Lecture 2711.7 Power Series 11.8 Differentiation and
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1 Power Series

1.1 Geometric Series and Variations

Geometric Series

Geometric Series: >, 2"

Zxk:1+x+x2+x3+~~ -z’ iffal <1,

k=0 diverges, if |z| > 1.
Power Series
Define a function f on the interval (—1,1)

ok 2, .3 1
f(;v)—kzzow =l4+os+a+a2°+--- = T—= for |z| <1
As the Limit
f can be viewed as the limit of a sequence of polynomials:
f(x) = lim py(z),

where p,(z) =1+ 2+ 22+ 23+ + 2™

Variations on the Geometric Series (I)

Closed forms for many power series can be found by relating the series to the
ometlric ?eries
xamples 1.

f(x):i(—l)kxkzl—x+x2—x3+...

k=0
- 1 1
k
= —x)¥ = = , for |z| < 1.
kZ:O( ) 1—(-2z) 14= o]
f(x):ZQ}CSE’“”:12+2x3+4x4+8x5+~~
k=0

= x22(2x)k =1 f . for |2z] < 1.



Variations on the Geometric Series (II)
Closed forms for many power series can be found by relating the series to the

eometric series
xamples 2

k=0
o0
1 1

. Nk _ _

_Z(—x) ST ) 1ia for |x| < 1.
k=0
0 o4

_ z _ 13 15 7

f(z) 2 3 —ar—|—3x —l—gx +27x +

o ’ Z 3x
- 3) = for |2° 1.
w;<3> 1—(22/3) 3—2a? or |27/3] <

1.2 Radius of Convergence

Radius of Convergence

There are exactly three possibilities for a power series: Y apz*.

convergence everywhere

convergence only at O
0 0

case I: radius of convergence = 0 case Il: radius of convergence =

divergence convergence i divergence

-r 0 '

case |lI: radius of convergence = r

Radius of Convergence: Ratio Test (I)

The radius of convergence of a power series can usually be found by applying
the ratio test. In some cases the root test is easier.



Ezxample 3.

flo) =) k2" =2 +42° +92° 4 -
k=1
, agi1 (k +1)2zk+1
Ratio Test : =
allo 1es o kak
(k+1)?

=-———|z| = |z|] ask— o0

k2

Thus the series converges absolutely when |z| < 1 and diverges when |z| > 1.

Radius of Convergence: Ratio Test (II)

The radius of convergence of a power series can usually be found by applying
the ratio test. In some cases the root test is easier.

Example 4.
f(z) :i (_1)k$k = 1—x+1x2— 1m3+~-~ =e "
|
Pt k! 2 6
k+1 |
Ratio Test : Tht1) |2 [(k+1)!
ar xk /k!
k! s 1
:(k—|—1)! — :k+1|x\—>0<1 for all =

Thus the series converges absolutely for all x.

Radius of Convergence: Ratio Test (III)
The radius of convergence of a power series can usually be found by applying

the ratio test. In some cases the root test is easier.
Ezxample

oo k2
Fa) =30 () ot =2 /2 4 30 4
k=1

1
2 3 k
Ea1\* k+1
Ratio Test :(|ak|)% - <<Z> |xk> - (Z) ||

k
1
= (1+k) |z —elz| <1 if|z|<1/e

Thus the series converges absolutely when |z| < 1/e and diverges when |z| >

1/e.



Interval of Convergence

For a series with radius of convergence r, the interval of convergence can be
[—r, 7], (=, 7], [-7,7), or (—r,7).

Ezample 6. In general, the behavior of a power series at —r and at r is not
predictable. For example, the series

k (=D* & L & L &
Zl’ s ZT:E s E:ﬂ y ﬁl’

all have radius of convergence 1, but the first series converges only on (—1,1),
the second converges on (—1, 1], but the third converges on [—1,1), the fourth
on [—1,1].

Bygryal pf Convergence

00 Nk—1
flay =3

k=1
k+1
i a2 (R K
Ratio Test : o | = Uy = k+1\x| — |z

Thus the series converges absolutely when |z| < 1 and diverges when |z| > 1.
So the radius of convergence is 1

o~ (=) Y
x=-1 :Z —(-)¥ = — diverges
el il
> (_l)k—l > (_1)k—1
x=1 Z T(l)k = Z ’ converges conditionally
k=1 k=1

The interval of convergence is (—1,1].

2 Differentiation and Integration

2.1 Differentiation and Integration

Differentiation and Integration
Theorem

Let f(x) = Y apx* be a power series with a nonzero radius of convergence 7.
Then

f(x) = Zak kx*=1  for |z| <7

/f(m)dx:ZkLka+l+C for |z| < r



Geometric series:

:Zxk for x| < 1

k=0

Differentiation: kak ! Z (k+1)2" for |z] <1
k=0 k=0

Integration: —In(1 — x) Z Z —z* for |z| <1

2.2 Examples

Power Series Expansion of In(1 + z)

d 1 o~k
Note: %ln(l +z) = = Z(—l) x® for |z| < 1

k=1

Power Series Expansion of tan™' z

d 1
Note: %tanflx = = 2:(—1)’“:102]’C for || < 1

Outline
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