Final Exam
Introduction to PDE

MATH 3363-25820 (Fall 2009)

Solutions to Final Exam

. This exam has 4 questlons for a total of 40 points.,

Please answer the questlons 1n the spaces prov1ded on the questlon sheets.v_' '
CIf you run ‘out of room for an answer, contmue on the back of the page.

Upon finishing PLEASE write and sign }your ple(ige beibv?ﬁt

On my honor I have neither given nor received any aid on this ezam.

1 Rules

Be sure to show a few key intermediate steps and make statements in Words When denvmg
results - answers only will not get full marks. You -are free to use.any of the information

given in- Sectlon 2,,w1thout proof on any questlon 1n the exam.

2 Given
You may use the following without proof:

The eigen-solution to
' X"+XX =0, X(0)=0=X(D)
is
nn nmw

X, in { - | A i '
n(z) = sin <T>’ n = (f) , n=12 ...
Orthogonality condition for sines: for any L > 0,

[fon(m) () 2 5

A useful result derived from the Divergence Theorem,

// vAvdV = — // [Vv|2dV+/ vVv - ndS
oD

for and 2D or 3D region D with closed boundary 8D.
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Solutions to Final Exam

3 Questions

10 points| 1. A bar with initial temperature profile f(z) > 0, with ends held at 0°C, will cool as

t — oo; and approach a steady-state temperature 0°C. However, Whether or not all
parts of the bar start cooling initially depends on the shape of the initial temperature
profile. The following heat problem may enable you to discover the relationship:

¢
/

(a) Solve the heat problem on the 1nterva1 0<z < 1 -

where 3
flz)=—= sm 3rz + 3 sin7z.

Solutoin: Using separation of variables, we let
e e e

0.5 u(z, t) = X(z)T(t)
and substltute thls into the PDE to obtam
: : Coxen o :
05 X/_T_l*’\“

where A is a constant because the left hand 51de depends only onzx and the mlddle only
depends on t.

The Sturm-Liouville problem for X (z) is

-

0.5 X'4+2X=0; X(0)=0=X(1)
whose solution is (given),
0.5 X,(z) =sin(nrz), A=n?r%, n=12,...

The equation , .
- o.¥ T" = —\T
gives the solution -
0.5 Tn(t) = Bpe™™ ™1, n=12,.

Therefore, the solution uy,(z,t), forn=1,2,.. to the PDE is
un(z,t) = Xn(2)T, ( ) = Bpsin(nrz)e™ At

for constants B,. Summing all u,(z,t) together gives i

1) co - o
z,t) = Zun (z,t) = Z B, sin(mr:z_:)e“"”zwz’5
n=1 n=1
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Solutions to Final Exam

Imposing (ﬂ%gives

0.5 f(z) ZB sin(n7z)
Multiplying by sin(mnz), for m =1, 2 .a,nd integrating from z = 0 to z = 1 glves
,_’—_"—w’-v . N
oo 1
0 / f(z) sin(mnrz)dz = ZB” / sin(nmz) sin(mmz)de
Cone=l 0 .

'Using the given orthogonality condition gives
Bl EDos0 Lo IR A
' 1v (N
0-5  Ba=2 [ j@sinlmr)ds, m=12,.
0 .

Since the form of f (z), as given, is already a sine series, from the orthogonéulity of
sin(nnz), we have .

1 : 1
f(z) = —sm(m:)—— sin(37z) = Bi= %, B; = —5 and By, = 0 for all other n

Therefore,
. 3 . —n2 1. —9n2t
u(z,t) = 5 sin(mz)e™™ " — 5 sin(37z)e

(b) Show that for some z, 0 < z < 1, u(z, 0) is positive (i.e. wa,rmmg) and for others

- it is negative (ie, coolmg)
Hint: in Figure 1, u(z,ty) is plotted for tp = 0,0.2,0.5,1. You only need to find some x

for which u; is posztwe/negatwe

Solutoin: Differentiating u(z, t) in time gives

uy(e, t) = -7 (g sin(rz)e ™ — %Sin(?)ﬂ'w) e—97r2t> i
Setting t = 0 gives ; :
uy(z,0) = ——2-7r2 (sin(rz) — 3sin(37z))
0.5 |

1 15 , A
(20) =550, w (L) = <o

Thus at z = 1/6, u; is positive and for £ =1/2, u; is negative. - oS

Note that

(c) How is the sign of w(z,0) (i.e., warming/cooling) related to the shape of the initial
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Solutions to Final Exam

N2

temperature profile? How is the sign of u(2,t), t > 0 (i.e., warming/cooling), related to
subsequent temperature profiles?

Hint: the PDE gives u; = Uggy and the sign of Uz, gives the concavity of u(z,t).

