — ©) <0 < Apy1(Aky1 —c¢) and s > 0.
From lemma 3.4, we see that 9 has a positive solution u;(z). From lemma 3.6,
uy(z) is of the form ui(z) = vy + 8(vy, 9).

Lemma 3.7. Let Ay < ¢ < Ag, b < Mi(X\y —¢) and s > 0. Then there ezists a

small open neighborhood B of vi in V such that v = vy is a strict local point of
minimum of F.

PROOF. Let s > 0. Then equation 9 has a positive solution u1(z) which is of the
form uy(z) = vy + 0(v1,8) > 0, O(vy,s) € W. Since I + 6, where I is an identity
map on V, is continuous on V', there exists a small open neighborhood B of v; in
V such that if v € B, then v + 8(v, s) > 0. Therefore, if z = 6(v, s), 21 = 6(v1,s)
and v+ z = (vy + 21) + (¥ + ), then we have

F(v,s) Fv+2,3)

il

= /Q[%|A(v + )P = SV +2) - gw + 2% — (v + 2)lda
- /Q[%lA(vl £ o)+ A+ 2P - SV + ) + Y+ D
—g|(v1 b o)+ (54 ) = s{(v1 + 1) + (5 + 5)})de
- /Q[%lA(vl Fa)f? — IV + 2P - gm + 21 = s(vr + 2)|de
+/Q[A(v1+z1)~A(f)+2) V(n+ 1) V(T +5)
b(or + 21) - (34 2) = s(0 + D)]da
+/Q[%|A(f; FDf - VG4 A - o + e,
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Here

c b
[A(vy + z1)|2 - §|V(v1 + zl)[2 - Elvl + 21|% — s(vy + z1)]dz

N =

S

[
= F(v; 4 21,8) = F(vy,8)
and
/Q[A(vl + o) A +2) — V(oL +21) - V(o + 3)
—b(vy + 21) - (D + %) — s(¥ + £)]dz
= /Q[Az(vl + z1) + cA(v1 + 21) — b(vy + 21) — 8] - (# + 2)dx = 0,

since vy + 21 is a positive solution of 9. Since # + Z can be expressed by ¥+ Z =
e1¢1 + e2¢o + - - -, we have

F(v,5) - F(uy,8) = /Q[%IA(M%)IZ— SV + ) - g|6+2|2]dx

= %{[Al(Al —¢) = bled + Pa(Ag —¢) —bled +--- >0,

since b < A1(A; —¢) and A} < ¢ < Ag. Therefore v = v; is a strict local point of
minimum of . This proves the lemma. O

We now define the functional on H
1 b
F*(0) = F(,0) = [ [F1auP = £Vuf? - 2jut Pz
02 2 2
Then the critical points of F™*(u) coincide with solutions of the equation
(20) A*u+cAu=but in H.

If Ay < ¢ < Az and b < A1(A1 —¢), then 20 has only the trivial solution and hence
F*(u) has only one critical point v = 0. Given v € V, let 6*(v) = 6(v,0) € W be
the unique solution of the equation

A%z +cAz—(I-P)blv+2)T]=0 in W

Let us define the reduced functional F*(v) on V, by F*(v + 6*(v)). We note
that we can obtain the same result as lemma 3.6 when we replace #(v,s) and
F(v,6(v,s)) by 6*(v) and F*(v). We also note that F*(v) has only one critical
point v = 0.

Lemma 3.8. Ford >0 andv eV, F*(dv)=d>F*(v).
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ProoF. If v € V satisfy
A’z +cAz—(I-P)bv+8*(w)*)=0 in W,

then for d > 0,

A%(d2) + cA(dz) — (I — P)(b(dv + d6*(v))T) =0 in W.
Therefore 6*(dv) = d6*(v) for d > 0. From the definition of F*(u) we see that

F*(du) = d*F*(u) for we H and d>0.

Hence, for v € V and d > 0,

F*(dv) = F*(dv + 6*(dv)) = d2F* (v + 8*(v)) = d2F*(v).

0O

Now we remember the notation Fj, which was defined in equation 13. Until
now, the notations F,F™ and F* denote Fy, F; and F} respectively. In the
following lemma we use the latter notations.

