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SPECTRAL ASSIGNMENT FOR HILBERT
SPACE OPERATORS
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Abstract. Given Hilbert space operators A and B, the possible
spectra of operators of the forrmn A — BF are described, under
suitable hypotheses. The Fredholm properties of A\l — (A + BF)
are studied, as well as the situation when the operator A + BF
can be made algebraic, for a suitable choice of F.

To the memory of Domingo Herrero

1. Introduction. Let H, G be (complex) Hilbert spaces, and denote by
L(G, H) the set of all linear bounded operators defined on G with range in
H. Given A € L(H) = (L(H,H)),B € L(G, H), the spectrum assignment
problem is: what are the possible spectra of operators of the form A+ BF,
where F' € L(H,G)? More generally, one asks for a description of spectral
structure of operators of the form A + BF.

In the finite dimensional case (dim H < oo, dim G < 00) this problem
is one of the basic problems in the control theory of linear systems with
finite dimensional state space. The solution of this problem is well-known
as Rosenbrok’s theorem [12] in case ) 52, Im(A’B) = H. The general
finite dimensional case is treated in [14, 15], where not only the possible
eigenvalues of A + BF' are described (with fixed A and B), but also the
possible Jordan structures of A+ BF.

In the infinite dimensional case, a complete description of the spectra
of operators A + BF is known when the pair (A, B) is ezactly controllable,
i.e. the operator

[B,AB,...,AP"'B] € L(G?, H)

is right invertible for some positive integer p.
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Theorem 1.1. The following statements are equivalent for a pair of oper-
ators A€ L(H),B € L(G,H):
(i) (A, B) is exactly controllable;
(ii) the operator [\ — A,B] € L(H & G, H) is right invertible
for every A € C.
If, in addition, H and G are infinite dimensional then (i)
and (ii) are equivalent to
(i) for every compact set A C C there exists F' € L(H,G) such
that o(A+ BF) = A.

Moreover, if (iii) holds, then F' can be chosen to depend continuously (in
some appropriate sense) on A, B and A.

Various parts of Theorem 1.1 were proven in [6, 7, 13, 10]; see also
[11]. Additional conditions equivalent to (i), (ii) and (iii) can be found in
[13], one of them is quoted in Section 5 (Theorem 5.1).

In this paper we study the spectrum assignment problem for not ex-
actly controllable pairs (A, B), assuming throughout the paper that H is
infinite dimensional (if dim H < oo, the problem is in fact finite dimen-
sional). In the not exactly controllable case, not every compact set can be
assigned as spectrum of A+ BF for a suitable F', as it follows from Theorem
1.1. A necessary condition for assignability is easily obtained:

Proposition 1.2. For given A € L(H),B € L(G, H) let

(A, B) = {\ € C|[M — A, B] is not right invertible}
Then for every F € L(H, Q)
(1.1) o(A+ BF) D £(A, B).

Proof: If A € £(A, B), then operator [\ — A, B] is not right invertible,
that is, Im(AI — A, B) is a proper (not necessary closed) subspace of H. So

Im(M - (A+ BF)) =Im((Al — A) - BF) C
C Im(A\I — A) + ImBF C Im(A\I — A) + ImB = Im(M — A, B) # H.

It follows that Im(Al —(A+BF)) # H, and therefore A € 6(A+BF). N



SPECTRAL ASSIGNMENT FOR HILBERT SPACE OPERATORS 503

The question arises whether equality can be achieved in (1.1) for a suit-
able F', and more generally whether every compact set containing ¥(A, B)
can be achieved as the spectrum of A + BF. Easy examples (see Section
6) show that the answer is negative. By analogy with Theorem 1.1, one
expects that some kind of “generalized exact controllability” is a natural
sufficient condition for assignability of the spectrum of A + BF provided
the necessary condition (1.1) is satisfied. This is indeed the case.

To state one of the main results of this paper, introduce the following
definition. For a pair of Hilbert space operators A € L(H), B € L(G,H)
denote Cy(A,B) = Im[B, AB,...,AP~1B]. The pair of operators A, B is
called admissible if for some positive integer p C,(A, B) = Cp41(A, B) and
the linear set Cp(A, B) is closed. If p is the minimal positive integer with
these properties, we say that the pair (A, B) is p-admissible.

Theorem 1.3. Let (A, B) be a p-admissible pair of Hilbert space opera-
tors, where p is a positive integer. If ImB is infinite dimensional, then for

every compact set A # () such that A D ¥(A, B) there exists F' € L(H,G)
satisfying

(1.2) o(A+ BF) = A.

The proof of this theorem will be given in the next section.

