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ON FIBREWISE RETRACTION AND EXTENSION *

TAKUO MIWA
Communicated by Jun-iti Nagata

ABSTRACT. We study fibrewise retracts and extensions. In section 2, we
introduce notions of absolute (nbd) retracts (or extensor) over B relative
to a fibrewise class @p. In section 3, we introduce a notion of fibrewise
adjunction spaces and study the relations of fibrewise ANR and ANE. In
sections 4 and 5, we study fibrewise contractibility and fibrewise ANE.

1. PRELIMINARIES

Fibrewise General Topology or General Topology of Continuous Maps is con-
cerned most of all in extending the main notions and results concerning spaces to
continuous maps. Most of the results obtained so far in this field can be found in
[2],[3],[4],[9],[10], [11] and [12], where one can also find an extensive bibliography
on the subject.

Unless otherwise stated, B is a fixed topological space with topology 7 . The
collection of all neighborhoods (nbd(s)) of a point b € B is denoted by N (b). For
continuous maps f : X — Band g : Y — B, a continuous map A : X — Y
satisfying the property f = go A, is called a morphism of f into g and is denoted
by A: f — g. These are the morphisms in the category Topg, the objects of which
are continuous maps into the space B. A morphism A : f — g is called surjective,
closed, perfect, etc, if respectively, such is the map A : X — Y. If M\ X]=Y
then the morphism A is said to be dense and if A : X — Y is a homeomorphism
then the morphism A is said to be an isomorphism. Here by [e] or [e]x we mean
the closure operator in the respective space. We note that this situation is a
generalization of the category Top (of topological spaces and continuous maps as
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morphisms), since the category Top is isomorphic to the particular case of Topp
in which the space B is a singleton set.

In this paper, we assume that all maps are continuous and all spaces are topo-
logical spaces. We use the following terminology and notations: B is the fixed
base space, a map f : X — B is said to be a projection, X is said to be a fibrewise
space over B and we denote it by (X, f). A morphism X : X — Y is said to be a
fibrewise map. N is the set of all positive integers and I the closed unit interval
[0, 1].

We now give some definitions concerning maps. For more details one can
consult [10] and [12].

Definition 1.1. A map f : X — B is called a T;-map, i = 0,1,2, if for all
z,# € X such that z #+ z, fr = fx, the following condition is respectively
satisfied:

1 = 0: at least one of the points x, # has a nbd in X not containing the other
point;

i = 1: each of the points z, 2" has a nbd in X not containing the other point;

i = 2: the points z and 2" have disjoint nbds in X.

A Th-map is also called Hausdorff. We note that for i = 0,1 the property for a
map f: X — B to be a T;-map, is equivalent to the property that all the fibres
f~b,b € B, are Tj-spaces. This is not the case for Th-maps.

Definition 1.2. The subsets M and N of the space X are said to be respectively:
(a) nbd separated in U C X,
(b) functionally separated in U C X,
if the sets M NU and NNU
(a) have disjoint nbds in U,
(b) are functionally separated in U (i.e. there is a map ¢ : U — I such that
MNUC¢10)and NNU C ¢~1(1)).

Definition 1.3. (a) A map f : X — B is called functionally Hausdorff, if for
every two points x and z’ in X such that x # z/, fr = fz’, there is a nbd
O € N(fz), such that the sets {x} and {2’} are functionally separated in f~1O.

(b) A map f : X — B is called completely regular (resp. regular), if for
every point z € X and every closed set F' in X such that z ¢ F, there is a
nbd O € N(fz), such that the sets  and F are functionally separated (resp.
nbd separated) in f~'O. A completely regular (resp. regular) Tp-map is called
Tychonoff or Ty -(resp. T3-)map.
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It can be easily verified that every Tj-map is a Tj-map for 7,7 20,1,2,3,3% and
i < j. We also have that every Tychonoff map is functionally Hausdorff, and
every functionally Hausdorff map is Hausdorff. In Example 5.1, we shall give an
example of a normal compact map which is not functionally Hausdorff.

Definition 1.4. A map f : X — B is called functionally prenormal (resp.
prenormal) if for every b € B and every two disjoint, closed sets F and H in X,
there is O € N(b) such that F' and H are functionally separated (resp. nbd sepa-
rated) in f~1O. If for every O € 7, the map f|f~1O: f~1O — O is functionally
prenormal(resp. prenormal) then f is called functionally normal(resp.normal). A
normal T5-map is called a Ty-map.

Definition 1.5. By a compact map is meant a perfect (i.e. continuous, closed
and fibrewise compact) T-map.

Definition 1.6. Let f : X — B be a map.

(1) For b € B, a collection of subsets of X is said to be b-locally finite if for
every x € f~1b, there is a nbd O, of = in X, such that O, meets finitely many
elements of the collection. A To-map f : X — B is said to be paracompact if for
every point b € B and every open (in X) cover U={U, : a € A} of the fibre f~1b
(ie. f7'b C U{U, : a € A}), there is a nbd O, of b such that f~1Oy is covered
by U and (f~1O, AU) has an open (in X) locally finite refinement in f~1Oy.

(2) For b € B, let U be an open cover of f~'b. A collection V of subsets
of X is said to be a star refinement of U if VN f=1b # O for every V € V,
f7'b c U{V : V € V} and there is a nbd Oy, of b such that U covers f~1O; and
{St(V, V)|V € V} refines f~10, AU.

Note that in Definitions 1.5 and 1.6, we assume that compact (and paracom-
pact) maps are Ty, which is different from that in [9](and [2]). Some charac-
terizations of paracompact maps can be found in [2] and [3]. Note that if f is
paracompact then it is a closed map. The following is used in the later.

Theorem 1.1. (/2;Theorem 3.12])For a Ty-map f : X — B, the following are
equivalent.

(1) The map f is paracompact.

(2) For every b € B and every open (in X ) cover U of the fibre f~1b, there is
an open star refinement V of U.