Lemma 3.9. Let Ay < ¢ < Ag and b < A1(A1 —¢). Then there ezxist v1 and vz in
V such that F(v1) > 0 and F}(v2) < 0.

ProOF. First, we choose v; € V such that vy + 6(v1,0) > 0. In this case z =
6(v1,0) = 0. Hence vy + z = d1¢, and we have

Frw) = [ 510+ 2P - 5190+ 2P - Ji(0r +2)* s

I

318G+ 2P = £V + 2P = o + 2o
= / [%(A2 +cA) vy +2) - (vg +2) — g(vl +2) - (vy + 2)}d=
Q

= S[Ma0 ~ o) - bje] >

Next, we choose v € V such that vg + 8(v2,0) < 0. In this case z = 8(v2,0) = 0.
Hence if we write vs + 2 = e1¢1, then we have

Fiow) = [ |31+ - S19(+ 2P ds

_ /Q [%(AMCA)(UQH) - (v2+z)] dz

1
= §[>\1()\1 —c)el] <0,
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since b < Ap(A1 — ¢) <0 < A2(Ag2 — ¢). O

Lemma 3.10. Let Ay < c < Ay and b < A\(A\; —¢) and s > 0. Then ﬁ‘b(v,s) 18
neither bounded above nor below on V.

PROOF. From lemma 3.9, Fy(v) has negative (positive) value. Suppose that
Fy(v) assumes negative values and that Fy(v, s) is bounded below. Let v denote
a fixed point in V with |lvg|] = 1. Let z, = nvg + (nvy, s) and let 2, = vy +
&Ly,%ﬂ = vg + w. Since § is Lipschitzian, the sequence {z;}{° is bounded in
L?()). We have DF(z,,s)(y) = 0 for all n and arbitrary y € W. Dividing this
equation by n gives

(21) / [Az} - Ay — cVzh - Vy — bzl Ty — %y]dz = 0.
Q

Setting y = z, we know that {23}, is bounded in L%(Q2). Hence {w}}{° is
bounded in L2(f)) so we may assume that it converges weakly to an element
w* € W. If z* = w* + vg and we let n — oo, in 21 we obtain
(22) f [Az* - Ay —cVz* - Vy —b2*Tyldz =0

Jo

for arbitrary y € W. Hence w* = 6(vp,0). If we set y = w, in (21) and dividing
by n, then we have

(23) [ i8us? = eV = 013+ 2usldz =0
Q
Letting n — oo in 23, we obtain
im [ [Awi - oVuiPldz = tim [ [b(l257 ]+ Dwllde
300 Q n—oo Q n

= / biz*+ |w*dz
Q

= /[Az* -Aw* — cVz* - Vuw'lde
Q

/ [Aw* 2 = ¢|[Vw*|*dz,
0
where we have used 22. Hence

lim [ [|Az:)? — |V2|*ldz = / [|Az*]2 - ¢|V2*|})dz.
Q Q

n—o00

The assumption that F(v, s) is bounded below implies the existence of a constant
M such that
Fy(nvg, s)/n? > M/n?.
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Letting n — oo, our previous reasoning shows that
Fb*(vo) = Fb(’Uo,O) = lim F‘b(nvo,s)/nQ > 0.
n-—+o00

Since vy was an arbitrary member of V with ||lug|| = 1 and Fy(kv,0) = k2Fy(v,0),
this contradicts the assumption Fg(v) is negative for some value of v € V. Hence
Fy(v,s) cannot be bounded below. The proof that Fy(v,s) cannot be bounded
above if F’g(v) assumes positive values is essentially the same. O

PROOF OF THEOREM 2.1. Let Ay < ¢ < A, b < A1(A\; —¢) and s > 0. By
Lemma 3.4, 9 has a positive solution ui{z) = v; + 6(v1, s). By Lemma 3.7, there
exists a small open neighborhood B of vy in V such that v = v; is a strict local
point of minimum of F,. Since Fb(v, s) is not bounded below, there exits a point
v € V with v; # V5 and F‘b(vl, s) = Fb(vg, s). The Rolle’s theorem and the fact
that F3(v,s) has a continuous Fréchet derivative imply that there exists a strict
local point of maximum Fy. Thus F} has at least two critical points. Therefore 9
has at least two solutions. O

Next, we investigate the multiplicity of solutions of 9 under the Condition (2),
Condition(2) : ¢ < A (in this case 0 < A (A1—¢)), Ag(Ae—c) < b < A1 (Apy1—0)
(k=1,2,---)and s < 0.