The result of Theorem 1.3, as well as of the more general Theorem
4.2, depends essentially on the hypothesis of p-admissibility. An example
illustrating this point is given at the end of the paper. In Section 3 we
give the necessary and sufficient conditions for a compact set A to coincide
with the spectrum of A + BF, for a suitable F', where the pair (A, B) is
p-admissible but ImB is finite dimensional. In Section 4 we prove more
detailed version of Theorem 2.3, with the Fredholm properties of AI — (A +
B F) taken into account. The situation when A+ BF' can be made algebraic
(i.e. p(A+ BF) = 0 for a non-zero polynomial p(z)) by a suitable choice of
F is studied in Section 5.

We are grateful to Prof. D. A. Herrero for bringing to our attention
the reference [9]. During the final stages of preparation of this paper, we
were deeply saddened by the unexpected death of Prof. D. A. Herrero who
was a close friend of one of us (L. R.).

2. Proof of Theorem 1.3: Let (A, B) be a p-admissible pair. The sub-
space Hy = C,(A, B) is obviously A-invariant. With respect to the orthog-
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onal decomposition H = Hy ® Hg- we have

_|An A _|B
o asfe Au) po[B].

Proposition 2.1. In the above notation,
(2.2) Y(A, B) = {\ € C|AI — Ay, is not right invertible}.

Proof: By Theorem 1.1, the operator [\ — A;1, B;] is right invertible for
all A € C. Therefore,

_ AI—AH —A12 Bl
[”"A’B]—[ 0 Al Ay 0]

is right invertible if and only if A — A is, and (2.2) follows. [ ]

In particular, 3(A, B) C o(Az2).

The parts (i)-(iii) of the next lemma are essentially proved in [13]
(although it was not explicitly stated there). Because of the later needs the

lemma contains more information that is needed for the proof of Theorem
1.3.

Lemma 2.2. Let D € L(H), B € L(G,H) be an n-admissible exactly
controllable pair of operators, where n > 1. Then there exist orthogonal
decompositions H = M; & My, G = G1® G2 (M, # {0}) with the following
properties:

(i) write

D11 Ds2
D= : M, & M. M; & M.
[D21 Dzz] 1D My — My & M,
with respect to this decomposition; then the pair (Dag, Da;)
is (n — 1)-admissible and exactly controllable.
(ii) the operator B : G; & Go — M) @ M, when partitioned
with respect to these orthogonal decompositions has the

form
_ | B1 B2
B= [ 0 BZQ]
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with invertible operator By € L(G1, M;).
(iil) for every E € L(MyM,) and every K € L(M,) there exists

F = [F‘ FZ] : M, & My — G1 © G4 such that

)
D+ BFy D+ B F K 0
D+ BF = d
t [ Doy Dy, ] an [D21 Do, +D21E]

are similar:

I FE K 0 I -FE
[0 I] [DQI D22+D21E] [0 I]_D—I_BF'

(iv) if ImB is infinite dimensional, then M; (and therefore also
G1) are infinite dimensional.

Proof: Let us mention first of all that (iii) follows directly from (ii). Indeed,

I E K 0 I -FE _ K+ FEDy EDyy — KE
0 I||D21 Do+ DyFE 0o I |~ Dy, Dy, ’
and
_[B.F, B\F
o [B 2R]

So, F and F; are defined by formulas:
Fy = B{Y(K + EDy — D11),F> = By (ED2y — KE — Dy3).

Therefore it is sufficient to verify properties (i), (ii), and (iv).
Suppose at first that ImB is closed. Then take M; = ImB, Gy =
Ker B. In this case the operator matrix B : G ® Gy — M; ©® M, has the

form B = [? g], and (ii) is true with Bjs = 0, By2 = 0. Due to this

special structure of B
Cn(D,B) = M, ® Cp—1(D21, D22).

This equality proves (i).
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Now assume ImB is not closed. As in [13], let B*B = [;° tdE(t) be
the spectral representation of B*B, and let

(23) Gz = E(€)G, M1 = BG1
and
(2.4) B. = B(I — E(¢))

where € > 0 will be chosen later. With respect to orthogonal decompositions
G =G, ® Gy, M = M; ® M, operators B and B, have the form

_ | B1 Bi2 _|B1 0
B“[o Bzz] and B“[o 0]

correspondingly. In particular, (ii) is satisfied. As B, — B uniformly
when € — 0, and [B,DB,...,D""!'B] is right invertible, all operators
[Be, DBe, ..., D" 'B] also are right invertible for sufficiently small € > 0.
In other words, C,(D,B.) = H. We have C,41(D,Be) 2 Co(D,B.) =
Cn(D, B) = Cp41(D, B) 2 Cnt1(D, Be). Therefore the pair (D, B) is also
n-admissible and exactly controllable (for such €). Since ImB. = M; is
closed, for the pair (D, B) we are now in the situation that already was
considered. As Gy = Ker B, condition (i) is satisfied.