The following Definitions 1.7 and 1.8 can be seen in [2] and [4] respectively.
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Definition 1.7. A map f: X — B is finally compact if f is closed and for every
b € B the fibre f~'b is finally compact. A finally compact T3-map is called a
Lindelof map.

Definition 1.8. Let f: X — B be a Tj-map.

(1) f is said to be collectionwise prenormal if for every discrete collection
{F, : @ € A} of closed subsets of X and for every b € B, there are O, € N(b) and
a collection of open subsets {U, : a € A}, such that F,, N f~10, C U, and {U,}
are discrete in f~1Op. The map f is said to be collectionwise normal if for every
open set O of B, f|f~10 : f~1O — O is collectionwise prenormal.

(2) The sequence Wy, W, ... of open (in X) covers of f~1b,b € B, is said to
be a b-development if for every x € f~1b and every U(x) of z in X, there exist
i <w and O € N(b) such that x € St(z,W;) N f~1O C U(z). The map f is said
to have an f-development if it has a b-development for every b € B.

(3) The map f is metrizable type (abbreviated MT) if it is closed and collec-
tionwise normal and has an f-development.

If f is collectionwise normal, it is easy to see that f is regular, therefore f is
normal. Thus f is T4. We use the following theorem in the later.

Proposition 1.2. ([4;Proposition 2.7])Every paracompact map is collectionwise
normal.

Definition 1.9. For a fibrewise space (X, f), a collection B, of open sets of X is
said to be a base at b for the map f,b € B, if for every x € f~'b and every open
nbd U(z) of x there are O € N(b) and V € B, such that z € V. N f~10 C U(x).
One can assume that for every V € B, we have V N f~1b # ().

Thus By = U{By|b € B}, where B, is a base at b for f, will give a base for the
map f. Conversely, if By is a base for f, by taking By (b) = {V € B¢|[VNf~1b # 0}
one gets a base at b € B for the map f.

Definition 1.10. Let f: X — B be amap and b € B. A collection U of subsets
of X is said to be b-discrete if there is a nbd O, € N(b) such that U A f~10, is
discrete in f~1Oy. Further U is said to be b-o-discrete if U = U{U,|n € N} and
each U, is b-discrete for each n € N.

The following is used in the later.

Theorem 1.3. ([4;Theorem 2.12]) For a map f : X — B, the following are
equivalent:
(1) f is an MT-map.



ON FIBREWISE RETRACTION AND EXTENSION 815

(2) f is a closed T5-map with a b-o-discrete b-base for every b € B.

Definition 1.11. A compact map f : X — B is compact metrizable type (abbre-
viated MT-)map if it is compact and MT-map.

For CMT-map, we have the following;:

Theorem 1.4. ([/;Theorem 2.18]) A compact map f : X — B is a MT-map if
and only if it has a countable b-base for every b € B.

Definition 1.12. For the collection of maps f, : X, — B, a € A, the subspace
X ={z={2a} € [[{Xa:a €A} : faxa = fazg,Va,3 € A} of the Tychonoff
product [ = [[{Xa : @ € A} is called the fan product of the spaces X, with
respect to the maps fo,a € A and is denoted by {X,relf, : a € A}

For the projection pro : [[ — Xa, the restriction m, on X is called the pro-
jection of the fan product onto the factor X, € A. From the definition of fan
product we have that, fo o mo = fg omg for every a and # in A. Thus one can
define a map f : X — B, called the projection of the fan product, by

f:faoﬂ'a,OéEA

Obviously, the projections f and 7y, € A, are continuous.

The projection f is also called the fibrewise product of the maps f,,a € A
(since for every point b € B, the inverse image f~!b is homeomorphic to the
Tychonoff product of the fibres f;'b,a € A). The fact that f is the fibrewise
product of the maps f,,a € A, will be denoted by f =[[{fa: a € A}.

In particular the fan product P of the spaces X and Y with respect to the
maps f: X — B and ¢g:Y — B will be denoted by Xx,Y and the projections
To by mx and 7y.

2. FIBREWISE ABSOLUTE (NBD) RETRACTS AND EXTENSORS

In this section, we shall introduce the fundamental notions in fibrewise retract
theory; i.e., fibrewise retraction, fibrewise (nbd) retraction of maps, fibrewise
(nbd) extension of maps, mapping class @ p of fibrewise maps with the property
Q over a base space B, fibrewise absolute (nbd) retract for a class @ g and fibrewise
absolute (nbd) extensor for a class Q. Further we will study of some properties
of these notions. For retract theory in general topology, one can consult [1],[8]
and [6].

We shall begin with the following definitions.
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Definition 2.1. Let X be a space and A a subspace of X. Let (X, f) and (4, g)
be two fibrewise spaces.

(1) A map r : X — A is said to be a fibrewise retraction of f to g if it is a
retraction and a fibrewise map i.e., f = gor. In this case, g is said to be a retract
of f.

(2) If there are a nbd Y of A in X and a fibrewise retraction r : Y — A, g is
said to be a nbd retract of f.

Definition 2.2. Let X be a fibrewise space over B. A fibrewise map e: X — X
is said to be fibrewise idempotent if eo e = e.

Proposition 2.1. Let X be a fibrewise space over B, A a subspace of X and
r: X — A a fibrewise retraction. For the inclusion h : A — X, the composition
e=hor: X — X is fibrewise idempotent.

PROOF. Since r and h are fibrewise maps, e is obviously a fibrewise map. Since
r is a fibrewise retraction, the composed map r o h is the identity map ¢ on A.
Hence, we have

eoce=(hor)o(hor)=ho(roh)or=hoior=hor=e.

This proves that e is idempotent. O

Conversely, we have the following.

Proposition 2.2. Let (X, f) be a fibrewise space, e : X — X a fibrewise idem-
potent, e(X) = A and r : X — A a map defined by r(z) = e(x). Then r is a
fibrewise retraction of f to f|A.

PROOF. Since the given map e is fibrewise idempotent, we have e = eo e and r
is a fibrewise map. Let a be an arbitrary point of A. Since A = e(X), there is a
point € X with a = e(x). Hence we have

r(a) = e(a) = e(e(z)) = (eoe)(x) =e(x) = a.