Theorem 3.11. Assume that ¢ < A, 0 < XA —¢), (A —¢) < b <

Aer1(Aks1 —¢), (k > 0) and s < 0. Then the problem 9 has at least two so-
lutions.

One solution is a negative solution and the existence of another solution will
be shown by critical point theory.
To prove Theorem 3.11, we need several lemmas.

Lemma 3.12. Let ¢ < A1, b> 0 and b # A (\ — ¢). Then the problem
(24) A?u+cAu=but in H
has only the trivial solution.

PRrROOF. For ¢ < A1, 0 < A;(A1 — ¢) < b, the result follows from Theorem 2.6 (ii).
We prove the lemma for the case 0 < b < A;(A; — ¢). From 9 we have

25) M- ollul? < / |Auf? — o[ Vuf? = b / ut - < bllul?,
0 0

where || || is the L? norm is Q. It follows from 25 that b||u|?> > Ai(A1 — ¢)||ul|?,
which yields u = 0. O
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Now, we investigate the existence of the negative solution of 9 under Condi-
tion(2).

Lemma 3.183. Assume that ¢ < A\, Ag(Ag —¢) < b < Mgg1(Ags1 —c)(k > 1) and
s < 0. Then the problem 9 has a negative solution uz(x).

PROOF. If u is a smooth function satisfying
A’u+cAu>0 in

u=0, Au=0 on 89
and ¢ < Ar, then u > 0 in Q or u = 0. This immediately follows by first

applying standard (strong) maximum principle to w = Aw and consequently to

u. Subsequently, for ¢ < A\; and s < 0, it follows that if uy is the unique solution
for

(26) A?uy +cAuy=s in  Q,
up =0, Aups =0 on 99,

then up < 0 in . The unique negative solution u, solution of 26 is also a negative
solution of 9. O

Now, we investigate the existence of the other solution of the problem 9 under
the condition ¢ < Ay, Ag(Ax —¢) < b < Agr1(Ap41 —e)(k > 1) and 5 < 0 will be
shown by critical point theory. Now we consider the functional

1 c b
Fy(u,s) = / (518 — SITul? — Jjut]? ~ suldz,
Q

which is well defined in H x R, continuous and Fréchet differentiable in H (by
Proposition 3.5).

Let V be the k-dimensional subspace of H spanned by eigenfunctions ¢y, ¢a, - - - , ¢x.
Let W be the orthogonal compliment of V' in H. We note that Lemma 3.6 holds
under Condition (2). From Lemma 3.13, we see that 9 has a negative solution
uz(z). By Lemma 3.6, us is of the form uy = vy + 0(v2, s).

Lemma 3.14. Let ¢ < Ay, Ag(Ag —¢) < b < Agp1(Ak+1 —¢)(k > 1) and s < 0.
Then there ezxists a small open neighborhood D of vy in V such that v = vs is a
strict local point of minimum of F.

PROOF. Let s < 0. Then the problem 9 has a negative solution us(x) which
is of the form uy(z) = vy + O(va,s) < 0. Since I + 8, where I is an identity
map on V, is continuous, there exists a small open neighborhood D of v, in V
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such that if v € D, v+ 6(v,s) < 0. Therefore if z = 6(v, s), 22 = 6(vq, s) and
v+ 2z = (va + 22) + (U + %), then we have

Fy(v,5) = Fy(v+2z,s)
= /Q[%]A(v +2)]* - %\V(v 1 2))% — s(v + 2))dz
= /[%IA(U2+Z2)+A({)+2)|2 - glV(v2+z2)+V(f)+2)l2
Q