It remains to prove (iv). Indeed, if for any € > 0 the subspace ImB,
is finite dimensional, then B is compact. Therefore, [B, DB,..., D" 'B]is
also compact. Together with right invertibility of this operator this implies
that C,(D, B) is finite dimensional, and so ImB is finite dimensional as
well. ||

Proof of Theorem 1.3: Let Hy = C,(A, B). With respect to the orthog-
onal decomposition H = Hy @ Hy- we have

_ A A _ | B
e[t 2] 0- 2]

Without loss of generality we assume Hy # H (otherwise Theorem
1.3 is reduced to Theorem 1.1). Assume first ImB; = Hp (i.e. p=1). As
Hy is infinite dimensional, we can write Hy = Hg; © Hyy, where Hyy is
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an infinite dimensional Hilbert space. By Read’s theorem [9], there exist
K e L(H01),C € L(Hd',Hol)) such that

K C
T10 Ay

] = {\ € C|AI — Ay, is not right invertible }

which coincides with ¥(A, B) by Proposition 2.1. So, given any compact
set A containing ©(A, B), let K(A) € L(Hog1) be such that o(K(A)) = A;
then

K(A) 0 0
(2.5) o(l 0 K le):A.
0 0 A22

But since B; is right invertible, the operator in (2.5) can be written in the

form
K(A) 0 0
0 K C | =A+ BF,
0 0 Ao
where

F=B;1 [—A11+ [KgA) IO(] ,—A12+[0 C]] eL(Ho@HOl,G),

and where B! is a right inverse of B;. So Theorem 1.3 is proved in the
case ImB; = H,.

Assume now that p > 1. Apply Lemma 2.2 to the pair (4, B), with
the subspace H replaced by C,(A, B). We obtain

X X2 Xy B, B
Xo1 Xoo Xasz|, B=|0 By,

0 0 X3 0 0

A=

with respect to the decomposition H = M;®&M2®(C,p(A, B))*,G = G1®G
where M; @M, = C,(A, B). Here the operator B is invertible, and the pair
(X22, X21) is exactly controllable. Observe also that by Lemma 2.2 (iv) the
subspace M, is infinite dimensional. Let be given a non-empty compact set
A containing (A, B). By Theorem 1.1, there exists Y € L(M>, M;) such
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that 0(Xo2 + X21Y) = {Ao}, where A is a fixed point in A (if M, happens

to be finite dimensional, then the well-known pole assignment theorem for
matrices ensures the existence of such Y). Let

I -Y 0 I'Y O
A=10 I 0| A|0 I of,
0 0 I 0 0 I
I -Y O By Bi2 —YBas
B'=|0 I 0| B=1]0 Byo .
0 0 I 0 0
Clearly, we can consider the pair (A’, B') instead of (A, B). We have
Zu Ziz Zis
A= |Xo Zy X,

0 0 Xs3

where Zoy = X9+ X21Y. Using the invertibility of B; and Read’s theorem
(9], let F = %1 %2 ) ¢ L(H,G) be such that

00 0
K 0 C
A'+B'F= {2y Zy Z
0 0 Xs3

where the operators K and C are chosen to satisfy o IO( Xc;s] = A (the
same argument was used in the first part of the proof). As 0(Z3;) =
{Mo} C A, it follows that 0(A’ + B'F) = A. Indeed, A’ + B'F is similar

to a block triangular operator with the diagonal blocks Ig Xia] and Zos.

So M — (A’ + B'F) is invertible for every A ¢ A and is not invertible for
every A € A\{Xo}. Finally, Ao — Z55 is not right invertible (otherwise, Zs,
could not have a singleton spectrum), and therefore Aol — (A’ + B'F’) is not
invertible. This completes the proof of Theorem 1.3. | |

3. Spectrum Assignment for Admissible Pairs: The Remaining
Case. In this section we study the spectrum assignment for p-admissible
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pairs (A, B) in the relatively easy case when B is a finite rank operator.
We use the decomposition

_ [Ann A _|B1
N )

with respect to H = Hy @ Hy-, where Hy = C,(A, B).

Theorem 3.1. Let (A, B) be a p-admissible pair, and assume that ImB
is finite dimensional, and let be given a compact set A C C. Define ¢ =
dimC,(A, B)(< 00). Then there exists F € L(H,G) satisfying o(A+BF) =
A ifand only if A D 0(As2) and A\o(Asg) consists of at most g points, where
Ago is defined by the decomposition (3.1).