This proves that r is a retraction. O

Proposition 2.3. Let X be a space and A a subspace of X. For two fibrewise
spaces (X, f) and (A,g), if f is a Hausdorff map and g is a retract of f, A is
closed in X.

PrOOF. Let r : X — A be a fibrewise retraction. We shall prove that the
complement M = X — A is an open set of X. Let x be an arbitrary point in M.
Then r(z) is a point in A. Since r is fibrewise, g(r(x)) = f(x). Denote a = r(x)
and b = g(a) = f(x). Since a € A, x € M and f(z) = f(a), we have a # = and
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a € f~'b,x € f~1b. Since f is a Hausdorff map, there are two open set U and
V of X such that a € U,z € V,UNV = (). By the continuity of , r=*(U N A)
is an open set containing the point z. It follows that W = »~'U NV is an open
set containing x. It remains to prove that W C M. For this purpose, let z be an
arbitrary point in W. Then z € V and z € r~1U. The latter implies r(z) € U.
Since U and V are disjoint, it follows that r(z) # z. Hence z € M. This proves
W C M. O

Definition 2.3. Let (X, f),(A,g) and (Z,h) be fibrewise spaces, A C X and
g = f|A. For fibrewise maps ¢ : X — Z and ¢ : A — Z,

(1) 9 is called to be a fibrewise extension of ¢ if Y|A = .

(2) 9 is called to be a fibrewise nbd extension of ¢ if there is a nbd U of A in
X with 9|U = .

Proposition 2.4. Let (X, f) and (A, g) be fibrewise spaces and A C X, g = f|A.
Then g is a retract of f if and only if, for every fibrewise space (Z,h) and every
fibrewise map ¢ : A — Z, v has a fibrewise extension of X to Z.

PrROOF. “Only if” part: Since g is a retract of f, there is a fibrewise retraction
r: X — A. Then it is easy to see that ¢ o r is a fibrewise extension of .

“If” part: Since the identity 7 of A is a fibrewise map for (4, g), then by taking
(Z,h) to be (A, g), i has a fibrewise extension r from the condition. Therefore r
is a fibrewise retraction of f to g. O

Let @p be a class of projections f : X — B satisfying a topological property
Q; ie. Qp={(X,[f)|f : X — B is a projection satisfying @Q}. We call Qp is
a fibrewise class satisfying (). For example, we consider as @), perfect maps,
paracompact maps, normal maps, metrizable type (MT-)maps, etc. Further, we
require that “If (X, f) € Q@p and A is a closed subset of X, then (4, f|A) € Qp”.
For (X, f) € @p and a closed subset A of X, a pair ((X, f), (4, f|A)) will be
called a Qp-pair. In this case, we will simply write that (X, A) is a Q g-pair.

Definition 2.4. Let (X, f) be a fibrewise space. (X, f) is said to be an absolute
(resp. nbd) retract over B relative to a fibrewise class Qg if, for every (Z,h) € Qp
satisfying (Z, X) is a Qp-pair, f is a (resp. nbd) retract of h. By ARp(Qp) (resp.
ANRp(Qp)) we denote all absolute (resp. nbd) retracts over B relative to Qp.

Definition 2.5. Let (Z,h) be a fibrewise space. (Z,h) is said to be an absolute
(resp. nbd) extensor over B relative to a fibrewise class Qp if, for every fibrewise
map ¢ : A — Z, where A is a closed subspace of X with (X, f) € @p, ¢ has a
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fibrewise (resp. nbd) extension to X (resp. a nbd U of A). By AEp(Qp) (resp.
ANFEg(Qp)) we denote all absolute (resp. nbd) extensor over B relative to Qp.

We shall prove the following propositions for any fibrewise class Q. The first
two propositions are obvious.

Proposition 2.5. Every (X, f) € ARp(Qp) is also in ANRp(Qp).
Proposition 2.6. Every (E,g) € AE(Qp) is also in ANE(Qp).

Proposition 2.7. Let (E,g) € Qp. If (E,g) is in AEp(QR), then it is also in
ARp(Qp). If it is in ANEg(Qp), then it is also in ANRp(Qp).

PRroOOF. For any (X, f) € @p such that (X, F) is a @) p-pair, since (F,g) is in
AFEgB(QpB), the identity i : F — FE has a fibrewise extension ¢ of ¢ to X. Since ¢ is
also a fibrewise retraction of f to g, g is a retract of f. Hence (F,g) € ARp(Qp).
The case ANEg(Qp) follows by the same steps. O

The following two propositions are obvious.

Proposition 2.8. Let Qp and QIB be fibrewise classes such that Qp C Q;B.
If (E,g) € AE(Qp) (resp. ANEg(QYp)), then it is also in AER(Qp) (resp.
ANEg(QB))-

Proposition 2.9. Let Qg and Q;3 be fibrewise classes such that Qp C QIB.
If (X,f) € ARp(Q}) (resp. ANRp(Qp)) and it is in Qp, then it is also in
ARB(QB) (resp. ANRB(QB))

Proposition 2.10. Let (E, f) € AEg(Qp) (resp. ANEg(Qp)). If, for a fibre-
wise space (Y, g), g is a retract (resp. nbd retract) of f, then (Y, g) isin AEg(Qp)
(resp. ANEg(Qg)).