—s{(v2 +22) + (0 + 2)}]dz
[ 518002+ 22)P = S92 + 2 = sl + 22lda
Q

+/Q[A(v2 +29) A0+ 2) — cV(va + 22) - V(U + 2) — s(¥ + 2)]dz
+/Q[-;—|A(f; +2)P - SV + 2)Pdz.
Here

1
/Q[EIA(U2 + 22)|2 — §|V(’U2 + 22)|2 - S(U2 + ZQ)]d.’L‘

= Fp(va + 22,8) = Fy(va, s)

and
/Q[A(vg +29) - AW+ 2) = cV(va+ 22) - V(0 + 2) — s(0 + 2)]dz

= /Q[A2(v2 + 23) + cA(va + 23) — ] - (0 + Z)dz = 0,

since va + z9 is a negative solution of 9. Since, ¥ + Z can be expressed by o + Z =
o0
> ei¢s, we have

=1

Fo(v,5) = By(vays) = /Q[%m(wz)ﬁ - SV + )Pz

1
= 5{)\1()\1—C)€%+)\2(/\2—C)eg+"'}>0,

since 0 < Ay(A; — ¢). Therefore ﬁ‘b(v,s) has a strict local minimum at v = vs.
This proves the lemma. O

Lemma 3.15. Let ¢ < Ay, M(Xg — ) < b < Agp1(Meyr — )k > 1). Then there
ezist v, and vy in V such that Fy (v,) < 0 and Fy (vg) > 0.
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PROOF. First, we choose v, € V' such that v, + 6(vp,0) > 0 and 8(v,,0) = 0.

k
Ifv,+2=73" fi¢;, where 6(v,,0) = 0, then we have
i=1

b
S|(wp + 2) Pz

F‘ *
b (vp) 5

[
[ 5180+ 2)P = 2190, + )P -
b
51800 = S50l — Zloylldz

1 b
= / [§(A2 + cA)vp - vp — Elvplz]dz
Q

= %{[/\10\1 —c) = b+ 4+ [Me(h — ) — B f2} < 0.

Next, we choose v, € V such that v, + 0(vq,0) < 0. Let 2z = 0(v,,0). If vy + 2 =
oo

> g:%;, then we have

i=1

~ %k

B = [ 5180+ - £V + 2Pl

= [ 158+ cd)w +2) - (o + 2z
Q

1
5[)\1(/\1 g2+ + Mk — c)gi] > 0,
since 0 < Aj(A; —¢). O

Lemm~a 3.16. Let ¢ < Ay, Me(Ae —¢) < b < Apr1(Pgr1 —e)(k > 1) and s < 0.
Then Fy(v,s) is neither bounded above nor below on V.

The proof of the lemma is the same as that of Lemma 3.10.

Lemma 3.17. Let ¢ < Ay, Ak(Adk—¢) < b < Aer1(Agg1 —¢), kB = 1,2,
and s < 0. Then the functional Fy(v,s), defined on V, satisfies the Palais-
Smale condition : Any sequence {v,} C V for which ﬁ‘b(vn,s) is bounded and
Dﬁ‘b(vn, s) — 0 possesses a convergent subsequence.

PROOF. Suppose that F}(vy, s) is bounded and DFy(vy,,s) — 0 in V, where {v,}
is a sequence in V. Since V is k-dimensional subspace spanned by ¢1, - , ¢r, we
have, with u, = v, + (v, )

A%y, + cAu, — but = s+ DFy(un, s).
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Assuming [P.S.] condition does not hold, that is {|v,|| = oo (|||vxll] = 00), we see
that ||un|| — co. Dividing by ||u|| and taking w, = ||un ||~ u, we have

(27) Agwy, + cAw, — bwt = |uy ||~ (s + DFy(uy, s)).