Proof: From the representation (3.1) and the finite dimensionality of Hy,
it follows easily that

for every FF € L(H,G). As dim Hy = g, it is also clear that o(A4 +
BF)\o(Ag2) consists of at most ¢ points.
Conversely, let A D 0(As2) be such that A\o(A22) consists of at most
g points. Since dim Hy = q¢ < o0, by the well known pole assignment
theorem in finite dimensional spaces there exists F}; € L(Hy,G) such that
O'(All + BlFl) =S A\O’(Agz) (OI' O'(All + BlFl) g O'(Azz) if A= O'(A22)).
Letting F' = [F},0] € L(H, G) we obtain that
A+ BiFy Ap
A4+ BF = [ ; Am]

and therefore (in view of (3.2)) o(A + BF) = A. |

4. Assignability of semi-Fredholm properties. Theorem 1.3 admits
a more precise formulation where not only the spectrum but also the semi-
Fredholm properties of A + BF are prescribed. Let us introduce the con-
cepts necessary for this formulation. As before, H is an infinite dimensional
Hilbert space. An operator A € L(H) is called semi-Fredholm if ImA is
closed and at least one of Ker A and H/ImA is finite dimensional. More pre-
cisely, we say that A is (o, 3)-semi-Fredholm, where a = dim Ker A, =
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dim (H/ImA). So ¢, 8 are nonnegative integers or infinity, but not both o
and (8 can be infinity. Denote by €2 the set of all such pairs:
Q= (ZU{oo}) x (ZU {o0})\(00,00).
The difference o — (3 is called the index of operator A and is denoted
by ind A. It is well known (see, e.g., [1]) that the sets
A (A)=A,={\ € C: A— Al is semi-Fredholm with index x}

are open for all xk € Z. Let us denote

Aap(A)=Aapg={r€C:A-)I
is semi-Fredholm, dim Ker (A — M) = a, codim Im (4 — AI) = 8}.
It follows directly from this definition that
A =U{Asp: (o, 0) € Qa~ [ =k}
and o(A) = C\Ag,. In particular,

(i) Ago contains a neighborhood of infinity.
The structure of other sets A, g is more refined. Namely,
(ll) Aa,ﬂ n Aa’,ﬂ' =0if (Q’, 16) ?é (ala ﬂ,)
(iii) Aqp and Ag g are open for all o, 3 € Z U {o0}.
(iv) for oo > 0,8 > 0 sets A, g are not necessarily open; their
interiors M, 3 = int A, g are separated, i.e. the closure
of M, g does not intersect My g if (a, B) # (¢, 3').
(v) For every point A € Ay g\ M, g there exists unique (¢, 5')
€ Q such that X € int (Mgz).
Therefore, Ay g\M, g is at most countable discrete subset of A, 3. The
above mentioned pair (o', 8’) has properties:

a—-d=03-0>0ifa,f<

o =+400,8 < Bif a =400

o <a,f =+4o00if B=400
For finite dimensional H (the case we are not interested in) all A, g with
o # 3 are void, A, o are void except finitely many of them, for & # 0 Aq o

consist of finitely many points; and Ag = C. If H is infinite dimensional,
then

(vi) Ao #C.
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The system of properties i)-vi) is full. More precisely, the following result
holds.

Proposition 4.1. Let H be an infinite dimensional Hilbert space, and let
{Aw,p : (o, ) € Q} be a given system of subsets in C satisfying (i)-(vi).
Then there exists an operator Ag € L(H) such that

Aa,p(Ao) = Aa,p for all (o, ) € Q2
In particular, o(Ag) = C\Ago.

Proof: Let us introduce some notation at first. For a bounded open domain
D C C let Ly(D) be the space of all square integrable complex valued
functions, with respect to the planar measure in D. Let Hp be the (closed)
subspace of L2(D) spanned by rational functions with poles off D, and
let #p be the operator of multiplication by z in Hp : (upf)(z) = z2f(2).
Clearly, the spectrum of pp coincides with D, Ag 1(¢p) = D, and all other
Ao p(pp) are void.

Let us now consider all pairs (a, 3) such that M, g(= int Ay g) # 0.
Denote the set of all such pairs by €', and for («, 3) € Q' put

(a)
Sa,p = H(Dﬁ:,ﬂ ® (Mu;ﬂ) )

where D, g = int (m) Dy g = {\: X € D,p}, and where for a given
Hilbert space operator X and « (o is either a positive integer or co) we
denote by X(®) the block diagonal operator with all diagonal blocks equal
X (the number of such blocks is equal ).