PRrROOF. For any (X, h) € Qp and any closed subset A of X, let ¢: A —Y be a
fibrewise map. The map ¢ can also be considered as a map of A into E. Since
(E,f) € AEB(QB), ¢ has an extension ¢ : X — E. On the other hand, since g
is a retract of f, there is a fibrewise retraction r : E — Y. Then it is easily seen
that 7ot : X — Y is a fibrewise extension of ¢. Hence, (Y,g) is in AEp(Qp).
The case ANEg(Qp) can be similarly proved. O

Proposition 2.11. Let (E,g) € ANEg(Qp). If O is an open set of E, (O, g|O)
5 1N ANEB(QB)
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PROOF. Let (X.f) € Qp and A a closed subset of X. For a fibrewise map
¢ : A — O, this ¢ can also be considered as a map of A into E. Since (E, g) is
in ANEp(Qp), there are a nbd U of A in X and a map ¢ : U — X which is a
fibrewise extension of ¢ : A — E. Then %[tp~1(0) : y=1(O) — O is a fibrewise
extension of ¢, which shows that (O, g|O) is in ANEp(Qp). O

Proposition 2.12. Any fan product of AEg(Qg) is in AEg(Q5)-

PROOF. Let (X4, fo) € AEB(QB), a € A, X the fan product of the spaces X,
a € A, and f the projection of X to B. For any (Z,h) € @p and any closed
subset A of Z, let ¢ : A — X be a fibrewise map. Since (X,, fo) € AE5(QB),
for each a € A, myop: A — X, has a fibrewise extension ¢, : Z — X, of m, 0.
We define ¢ : Z — X by 1(z) = [[¥a(2). Then it is easily verified that 1 is a
fibrewise extension of . O

The following proposition can be proved by the same steps as in the above.

Proposition 2.13. Any fan product of a finite number of ANEg(Qp) is in
ANEg(Qp).

3. FIBREWISE ADJUNCTION SPACES

In this section, we define the concept of fibrewise adjunction spaces, and con-
sider some properties of this concept. We shall prove that some fibrewise classes
are preserved under the fibrewise adjunction operation, and for such a class @,
a fibrewise space in Qp is in AEg(Qp) (resp. ANEp(Qp)) if and only if it is in
ARp(Qp) (resp. ANRp(Qp)).

Definition 3.1. Let (X, f) and (Y, g) be fibrewise spaces, A a closed subspace of
X, ¢: A—Y afibrewise map with goy = f|A and X U, Y (= Z) the adjunction
space. A map h : Z — B defined by

B flx) (xeX—-A)
h(x)‘{gm (xeY)

is a fibrewise map. Then (Z, h) is called a fibrewise adjunction space determined
by (X, f), (Y, g) and ¢, and h an adjunction map determined by f, g and ¢, which
is denoted by f U, g.

In this definition, there are three natural maps j : X — Z, k:Y — Z and
p: XUY — Z. We use these j, k and p in this section, and X — A and Y are
identified with p(X — A) and p(Y'), respectively.
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The fibrewise retraction problem, as defined in the previous section, is a special
case of the fibrewise extension problem. Also, we can see from Proposition 2.4
that the notion of retracts of maps gives a necessary and sufficient condition for
the fibrewise extension problem to be trivial. On the other hand, the fibrewise
extension problem for a given map ¢ : A — Y, defined on a closed subspace
A of a fibrewise space X into another fibrewise space Y can be reduced to a
fibrewise retraction problem by means of the fibrewise adjunction space. We have
the following proposition.

Proposition 3.1. Using the notation of Definition 3.1, g is a retract of h if and
only if ¢ has a fibrewise extension to a map of X to Y.

PrROOF. “Only if” part: Let r : Z — Y be a fibrewise retraction. Define a map
1 : X — Y be taking ¢(x) = r(p(z)) for every point € X. For each z € A,
we have f(z) = r(p(z)) = r(p(x)) = ¢(x). This proves that ¢ is a fibrewise
extension of ¢.

“If” part: Let ¢ : X — Y be a fibrewise extension of the given map ¢. Define
a function r : Z — Y as follows. Let z be an arbitrary point of Z. If z € Y, let
r(z) = z. If z € Y, then there is a unique point z in X — A with p(z) = z. Define
r(z) =¢(z). Let s=rop: XUY — Y. It follows that s|X = ¢ and that s|Y
is the identity map. Therefore s is continuous. Since p is the natural projection,
it follows that r is continuous. Since r|Y is the identity map by definition and
gor = h, we conclude that r is a fibrewise retraction. O

We use the following notations of fibrewise classes in this paper.

Np = All fibrewise spaces with normal T5 maps

FNp = All fibrewise spaces with functionally normal maps

CN'p = All fibrewise spaces with collectionwise normal maps

Pp = All fibrewise spaces with paracompact maps

Lp = All fibrewise spaces with Lindel6f maps

Cp = All fibrewise spaces with compact maps

Mp = All fibrewise spaces with MT-maps

CMp = All fibrewise spaces with CMT-maps

We shall show in the following propositions that each of Nz, CN'g, Pg, Lp,
Cp and CMp is closed under the fibrewise adjunction operation.

Proposition 3.2. Let (X, f) and (Y, g) be in N, A a closed subspace of X and
¢:A—Y a fibrewise map. Then the fibrewise adjunction space (X U, Y ,f Uy, g)
is in Np.
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Proor. Let X U, Y=Z7 and f U, g=h. First, we shall show that h is a Tp-map.
For all z,2’ € Z such that z # 2/, hz = hz’, we must consider three cases: (a)
z,27€Y, (b)ze X —A2 €Y, and (¢) 2,2’ € X — A. For the case (a), since g
is a Tp-map, there is a nbd U of z in Y with 2’ ¢ U. Then U U (X — A) is a nbd
of z in Z which does not contain z’. For the other cases (b) and (c), since f is a
To-map and X — A is open in Z, it is easy to see that at least one of the points
z,2' has a nbd in Z not containing the other point. Thus, h is a Ty-map.