Solutoin: From the PDE,
Ut = Ugy

and hence the sign of u;(z, to), for a fixed ¢y > 0, gives the concavity of the temperature

profile u(z,%o). | Therefore, for some z, u(z,%o) is positive (i-e., warming), we have

gz (T, o) > 0, thus the préfile u(z,ty) is concave up; for other z, u;(z,to) is negative

(i.e., cooling), we have u,,(z, %) < 0, and the profile u(z, to) is concave down.| At o = 0, ,{
the sign of u;(x, 0) (i.e., warming/cooling) glve the concavity of the initial temperature> e
proﬁle u(z, 0) f( ).

- iy

0:8'- o .-?:" e ‘. . Sy ) :

08 g ‘
' ) =0.5,1 v

o4

S

z e Lt ) i [ DR YRR MY SRCIY :
D 0:1 02 03 0 05 0.6 07 [o2:3 09 b

Figure 1. Plots of u(z, to) for to = 0,0.2,0.5, 1
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Solutions to Final Exam

f(x)

o Figure 2. Plot of f(z)

2. Consider thé quaéi—linear PDE

ou du "

4 (l—-u)— = =

-3 =0, u(s0) = )

where the initial condition f(z) (shown in Fig. 2) is

(1,  z<—1 v

1, jz>1 | 24, —1<z<0

fe=1. =
2—l|z|, |z|<1T 2—z, 0<z<1

L1 z>1

N3

(a) Find the parametric solufio’n using  as your parameter along a characteristic and s
~ to label the characteristic (i.e. the initial value of x).

'.Soiuf{oini To find the parametric solution, we can write the PDE as

0.V wi1-wuo)- (&% 1) =0
) 1,1-w0) ot’ oz’ L)=0
& o _
Thus the parametric solution is defined by the ODEs
dt dz du
i Sk

with initial conditions at r = 0,

0

t=0, z=35 u=u(z0)=u(s0)=f(s).
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Solutions to Final Exam

I‘rflj:gg‘@@g the ODEs and imposing the ICs gives
t(r;s)=r /4
4 ur) =) 75
2(r;s) = (1= f()r + 5= (1= F(5))t +s )f

N\

(b) At what time tg, and location z¢, does your parametric solution break down?

Solutoin: To find the time Tsh and position zg, when and where a shock first forms, we
find the Jacobian: B '

/—N\—m N
0\ ( J= %‘% = det (:: ::s> = Zpts — Zsly =“"'$s = fl(s)t -1

Shocks occur (the solution breaks down) where J = 0, i.e. where
po

| HOR
The first shock occurs.at ., - ¢
L"/W

0.5 w=min(5) =

Since max(f(s)) = 1, we have |

8 .
R v 0 IR

Any of the characteristics where f’ (s) = max(f’(s)) — 1 can be used to find the location
of the shock at ten = 1 For e.g., W.i.t,h s=-1 / 2, the locafciqn of the shocl;: at tsn =11s

oy mm(1-1(-3)) 5= (- (2-3) )25

Any other value of s where f'(s) = max(f'(s)) = 1 will give the same zg.
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Solutions to Final Exam

(c) For each of s = —1,0, 1, write down the characteristic z as a functions of ¢ and plot
the characteristic in the space-tlme plane (zt).

Solutoin: The s = —1,0,1 characteristics are given by

s=0: z=(1-fO0Nt+0=—t '
4
4

1 T T - ‘|

Cs=1: o=(-f@))+1=1

These are plotted in the figure below.

shock

Figure 2.c  Plot of characteristics

(d) The tables below are useful as a plottmg aid. Flll in the tables using your result
from (a) to obtain v and z at the s-values listed at time ¢ = 1/2,1. '

s= -1 0 1
t=-% U=
xr =
. s= —1 0 1
t=1 U =
€T =
Solutoin:
s= -1 01
, t=% u= 1 2 1
j/ z= -1 -1/2 1
. i ; 1 -
N4 4
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o~

If

}-—l

[V
ol
I |
(SR
N )
T =

U
z= -
W/ - {
5
( ) (e) Mlustrate the time evolution of the solution by sketching the uz-profiles u(z,t) for
‘ £=0,1/2, 1. ~

/ 2 ‘

s

£1

=,
0 i | 1g_ i 1 ]
=4 -3 -9 - 0 1 2 3
2 T T T

@
‘3; . | £ _— | 1 1 1
—4 —3 % A 0 i 2 3
2 L T T T
{05 - L » —+ - " =
—4 -3 -2 ~1 0 1 2 3

X
Figure 2.d  Plot of u(z,to) for to =0, 1/2 and 1.