For A € A, sNDy g let us denote by V), the operator of multiplication
by constant A in a linear space with the (finite) dimension n), where n) =
a—d ifa<oo,ny =0-pif f < oco. Finally, let N be an arbitrary
operator with the spectrum C\ U {Ayp : (o, 8) € Q} = o(N) such that
N — X1 is not semi-Fredholm for all A € o(N). Let us mention that such an
operator N exists because the set U{Aq g : (o, 3) € 2} is open due to (v);
we can construct IV, for example, as direct sum of infinitely many copies
of a normal operator with the point spectrum dense in o(N). It’s easy to
verify that the operator
(4.1)

Ao =N @ (®{Sap: (,8) €V} & (®{Nx: X € A s\Ma g, (o, 8) € Q})
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has the desired semi-Fredholm properties. |
A related result was obtained in [2] (see also Section XI.5 in [1]).
We now state the main result of this section.

Theorem 4.2. Let (A, B) be as in Theorem 1.3. Let a family {Aa,g, (o, B)
€ Q} of subsets C with properties (i)-(vi) and such that £(A, B) C C\UAq g
be given. Then there exists F' € L(H,G) such that Ay g(A+ BF) = Ao .

We need some preliminary results for the proof of Theorem 4.2.

Lemma 4.3. Let Hi,H, be Hilbert spaces and Y € L(H,),Z € L(H>)
operators which are not semi-Fredholm. Then for every W € L(Hy, H>)

the operator [V}[’, g] is also not semi-Fredholm.

The proof follows from the observation that a Hilbert space operator
X € L(H) is semi-Fredholm if and only if there exists Y € L(H) such that
at least one of the operators XY or Y X is a finite rank perturbation of the
identity.

The next lemma describes the semi-Fredholm properties of A + BF
under the exact controllability hypothesis.

Lemma 4.4. Let (A, B) be exactly controllable, and assume that dim
H = co. Then for every family {Ay g : (o, ) € Q} of subsets in C satisfying
(i)-(vi) there exists F' € L(H,G) such that Aq g(A+ BF) = Ay g.

Proof: Let p be such that
(4.2) Cx(A,B) = H.

We proceed by induction on p. If p = 1, then B is right invertible, and
every operator Ag € L(H) can be written in the form Ao = A+ BF. So we
are done in this case in view of Proposition 4.1.

Assume now that (4.2) holds, where p > 1, and that Lemma 4.4 is

proved for (p — 1)-admissible exactly controllable pairs. Using Lemma 2.2,
write

A11 A12 Bl Bl2
=M = A= B=
H 18 M,, G=G16 G, [AZI A22] ’ [ 0 Bzz]’

with the properties described in Lemma 2.2. By Theorem 1.1 find F €
L(M;, M) such that o(Age + A21E) = {Ao}, where ) is a point in C\ U
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{Aqa,p : (o, 8) € Q} (such E exists also when M is finite dimensional, by the
pole assignment theorem). Choose K € L(M,) such that Ay 3(K) = Aa,p-
This choice of K is possible because dim M; = oo by Lemma 2.2 (vi), and
therefore Proposition 4.1 is applicable.

Let

K 0
4.3 X =
(43) [Am Az + A21E]

If A € Ay then the right lower block of the operator

X_)J___[K—AI 0 ]

Ay Ap+ AnE -

is invertible. Therefore,

dim Ker(X — AI) = dim Ker(K — AI) = «, codim Im(X — AI) =
codim Im(K — AI) = §3,

and
(4.4) Ao g(X) D A .

If XA & U{Aqs: (o, B) € Q}, then the operator K — Al is not semi-Fredholm.
According to Lemma 4.3, an operator X — AI also is not semi-Fredholm. It
means that an opposite inclusion in (4.4) is also true. Now an application
of Lemma 2.2 (iii) completes the proof of the induction step. |

Proof of Theorem 4.2: The proof is modelled after the proof of Theorem
1.3. Let Hy = Cp(A, B), and partition

_ A1 Ar _ | By
a=[% ] 2=0]

with respect to H = Hy® Hy-. We can assume Hy # H (otherwise Theorem
4.2 is reduced to Lemma 4.4).

Assume first ImB; = Hj (i.e. p=1). Then we argue as in the proof
of Theorem 1.3, choosing K (A) with the requisite semi-Fredholm properties
(which is possible by Proposition 4.1).
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Assume now p > 1. Again, we repeat the procedure used in the proof

of Theorem 1.3, choosing A¢ € L(A, B). Then choose K = I({]l Igz] , C=
0

[Cz] so that Aqp(K1) = Agp for all (o,8) € Q, and o [}gz )?:3] =
Y¥(A, B). Clearly,

K C
Aaaﬁ [ 0 X33] - Aa’ﬂ'

As it was mentioned in the proof of Theorem 1.3, A’ + B’F is similar to a

block triangular operator with the diagonal blocks [IU{ XC“] and Zoy. Now

we can repeat the arguments used in the proof of Theorem 1.3 to prove that
the operator X given by (4.3) has the desired properties. |

5. Algebraic Operators. Let us remind that an operator X € L(H) is
algebraic if there exists a nontrivial polynomial ¢ such that

(5.1) o(X) = 0.