Next, we shall show that h is a regular map. For a point z € Z and a closed
set F' of Z such that z ¢ F', we must consider two cases: (1) z € X — A, and (2)
z € Y. For the case (1), since f is regular, there is O € N(fz)(= N(hz)) such
that the sets z and A U j~'F have disjoint nbds U and V in =10, respectively.
Then U N (X — A)N A0 and p(V UY) N h~1O are disjoint nbds of z and
F N h='O in h7tO, respectively. For the case (2), since g is a regular map,
there is O € N(gz)(= N(hz)) such that the sets z and k=1 F N g~'O have nbds
U and V in g~'O, respectively, with [U]ly N [V]y Ng~'O = 0. For disjoint
closed (in f710) sets ¢ 1 [U]ly N f710 and (j7'F U ¢~ [V]y) N f71O, since f
is normal, there is Oy € N(hz) such that O; C O and there are disjoint nbds
Uy and V; in f~'0; of the above sets, respectively. Then we shall show that
GUIN(X=A)UEU)NA™10; = U and (j(ViN(X —A)UEV)NA~10; =V are
disjoint nbds of the sets z and FNh~1O1, respectively. Since it is easy to see that
z € U/,Fﬂh_lOl cViandU NV = (0, we show that U and V' are open in Z.
For U, it is sufficient to show that j U is open in X because kU = Ung~10,
is open in Y. Since ¢ (U Ng~10;) is open in A, there is an open set W of X
such that WNA = 1 (UNg~'0;). Since Uy N (X — A UW) =;"1U", j~'U
is open in X. For V/, we can prove in a similar way. Thus h is a regular map.

Finally, we shall show that A is a normal map. It is enough to show that h is
prenormal, because it is easy to see, in the same way, that h|/h~O is prenormal
for every open set O of Z. For every b € B and any two disjoint closed sets F'
and H of Z, since g is normal, there is O; € N(b) such that FNY and HNY
are separated in g~'O;. Therefore, there are two open sets U; and U, of Y such
that k‘lFﬁg_lOl C Ul,k‘_lHﬂg_lOl C Uy and [Ul]y n [Uz]y ﬁg_101 = 0.
Since ¢ H([U1]y Ng7tO1)U(GGLFN(X —A)Nf~10;) and o= 1([Us]y Ng=10O1)U
(7YHN(X —A)Nf~10,) are disjoint closed sets of 1Oy and f is normal, there
is Oy € N(b) with O2 C O such that the above disjoint closed sets have disjoint
nbds V; and V, in f~1Os, respectively. Then j(Vi N (X — A))Uk(U;Ng~1O02) and
j(Van (X — A))Uk(Uzy N g~ 10,) are disjoint nbds of FNA™10y and H Nh™10,
in h~10,. Thus h is prenormal. O
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Proposition 3.3. Let (X, f) and (Y, g) be in CN', A a closed subspace of X and
p: A=Y a fibrewise map. Then the fibrewise adjunction space (X U, Y ,f U, g)
is in CN g.

PrROOF. Let f U, g=h. Since (X, f) and (Y, g) are in N, note by Proposition
3.2 that h is a Ty-map. Further, it is easy to see by the same steps in the proof
of Proposition 3.2 that h is collectionwise normal. O

Proposition 3.4. Let (X, f) and (Y, g) be in Pp, A a closed subspace of X and
p: A=Y a fibrewise map. Then the fibrewise adjunction space (X U, Y ,f U, g)
15 1 Pp.

To prove this proposition, we need the following lemma. Let X U, Y=Z2 and
f U, g=h.

Lemma 3.5. Under the same conditions of Proposition 3.4, for a point b € B
and any nbd O, € N(b), let {Ux} be any b-locally finite (in'Y) cover of g~'b.
Then there are a nbd O, € N(b) and an open (in Z) locally finite collection {Wy}
in h=10,, such that O, C Oy and Uy N g~ *0, = Wa N g~'O, for each .

PROOF. Let U={U,}. For U, since (Y, g) is in Pp, there is an open (in Y) cover
u = {U;;} of g71b such that any UI; € U’ meets only a finite number of elements
of U. We may assume that U’ is locally finite in g~'0O, for some O, € N(b)
with O, C Oy because (Y, g) is in Pp. Further, there is an open (in Y) cover
U ={U,} of g_lO; such that each U, meets only a finite number of elements of
U'. Since ¢~'Y = A, we have that {¢ U, }, {(p_lU;;} and {© U, } are open (in
A) covers of ¢~'g710,. Put V/; = cp_lU; U(X — A) for each p. Then V' = {V;}
is an open (in X) cover of f~'b. Since f is paracompact, there is O, € N(b) such
that O, C O, and V' A f~1O} has an open (in X) star refinement G = {G,.}. For
each A, let

Va = (7' UAU (St~ 'Ux,G) — A) N f710y.
Then V) is open in f*IOZ. Next, for each A, let
Wy = (UxUpVa) Nh™10y,

which is open in hilO; and Uy N g’lO; = WyxNY. We shall show that {Wy}
is locally finite in h_lO;. For an arbitrary point z € h_l();7 we consider the
following two cases: (1) z€ Z—Y,and (2) z€Y.

Case (1): It is enough to show that {V,} is locally finite in f~10,. If G, NV) #
0, then G, N St(p~Uy,G) # 0. So St(Gx,G) N~ U\ # 0. Therefore, there is
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V; € V' such that St(Gx,G) C V;. From this we have p=1U, N (<p_1U;L U((X -
A)) # 0, so that o= 1U, N go’lU; # (). But for fixed p, this is possible only for
a finite number of \’s. Hence, since {G,} covers f~10,, {Vi} is locally finite at
zej(X-A)=2Z-Y.

Case (2): We construct a nbd of z in k=10 as follows. Starting with some U,
containing z, we put

V, = (¢7'U, U(St(¢™'U,,G) — A) N f10y,
and
W, = (pV, UU,)Nh~'0;.
Then it is easy to see that W, is a nbd of z in Z. Now let W, N W) # 0.
If W, "Wy C Y, we have U, NUy # 0. But U, only meets a finite number of
sets U, ;L, each meeting only a finite number of sets U,. Hence, since v is fixed, A

that satisfies W, N W) # () is restricted to a finite number of values.
If W, N Wy ¢ Y, there is a point 2, € (W, NWy)N(Z —Y). Then

n=7"Y=n) e W, niTWy =V, nVy C St(IU,,G) N St(jIUN, G),

where one can note that j7'U, = o~ 'U,,j Uy = ¢ 'U,. This implies that
St(y1,G)N U, # 0 and St(y;1,G)Nj~ U, # (. But G is an open star refinement
of V' A f710;. Hence,

Sty,G) C V, N 1710, = (¢ U, U (X — A) N S0,

for some p. We obtain j‘lUl; Nj~U, # () and j‘lU; Nj~ U, # 0. Again we see
that, since v is fixed, \ that satisfies W, N Wy, # () is restricted to a finite number
of values. Hence {W,} is locally finite in h=*O,. This completes the proof of
Lemma 3.5. O

We can now prove Proposition 3.4.