Since DFy(un,s8) — 0 as n — oo and |lup|| — oco. Moreover 27 shows that
|A%w,, + cAwy,|| is bounded. Since (A% + cA)~! is a compact operator, passing
to a subsequence we get that w, — wg. Since ||w,p|] =1 foralln = 1,2, it
follows that ||wog]] = 1. Taking the limit of both sides of 27, we find

APwy + cAwy ~ bwd =0
with ||wg]| # 0. This contradicts to the fact that the equation
APy + cAu = but

has only the trivial solution. O

PROOF OF THEOREM 2.2. By Lemma 3.13, 9 has a negative solution uq(z) =
vg + 8(va, s). By Lemma 3.14, there exists a small open neighborhood D of vy in
V such that v = vg is a strict local point of minimum of F,. Also F}, € CYV,R)
satisfies the Palais-Smale condition. Since Fy(v, s) is neither bounded above nor
below on V' (Lemma 3.16), we can choose vz € V\D such that

Fy(v3,8) < Fy(vg,s).
Let I" be the set of all paths in V joining vs and ve. The Mountain Pass Theorem
implies that

= inf sup F;

¢ = inf sup b(v, 5)
is a critical value of ﬁ‘b. Thus F’b has at least two critical values. Thus 9 has at
least two solutions. O

4. MULTIPLICITY OF SOLUTIONS AND SOURCE TERMS

We let Lu = A%u + cAu. We investigate relations between multiplicity of
solutions and source terms f(z) of the fourth order nonlinear elliptic boundary
value problem, under the condition : A; < ¢ < Az, b < A1{A1 —¢)

(28) Lu—-but = f in H,
where we assume that f = ¢1¢; + caga (c1,c2 € R).

Theorem 4.1. If ¢c; <0, then 28 has no solution.
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PROOF. We rewrite 28 as

(L — p))u+ (b4 p))ut — pru™ = c1¢1 + cado in H.

Multiply across by ¢; and integrate over Q. Since L is self-adjoint and (L —
p1)o1 =0, ((L — 1)y, pmu1) = 0. Thus we have

/Q{(—b + p)ut — puT oy = (c1¢1, 1) = ¢

We know that (—b+ p1)ut —pyu™ > 0 for all real valued function u. Also ¢y > 0

in Q. Therefore fﬂ{(-b+y1)u+ — p1u” }¢y > 0. Hence there is no solution of 28
if ¢; < 0. a

Let V be the subspace of H spanned by {¢1,¢2} and W be the orthogonal
complement of V in H. Let P be the orthogonal projection of H onto V. Then
every u € H can be written as u = v + w, where v = Pu and w = (I — P)u.
Hence equation 28 is equivalent to a system

(29) Lw+ (I — P)(=b(v+w)*) =0,

(30) Lv + P(—-b(’U + w)+) = C1¢1 + 02¢2.

Now we have a uniqueness theorem, which proof is similar to that of (i) of
Lemma. 3.6.

Lemma 4.2. Fora fitedv € V, 29 has a unique solution w = 8(v). Furthermore,
6(v) is Lipschitz continuous in v.

By Lemma 4.2, the study of the multiplicity of solutions of 28 is reduced to
that of an equivalent problem

(31) Lv+ P(=b(v+ 0(v))") = c1¢1 + a2

defined on V.

Proposition 4.3. If v > 0 or v <0, then 8(v) = 0.

PROOF. Let v > 0. Then 6(v) = 0 and equation 29 is reduced to
LO+ (I - P)(=bv*) =0

because vt = v,9” = 0 and (I — P)v = 0. Similarly if v <0, then 8(v) =0. O
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Since V' = span{¢1, 2} and ¢, is a positive eigenfunction, there exists a cone
C1 defined by

Cr={v=ci¢1 +c2¢2|c1 > 0, ca| < key}
for some k > 0 so that v > 0 for all v € C1, and a cone Cs defined by
Cs ={v=ci¢h +cagz|c1 <0,lca| < klcr]}

so that v < 0 for all v € C3. Thus 8(v) =0 for v € C1 UCs.
Now we set

Cy; = {v=cid1+cap2|c2 > 0,klc1| < ca}
Cy = {v=c1¢1+c2¢2]|ca <0,klci| < eal}

Then the union of Cy, Cs, C3, and Cj is the space V.
We define a map ®: V — V by

®(v) = Lv + P(—b(v + 8(v))1), veV.
Then ® is continuous on V and we have the following lemma.
Lemma 4.4. ®(cv) = cP(v) forc >0 andv e V.
PROOF. Let ¢ > 0. If v satisfies LO(v) + (I — P)(=b(v + 6(v))*) =0, then
L(cB(v)) + (I — P)(=b(cv + cB(v))*) =0
and hence 6(cv) = c8(v). Therefore
B(cv) L(cv) + P(b(cv + 8(cv))™)
L(cv) + P(b(cv + cf(v)) 1)
= c®(v)