The set of all polynomials ¢ satisfying (5.1) is obviously an ideal in
the ring of polynomials. Therefore there exists the unique polynomial g of
this kind having minimal degree Ky and leading coeflicient 1. In this case
the condition (5.1) is satisfied if and only if ¢ is divisible by ¢y, and X is
called an algebraic operator of degree Kj.

We say that a pair A € L(H), B € L(G, H) is algebraically controllable
(with the index Kj), there exists an operator F' € L(H, G) such that A+ BF
is algebraic (of degree Ky; and for any F' € L(H,G) the operator A+ BF
is not algebraic of degree less than Kj). Of course, in the case of finite
dimensional H every operator X : H — H is algebraic (of degree < dim
H). Therefore, every pair (A, B) in this case is algebraically controllable.

The following result is proved in [13].

Theorem 5.1. A pair (A, B) is exactly controllable, that is, C,(A,B) = H
for some p, if and only if for any polynomial ¢ of degree p there exists an
operator F € L(G, H) such that

(5.2) o(A+ BF) =0.

So an exactly controllable pair is algebraically controllable.
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We shall show in this section that in the general case the algebraic
controllability is connected very closely to the property

(5.3) Im¥(A) C Cp(A, B).

This property is satisfied automatically for all polynomials ¥ when
(A, B) is exactly controllable and k = p. In the general situation all poly-
nomials ¥ satisfying (5.3) with the fixed k¥ form an ideal in the ring of
polynomials. Therefore, as it was in the case of annihilating polynomials
¢, there exists a unique polynomial ¥y having minimal degree and leading
coefficient 1, satisfying (5.3). Moreover, (5.3) is satisfied if and only if ¥ is
divisible by W¥g.

Lemma 5.2. If (5.3) is satisfied, then C;(A,B) = Ci;+1(A,B) for i >
max{k, deg ¥}.

Proof: If deg ¥ = m < k, the condition (5.3) is also satisfied when poly-
nomial ¥ is substituted by zF~™¥(2). If m > k, then C(A, B) C C,n(A, B)
and the inclusion Im¥(A) C C,,(A, B) is true along with (5.3). Therefore

it is sufficient to consider the case m = k. Then according to (5.3) for every
x € H the vector Az can be represented as

k—1
Ak = Z c]-Aja: + 2,

i=0
with suitable scalars ¢; and z, € C¢(A, B). In particular, for z = By:

k-1
A*By = Z CjAjBy + 2By.
=0
Therefore A*By € Cx(A,B). N

Lemma 5.3. If (5.2) is satisfied for a polynomial ¢ of degree k, then (5.3)
is true with ¥ = .

Proof: It’s easy to verify that for any operator Z, ¢(A+ Z) can be repre-

sented as
k—1

p(A)+) A ZC;

§=0
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with some suitable operators C;. In particular, for Z = BF,

k—1
0=@(A+ BF) = ¢(4)+ ) _ A'BFC;.
j=0
Therefore,
k—1 )
Imp(A) =Im )~ A’BFC; C Im[BFCy, ABFCy,... A*"' BFCj_,]
7=0

CCw(A4,B). =B

It follows from Lemmas 5.2 and 5.3 that if the pair (A, B) is alge-
braically controllable, then (5.3) holds and the increasing sequence of lineals

(5.4) Ci(A,B) CCy(A,B)C...Ce(A,B) C ...

stabilizes; moreover, the stabilization indez, i.e. the least positive integer
k such that Ci(A, B) = Cr+1(A, B) does not exceed the minimal degree of
a polynomial ¢ satisfying (A + BF) = 0 for some F' € L(H,G). The
converse statement is only partially valid. Namely, if (A, B) is a pair of
Hilbert space operators for which the sequence (5.4) stabilizes with the
stabilization index 1, and (5.3) holds for some k > 1 and some nonconstant
polynomial ¥ of degree 1, then (A, B) is algebraically controllable. Indeed,
in this case (5.3) takes the form Im¥(A) C ImB. By Douglas’ lemma [4],
there exists operator G; such that

(5.5) ¥(A) = BG,.

Write ¥(z) = az + 8, « # 0; then (5.5) implies ¥(A + BF) = a(A +
BF)+ Bl =aA+pBI+oBF =BG +aBF =0if F = —a7'G;.