PROOF. We take a point b € B and any open (in Z) cover R = {R,} of h™1b.
Since (X, f) and (Y, g) are in Pp, there is a nbd O, € N(b) such that f~10, is
covered by j 'R and f~'O, A j71R has an open (in X) locally finite refinement
Vi in f7'Oy, and g7 'Oy is covered by k'R and ¢ 'Oy A k~'R has an open
(in Y) locally finite refinement & = {U,} in g~10,. For each Uy, choose some
R, € R such that Uy C R,,. By Lemma 3.5, there are a nbd O;) € N(b) and
an open (in Z) locally finite collection {Wy} in h~'0, such that O, C O, and
Uy ﬁgilO;, =Wy ﬂgflOl/7 for each A\. We may assume that Wy C R, otherwise
replacing Wy by Wy N R,,. Put W = [J, Wx. Then W is an open (in h~10,)
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set containing Y N h_lO;). Hence j7'W N f_lO;) is open in f_lO; and contains
AN f_lO;). Since f is a paracompact map, f; = f|f_lO;J : f_lO;J — O; is also
paracompact, so f1 is normal ([2] Proposition 3.2). The disjoint closed (in f_lO;)
sets AN f_lO;) and f_lO;) — W are nbd separated in fflOZ for some O, € N(b)
satisfying O; C O;). Therefore, there are disjoint open (in fflO; = f’lOZ) sets
K and L such that Aﬂf‘lO; C K and f_log —W C L. Then it is easily verified
that (V1 A L) U ({Wx} A h710;) is an open (in Z) locally finite refinement of R
in h=10;. This completes the proof of Proposition 3.4. O

Proposition 3.6. Let (X, f) and (Y, g) be in L, A a closed subspace of X and
v:A—Y a fibrewise map. Then the fibrewise adjunction space (X U,Y,fUy,g)
isin Lp.

PRrROOF. Let XU, Y = Z and fU,g = h. By [2] Proposition 5.3 and Corollary 5.4,
every Lindeldf map is a paracompact Ty-map. So (Z, h) is in Pg by Propositions
3.2 and 3.4. Thus h is closed. For any b € B, it is easily verified that h~'b is
finally compact. Thus (Z, h) is Lindel6f. O

Proposition 3.7. Let (X, f) and (Y,g) be in Cp, A a closed subspace of X and
p: A=Y a fibrewise map. Then the fibrewise adjunction space (X U, Y ,f U, g)
s in Cpg.

Proor. Let fU,g = h. Then it is not difficult to see that h is a closed map and
h~1b is compact for each b € B. O

Proposition 3.8. Let (X, f) and (Y, g) be inCMp, A a closed subspace of X and
p: A=Y a fibrewise map. Then the fibrewise adjunction space (X U, Y ,f U, g)
is in CMp.

Proor. Let XU,Y = Z and fU,g = h. By Proposition 3.7, h is a compact map.
We shall show that, for each b € B, h™1b has a countable b-base. By [4] Theorem
2.16, f~'b has a countable b-base U in X, and ¢g~'b has a countable b-base V in
Y. For every V € V, o~ 1[V]y N f~1b is compact. For each V € V, let

Wy = {Intz(VU (| JUi = Al Vly nf'oc | J Ui Us eU,n e N}
i=1 i=1
where Intz is the interior operator in Z. Then it is easy to see that Wy is
countable, | Jy, .y, Wy is countable, and (U A (X — A))U(Uy ¢y, W) is a countable
b-base of h=1b. Thus, by [4] Theorem 2.18, h is an MT-map. O

Finally, we obtain the following Theorem.
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Theorem 3.9. Let Qp be one of the fibrewise classes Ng,CNp,Pg,Lp,Cp and
CMp. Then for any (Y,g) € @Qp, it is in AEg(Qp) (resp. ANER(Qp)) if and
only if it is in ARp(Qp) (resp. ANRp(QpB)).

PROOF. We shall show only the case of AE5(Qp) and AR5 (Qp), since the other
case can be proved by a similar method.

“Only if” part: We assume that (Y, g) € @pisin AEg(Qg). For every (Z,h) €
Q@ p satisfying (Z,Y) is a Q@ p-pair, let i : Y — Y be the identity map. Since (Y, g)
isin AER(Qp), ¢ has a fibrewise extension r : Z — Y. Then, it is obvious that r
is a fibrewise retraction of h to g. Thus, (Y, g) is in ARp(Qp).

“If” part: Let (Y,g) € Qp bein ARp(Qp). For any @ g-pair ((X, f), (4, f|A))
and for every fibrewise map ¢ : A — Y, we take the fibrewise adjunction space
Z = XUyY,h = fUg,g. Then from Propositions 3.2, 3.3, 3.4, 3.6, 3.7 and 3.8,
(Z,h) is also in @p. Since (Z,Y) is a @p-pair and (Y, g) is in ARp(Qp), there
is a fibrewise retraction r : Z — Y. Then, rop = X — Y is a fibrewise extension
of ¢. Thus, (Y,g) is in AEp(Qp). O

4. FIBREWISE CONTRACTIBILITY

In this section, we consider fibrewise contractibility. For a fibrewise space
(X, f), by (X x I,q) we mean the fibrewise space (Xyxpr,(I x B), f X prg),
where prg : I x B — B is the (fibrewise) projection. We use the notation
(X x I,q) for the rest of the paper.

Proposition 4.1. Let Qp be one of the fibrewise classes Pg,Lp,Cg, Mp and
CMp. Then for any (X, f) € Qp, (X xI,q) € @p.