I

il

We investigate the image of the cones Cq,C3 under ®. First, we consider the
image of C1. If v = ¢1¢1 + cagp > 0,

®(v) = Lv+ P(-b(v+6(v))")
= camd1 + copade — b(c1d1 + caga)
= (=b+4pm)cidr + (=b+ pa)eade.
Thus the images of the rays c1¢y + kcida(cr > 0) are
(=b+ pr1)crdr £ (=b+ pa)kcrpz  (c1 2 0).

Therefore ® maps C onto the cone

Ry = {d1¢1 + dado

b+ p }
> 0,lds| < kdy >.
dy > ’l2“—b+u1 1
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Second, we consider the image of C3. If v = —c1¢1 + cagpa < 0(c1 > 0, ca| <
kcl),

S(v) = Lv+ P(=b(v+6(v))*)
= —cpd1 + coprado.
Thus the images of the rays —cy¢1 £ c1kdo(cy > 0) are

n\
ujJ.

v

P R IR Y {
—C1i191 T C1KU2P2 {1

Therefore ® maps C5 onto the cone

R3 = {d1¢1 + daa

dy > 0,]ds| < "&kdl}~
|p1]

We have three possibilities that R, is a proper subset of R3, or R3 is a proper
subset of Ry, or Ry = R3. R is a proper subset of R if and only if the nonlinearity
~but satisfies —’f—l > Zbt2 R g a proper subset of Ry if and only if the

—b+pr
nonlinearity —~bu™ satisfies —"‘—‘ < —:g—+L The relation R; = Ry holds if and only
; : + P2 _ —btps
if the nonlinearity —bu* satisfies o] = b

We investigate the multiplicity of solutions of 28 under the condition that R
is a proper subset of R3, that is, ,—ﬁ—fl > Ez—iﬁ%

We consider the restrictions @[, (1 < i < 4) of ® to the cones C;. Let
®, = @]Ci, i.e., ®; : C; — V. Then it follows from Lemma 4.4 and the above
calculations that ®; : C; — R; and ®3: C3 — Rj3 are bijective.

Now we investigate the images of the cones Cs,Cy under ®. By Theorem 4.1

and Lemma 4.2, the image of C under ® is a cone containing

—b+ po
d >O———
1= ’—-b+

and the image of C4 under @ is a cone containing

Ry = {d1¢1 + dapa

b+ p2

H2 -
Ry=<dipr +d dy >0, ———=kdy <dg < ————Fkd }
4 { 191 +d2d2 | dy T ot

We note that ®;(C;) contains R;, for i = 2,4, respectively. O

Lemma 4.5. Fori= 2,4, let v be any simple path in R; with end points on OR;,
where each ray in R, (starting from the origin) intersects only one point of 7.
Then the inverse image @{1(7) of v is also a simple path in C; with end points
on 8C;, where any ray in C; (starting from the origin) intersects only one point
of this path.
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The proof of Lemma 4.5 is similar to that of Lemma 3.2 of [4]. From Lemma
4.5 we have Theorem 4.6 which implies our last and main result of this section.

Theorem 4.6. For 1 < i <4, the restriction ®; maps C; onto R;. Therefore, ®
maps V onto Rs. In particular, ®, and ®3 are bijective.

Theorem 4.7. Suppose b < p1 < 0 < py and D’j—f, > %}% Let f = c1¢1 +
copo € V. Then we have :

(1) If f € IntR, then 28 has ezactly two solutions, one of which is positive and
the other is negative.

(2) If f € IntRy\JIntRy, then 28 has a negative solution and at least one sign
changing solution.

(8) If f € OR3, then 28 has a negative solution.
(4) If f € RS, then 28 has no solution.
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