It is easy to come up with examples showing that condition (5.3) (for
some nonzero polynomial ¥ and some k > 1) and stabilization of (5.4) are
not enough to ensure that the pair (A4, B) is algebraically controllable. For
example, consider any positive compact infinite dimensional operator A,
and put B = A™. Then for any k Cx(A,B) = Im B = Im A™. Therefore,
the condition (5.3) can be rewritten in the form Imp(A) C ImA™, and is
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satisfied if and only if ¢(z) is divisible by 2™. Nevertheless, for any choice
of F the operator p(A+ A™F) is different from zero. Indeed, if cx(k > m)
is the last nonzero coefficient of ¢, then (A + A™F) = ci(I + Z)A* for
some compact operator Z. Being Fredholm, operator I + Z has a finite
dimensional kernel. Therefore, if (A + A™F) = 0, then Im A* (which is
contained in Ker (I+2)) is also finite-dimensional, which is a contradiction.

Let us mention that in this example the sequence of lineals (5.4) stabi-
lizes from the very first element, but these lineals are not closed. Therefore,
the pair (A, B) is not p-admissible for any p. The situation changes when
we turn to p-admissible pairs.

Theorem 5.4. A p-admissible pair (A, B) is algebraically controllable if
and only if there exists a nonzero polynomial ¥ such that

(5.6) Im¥(A) C C,(A, B).

If this condition is satisfied, and ¥, is a polynomial of minimal degree
satisfying (5.6), then an operator F such that (A + BF) = 0 exists if and
only if ¢ is divisible by ¥ and deg ¢ > p.

Proof: Necessity. According to Lemma 5.3, if ¢(A 4+ BF) = 0 and deg
=k, then

(5.7) Imp(A) C Cr(A, B).

As for any integer £ > 1C(A, B) C C,(A, B), the condition (5.6) is satisfied

for ¥ = ¢. As it was mentioned above, this means that ¢ is divisible by

¥o. From (5.7) and Lemma 5.2 it follows that Cx(A, B) = Cr41(A4, B).

According to the definition of a p-admissible pair, it means that k& > p.
Sufficiency. We have to prove that if deg ¢ > p and

(5.8) Im () C Cy(A, B),

then there exists an operator F' € L(G, H) such that (A + BF) = 0. We
shall use the block representations of operators A and B, obtained in the
proof of the Theorem 1.3.

Forp=1, A= (A[;I ﬁ;z), B = (%) with invertible B;. Ac-

cording to (5.8), Imp(A) C Im B. It means that ¢(Ass) = 0. Choose now
F=[-B*Au,~Bi Aus]. Then A+ BF = [¢ 0 |, and p(4 + BF) =0.
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Suppose now that p > 1. As in the proof of the Theorem 1.3, instead
of the original pair (A, B) we can consider

X1 X12 X13 B; Bj2 —YBy
A= Xy Xoo+XaY Xo3|,B' =10 Bas ,

0 0 X33 0 0
where (X292, Xo1) is exactly controllable and (p—1)-admissible pair, operator

B is invertible, and Y is an arbitrary (linear bounded) operator from M,

to M;. For
| B F3
F= [ 0 0 O }
we have
Z11 YAD) Z13
A'+B'F=|Xy Xyp+XanY Xo|,
0 0 X33

where we have denoted Z;; = Xy; + B1Fi(i = 1,2,3). The choice of
Fi, F5, F5 will be made later. Due to exact controllability of the pair
(X22,X21) the operator Y can be chosen in such a way that operators
X33 and Zy3 = Xo9 + X21Y have disjoint spectra. In this case there exists
an operator U such that ZooU — UX33 = Xo3 (see [3]). For this U the
operator A’ + B'F is similar to

I 0 0 Z11 Zia Zi3 I 0 O
0 I U Xo1 Zog Xos 0 I -U|-=
0 0 I 0 0 X 0 0 I
(5.9) %
Zun Zi2 Zi3— 212U
Xo1 Za 0 .
0 0 X33
Let’s now put
(5.10) F3 = By Y(Z13U — Xu3)

Then Z13 — Z12U = 0, and the matrix (5.9) can be re-written in a block

diagonal form | 7 7] & Xgs.
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Now choose any polynomial ¢, such that deg ;1 = p—1 and ¢ is
divisible by ;. This is possible due to the equality deg ¢ = p; moreover,
the polynomial 2~ = ¢/, is nonconstant, and so there exists A9 € C such
that h(X) = 0.

A pair (Z32, X21) is exactly controllable and (p — 1)-admissible simul-
taneously with (X2, X21). According to the Theorem 5.1 there exists an
operator V such that

(5.11) ©1(Zoy — X1 V) = 0.

Put

(5.12) Fy = B{Y (211 V + VXo1V = VZoy — X15).
Then

—Z11V = VXauV+ 215+ VZy =0,

and

I V Zn Z12 I —V _ le+VX21 0
0 I Xo1 Za 0o I |~ Xo1 Zog — X1V |7

Finally, put
(5.13) Fi = BT (Mol = VXq — Xy1).