PROOF. Pp case: Since it is obvious that prp is a compact map, it is paracompact
[2] Theorem 4.5.

Lp case: Since prp is compact, ¢ is Lindeldf by [2] Corollary 5.8.

Cp case: Since f and prp are compact maps, it is easy to see that ¢ is compact.

Mp case: Since f and prpg is paracompact, ¢ is paracompact by Pg case. So,
it is a closed T3-map by [2] Proposition 3.2. It is enough to show from Theorem
1.3(also see,[4] Theorem 2.12) that, for each point b € B, ¢ has a b-o-discrete
b-base. Let U = |Jo—, U, be a b-o-discrete b-base for f, and V = {V,|n € N} a
countable base of I. Then we put for each V, € V

Wt ={(U x (Vp, x B))NX x IU € Uy, }



826 TAKUO MIWA

and

we O e
v, k=

n 1

)

Then we shall prove that W is a b-o-discrete b-base for ¢. First, it is obvious that
each W, is b-discrete. Next, for every (x,t,b) € ¢~'b and any nbd U of (z,t,b),
there are a nbd M of  in X, anbd V;, € V of t in I and O € N(b) such that
(M xVpxO)NX xICU. Since U is a b-o-discrete b-base for f, there are an
n € N,N € U, and O, € N(b) such that O, C O and x € NN f~t0, C M.
Therefore, V = (N x Vi, x B)N X x I € Wy and (x,t,b) € VNg 1O, CU.
CMp case: Since f and prp is compact, ¢ is compact. For every point b € B,
since f is a compact MT-map, there is a countable b-base U by Theorem 1.4(also
see, [4] Theorem 2.18). Put W= {(U xV x B)N X x I|U €U,V € V} where V
is a countable base of I. Then it is easy to see that W is a countable b-base for
q. Thus, ¢ is an MT-map by Theorem 1.4. O

Definition 4.1. (1)([10]) By a section of a fibrewise space, we mean a continuous
right inverse of the projection. A fibrewise map ¢ : X — Y is fibrewise constant
where (X, f) and (Y, g) are fibrewise spaces, if ¢ = to f for some sectiont: B — Y.

(2)([10]) Let 0,¢ : X — Y be fibrewise maps. A fibrewise homotopy of 6 into ¢
is a fibrewise map H : X x I — Y such that H(x,0) = 6(x) and H(z,1) = ¢(x).
In this case, we say 6 is fibrewise homotopic to ¢ and write 0~g¢. A fibrewise
homotopy into a fibrewise constant map is called a fibrewise nullhomotopy.

(3)([10]) A fibrewise space X is fibrewise contractible if the identity on X is
fibrewise nullhomotopic.

Proposition 4.2. Let (X, f) be a fibrewise contractible space and A a subspace
of X. If f|A is a retract of f, then (A, f|A) is fibrewise contractible.

PROOF. Since (X, f) is fibrewise contractible, there are a section s : B — X and
a fibrewise map H : X x I — X such that so f is fibrewise constant and H
is a fibrewise homotopy of idx to so f. Since f|A is a retract of f, there is a
fibrewise retraction r : X — A. We define a function K : A x I — A as follows:
K=roHoi, wherei: Ax I — X x I is the inclusion map. Then it is easy to
see that K is a fibrewise map and for each x € A

K(z,0)=roHoi(x,0) =70 H(z,0) =roidx(z) =r(z) =z =ida(z),

K(z,1)=roHoi(zx,1)=roH(z,1) =ro(so f)(x) = (ros)o (f|lA)(z).
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Since ros: B — A is a section, K is a fibrewise homotopy of id4 to a fibrewise
constant map (r o s) o (f|A). Thus f|A is fibrewise contractible. O

Theorem 4.3. Let Qp be one of the fibrewise classes Pg,Lp,Cp and CMp.
Then any (X, f) € ARg(Qp) which has a section is fibrewise contractible.

PROOF. Since (X, f) is in Qp, (X x I,q) € @p from Proposition 4.1. Let s be
a section of (X, f), i.e. fos =1idp. Since A = X x {0,1} is closed in X x I,
we can define a map ¢ : A — X by ¢(z,0) = 2 and p(z,1) = so f(x). Since
(X, f) € AEp(Qp) by Theorem 3.10, there is a fibrewise extension ¢ : X xI — X
of ¢. Thus (X, f) is contractible. O

Theorem 4.4. Let Qp be one of the fibrewise classes Ng and CN'p. If (X, f) €
P NARp(Qp) and it has a section, then it is fibrewise contractible.

PROOF. Since Pg C Qp by [2] Proposition 3.2 and Proposition 1.2 of this paper,
(X, f) € ARp(Pp) by Proposition 2.9. Since (X, f) has a section, it is fibrewise
contractible by Theorem 4.3. O

5. SOME SPECIAL CASES OF FIBREWISE CONTRACTIBLE SPACES

In this section, we consider the case that for every fibrewise space (X, f), X is
paracompact. Let P be the topological class of all paracompact Hausdorff spaces.
For any fibrewise class Qp, we use the notation Qg NP = {(X, f)|X € P and
(X, f) € Qp}. Then it is easy to see that any fibrewise space (X, f) € Qg NP is
in .7:./\/3

Theorem 5.1. Let Qp = FN pNP. Then any fibrewise space (X, f) which is a
fibrewise contractible space of ANEg(Qp) is in AE(Qp).

PROOF. Since (X, f) is fibrewise contractible, there are a section s : B — X and
a fibrewise homotopy H : X x I — X such that H(x,0) = z, H(z,1) = so f(z).
Let (Y,g) € Qp,(Y,A) be a @p-pair and ¢ : A — X a fibrewise map. Since
(X, f) e ANEg(Qp), there are an open (in Y) nbd U of A and a fibrewise map
v : U — X such that ¢|A = . Since Y is paracompact, there is an open nbd
V of Y — U such that AN[V]y = 0. Since (Y,g) € FN g, for each b € B, there
is an open nbd O, € N(b) such that A and [V]y are functionally separated in
g 'Oy. Therefore, for each b € B, there is a map e, : ¢~'O, — I such that
ANg 0, C ¢, '(0) and [V]y Ng~'0y C e, '(1). Since Y is paracompact and
{g710|b € B} = U is an open cover of Y, there is a partition {x,|b € B} of unity
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subordinated to U. Now we define a function e : Y — I by

e(y) = en(y)rn(y).
beB
Then it is easy to see that e is well-defined, continuous and satisfies A C e~1(0)
and [V]y C e~1(1). Finally, we can define a function ¢ : Y — X as follows:

[ H®W(y),e(y) wel)
o) = { s(9(y)) (yev).

Then ¢ is easily proved to be continuous. Since ¢|A = ¢, we conclude that
(X, f) € AEB(@B). O

Theorem 5.2. (1) Let Qp be one of the fibrewise classes Ng NP and CN' g NP.
Then a fibrewise space (X, f) which is in Qp and has a section is in ARg(Qp)N
Pp if and only if it is a fibrewise contractible space of ANRp(Qp).

(2) Let Qp be one of the fibrewise classes PsNP, LENP, CgNP and CMpNP.
Then a fibrewise space (X, f) which is in Qp and has a section is in ARp(Qp)
if and only if it is a fibrewise contractible space of ANRp(Qp).

PROOF. (1) “Ounly if” part: This follows easily from Proposition 2.5 and Theorem
4.4.

“If” part: This follows easily from Theorems 3.9 and 5.1 and Proposition 2.9.

(2) “Only if” part: This follows easily from Theorem 4.3 and Propositions 2.5
and 2.9.

“If” part: This follows easily from Theorems 3.9 and 5.1 and Proposition
2.9. O

Finally, we shall give an example of a normal compact map which is not func-
tionally Hausdorff. This example was constructed by David Buhagiar.

Example 5.1. We need a space Z which slightly differs from that of Tzannes([13]).

Let [0, ] be the closed ordinal space and let [0,Q]);,7 € J, |J| = |[0, ]|, be dis-
joint copies of [0, §2], where ) is the first uncountable ordinal. To the topological
sum X = (J;,[0,Q]; we add another closed ordinal space [0, (2] and we consider
the set Y = X U [0,9Q]. We define the bases of neighbourhoods of the points in
[0,9] in Y as follows:

(a) If z € [0,Q, then let V(z) be a neighbourhood of z in [0, Q[ and let V' (x;)
be the copy of V(z) in [0,9];. Then a base of neighbourhoods of z in Y is the
collection of sets

Vz)u(Jo),
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where C' is the set consisting of all but a finite number of V(z;);

(b) If z = Q, then let V() be a neighbourhood of  in [0, Q2] and let W (z) be
an open set in [0, Q] satisfying (i) W(z) € V(£2) and (ii) there exists an a < 2
such that [o, Q] N W(z) = . Then a base of neighbourhoods of Q in Y is the
collection of sets

viyu(Jo),

where C' is the set consisting of all but a finite number of W (x;).

As in Tzannes’ example, it is easily seen that X is an open dense subspace of
Y. Also, every sequence frequently in Y \ {€; : ¢ € J} has an accumulation point
(either in X or in [0,9]). Let L = {€; : ¢ € J} and D = { isolated points of X}.
Since |L| = |D|, there exists a 1-1 map g from L onto D. Consider the quotient
space

Z ={z,(Q,9(%)) :x € (X\(LUD))U[0,Q],i € J}

We now define a topology 7 on Z weaker than the quotient topology. Let U(f2)
be a neighbourhood of 2 in [0, 2] and let U(;) be a copy of U(Q2) in [0, Q];. Let
q:Y — Z be the natural projection.

(A) For every x; € X \ (LU D) a base of neighbourhoods is the collection of
open sets O(z;) such that

g (O(z:)) N X = V(z;) u JU( ),

where k varies through all positive integers for which, for some finite sequence
of positive integers ni,..., Ny, Nm = k, g(Qn,) € V(x;), and for all 1 < j <
m, g, 1) € U(Qn;);

(B) For every z € [0, Q[ a base of neighbourhoods is the collection of open sets
O(x) such that

¢~ 1(0()) = V(@) uJCuJUw),
where k varies through all positive integers for which, for some finite sequence
of positive integers ni,...,Mm, Nm = k, g(s,) € UC, and for all 1 < j <
m, g(Qn,1,) € U(Q));
(C) For every point (€;,g(£2;)) a base of neighbourhoods is the collection of
open sets O((€;,9(;))) such that

g (O((,9(2))) N X = {g()} U JU (),

where now for k and ny,...,nm, nm =k, g(Qn,) € U(;), and for all 1 < j <
mvg(Qn_H—l) € U(an)§
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(D) Finally, for ©Q € [0,9] a base of neighbourhoods is the collection of open
sets O(Q?) such that

¢ (o@) =vyulJculJuw),

where now for k and ny,...,nm, nm = k, g(,,) € UC, and for all 1 < j <
m, g(Qn,,,) € U(Qy;). Note that here C is as in item (b) above in the definition
of neighbourhoods of €2 in Y.

As in Tzannes, (Z,7) is a countably compact Hausdorff space which is not
functionally Hausdorff. Now consider the quotient space Z/[0,€]. The map p :
Z — Z/[0,9)] is a Hausdorff compact (perfect) map which is not functionally
Hausdorff. Indeed, any two points in [0,] cannot be separated by any function
in any neighbourhood of [0, Q] in Z. Consequently, the map p is a normal compact
map which is not functionally normal.

In connection with this example, we don’t know whether or not a C MT-map
implies functionally Hausdorff. For other examples of normal compact Hausdorff
maps which are not functionally Hausdorff, see [7,4.2] or [5, Example 3.4]. (These
examples were pointed out by the referee. The author wishes to express his
gratitude to the referee for his helpful comments.)
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