L Xl 0
Then the operator A’ + B’F is similar to [X“n ZyaeX, v | ® X33, and,
correspondingly, p(A’ 4+ B’F) is similar to

Aol 0
v ([Xm Zayz — lev]) ® (Xas)-

The property (5.8) is equivalent to ¢(X33) = 0. It’s also easy to prove
using the functional calculus that for any function ¢ analytic on {A¢ }Uc (W)
(in particular, for any polynomial ¢)

o5 ][ o)
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where ¢(z) = (¢(z) — ¢(Xo))(z — Xo) ™. As @ is divisible by ¢, it follows
from (5.11) that @(Zag — X21V) = p(Z22 — X21V) = 0. Therefore

=0.

[/\OI 0
PlXy Zyp—Xn1V

We have obtained that if Fy, F5 and F3 are chosen according to for-
mulas (5.13), (5.12) and (5.10), then the operator p(A’ + B'F) is similar to
0, and so it equals 0. |

A special case of Theorem 5.4 deserves to be stated separately.
Corollary 5.5. Let (A, B) be a p-admissible pair, and ¢ be a polynomial

of the degree at least p such that Imyp(A) C C,(A, B). Then there exists an
operator F' such that (A + BF) = 0.

6. An Example. Let H%(E) be the Hardy space of functions with values
in a Hilbert space E which are analytic in the open unit disc D = {X : |z| <
1}. Further, let A € L(H?*(FE)) be the operator of multiplication by z, and
B is the natural imbedding of E into H%(E). Then Cr(A, B) is a subspace
of E-valued polynomials of degree strictly less than k, so the pair (A, B) is
not admissible. It’s easy to see that

Ker(A — XI) =0 for all A € C,
and

Im(A— M) = {f € H*(E): g(z) = zf_E—Zl/\ € H*(E)}.

Therefore, the operator A — A is invertible for |\| > 1,
Im(A — M) = {f € H*E) : f(\) =0} for || > 1,

and Im(A — AI) is a dense non-closed subspace of H?(E) such that F N
Im(A — AI) = {0} for [A| = 1. So,

Im(A— M)+ ImB =1Im(A - M)+ E = H%(E) for |\| #1,

and Im(A—\I)+Im B is not closed in H2(E) for |A| = 1 (see, e.g., Theorem
2.4 in [8]). In other words, ¥(4,B) = {A: [A| = 1}.
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Consider now an operator A + BF — Xl with F € L(H*(E), E) and
|A| < 1. Suppose g € ENIm(A + BF — AI). Then there exists f € H?(E)
such that

(6.1) (z=Nf(2)+Ff =y,

where F'f and g do not depend on z. Taking z = X in (6.1) we find that
Ff = g, and, consequently, (z — A)f(z) = 0. In other words, f = 0, and
g=0. So

ENTIm(A+ BF — \I) = {0},

and the operator A+ BF — X is not right invertible for all A € D. Therefore,
for any choice of F' € L(H%(E), E) we have 6(A+ BF) 2 D, and so the
equality o(A + BF) = X(A, B) never occurs.

The precise description of all possible 0(A + BF') will be given in the
case of £ = C, that is, dim Im B = 1.

In this case F' € (H?(C),C) is actually a linear functional on H?(C),
and so it can be represented as

1 27

ENE =57 | fEe)e(e?)dd = (f,0)

for a suitable choice of p € H%(C).

An operator A+ BF — Al for |A| > 1 is Fredholm with the index
0. Therefore, it is invertible if and only if Ker(A + BF — AI) = {0}.
But Ker (A+ BF — M) = {f : z2f(2z) = AMf(2) + (f,») = 0}. So any
f € Ker (A4+BF—)XI) has to be of a special form f(z) = ¢(A—z)~! withc =
(f,¢). Substituting the expression for f(z) we find that c((A—2)"1,¢) = c.
That is, c = 0 or (A — z)71,) = 1. A computation (using the Cauchy’s
theorem) gives

_ —1 1
(A=2)"e)=X"p(A ) (AI>1).
So the subspace Ker (A+BF —\I) is nontrivial if and only if (,o(X_l) =

. Thus,
o(A+BF)={\:]\|<1}Uu{r: (X ) =0},
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where h({) = 1—(¢((). According to the well-known description of the zero
sets of functions in H?(C) (see, e.g., [5]), the general form of o(A+ BF) is

o(A+BF) = {X: |A[ <1} U{z},

where {z} is void, finite, or countable set; in the latter case ), (|zx| — 1) <

0.

the

10.

11.

12.

13.

14.

15.

This situation is totally different from the behavior of o(A + BF) in
case of p-admissible pairs (Theorems 1.3 and 4.2).
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