Solutoin: A plot of u(z,1/2) is made by plotting the three points (z,u) from the table
for t = 1/2 and connecting the dots (see middle plot in the figure above). Similarly,
u(z, ) = u(z, 1) is plotted in the last plot.
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- . »

I

Figure 3.  Unit square D and Inhombgeneous BCs ™
PRI A S N . PR N P I L § R PR 19

3. (a) Solve the Heat Problem on the 2D unit sd_uaré D={(z,9):0<z,y<1}
' Ly U = A'U,, (:Iz,y) € D, <t;>;;f0,‘ S
subject to inhomogeneous BCs | I R
100, z=0o0rl, O<y<l,
uw(z,y,t) =
. 0, otherwise on:9bP
and initial condition , - S L
' u(z,y,0) =0, (=z,y)€D.

Hint: first derive the steady-state (equilibrium) solutionug, set v =u— ug, then trans-
form the given heat problem for u into the homogeneous heat problem for v and solve it

for v.

Solutoin: First, let. ug(z.y) be the steady-state (equilibrium) solution: Then ug satis-
) fies Laplace’s equationfon the 2D unit square

Aug =0, (z,y)€ D,

N\

subject to 2 nonhomogeneous BCs and 2 homogeneous BCs 1 0. 2(

100, z=0orl, O<y<l],

ug(z,y) = { .

0, otherwise on 8D
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Solutions to Final Exam

Apply the principle of superposition and break the problem into two problems each
having one nonhomogeneous BC. Let

0.2 usle,y) = uble,y) +ub(z,y)

where each u%(z,y) satisfies ﬁ;aplace’s equation with. one nonhomogeneous BC and the
related three homogeneous BCs,

Au}g =0, (z,y)eD,. .'Auf"Ei= 0, (z,y)€ D,

0.2 S

. 100, z=0; 0<y<l,
UE(-'B;y) = . o .

0, otherwise on 8D 0, otherwise on 0D

%@w={
The method to solve for any of the 'u,E(a: y) is the same; only certam details differ.
Furthermore, by the argument of symmetry, we have uE(x y) = ub(l — z,y), thus we
only need to solve for ug(z,y). . - - 0.

We procesd via separation of variables: ub(z,y) = X (a:)Y(y), so that the PDE becomes

: XII ) YII —
T s s 024
where ) is constant since the lh s. depends only on z and the middle only on y. The 3
homogenerous BCs are

Y(0)=Y(1)=0, X(1)= o,

and . -
X0 (y) =100, 0<y<l,

We first solve for Y (y), since we have 2 easy BCs:

Y'4)Y =0, O<y<1l, YO =Y1)=0 ©O-2
. The non-trivial solutions (given) are
Yn(y) ='si‘ﬁ(n7ry),: An—%hzwé, ’ n'=4lv,2=,‘--'- . O - ZS/
Now we consider X (z): e
| X”—nver 0 Oﬁ(
and hence : :
X(z) = 16" + coe™ ™" :
An equivaleﬁt and more convenient way to write this is ’ T\ O i%

X(z) - cg sinh nr(1 - z) + cycoshnm(l.— z)

Page 10 0of 16, Please go to the next page...
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B Solutions.to F1qa1 Exam , TS LY I

Imposing the BC at z=1 gives S R 4
/ X(1)=C4=0 : Q“f\\ g/.

and hence —
X (z) = cgsinhnw(l — z) o- 15

Thus the solution is
’\N

0.. S/' ZB smh n7r( — a:)) sm('mry) .

W,hi-..GhsﬁaﬁiSﬁe_ﬁg';?ﬁhﬁ;;BDEifand the 3 homogenerous BCs on & = 1 and y =0, 1,; Also, from
the nonhomogenerous BC on z = 0 we have

0.2 5/ uh( Z B, sinh mr) sm(mry)

n=1

Multlplymg both sides by sin(mmy) and mtegratmg iny g1ves .
(W

: 1
0 :L Z B smh mr) / sin( mry) sm(mvry)dy = 100 / sm(m7ry)dy
0

n—l

From the orthogonaht of sin’s (glven), we have - 4.

. 1 1 ' [
B, sinh(mm)= = 100 / sin(mry)dy = 100——M—)— = 100__(.1)_,
2 0 mm _ mm
Thus 00 :
2 [0 m.even. . .
Bp=———7—(1-(-1)™) = ’ ; n -
{. m sinh(mr) (L= C0m) { prepe gy ey Sf;f’f(m,r), modd
D * \ In other words,
‘ 400 ’ o
" Boy =0, Bop1= n=1,2---

(2n — D)wsinh((2n — 1)7)’
‘and the solution becomes |

_ 4002 sinh((2n — 1)r(1 — z))

* (2n — 1 smh ((2n —1)

up(2,9)

- sin((2n — 1)my)

Thus the steady-state (equilibrium) solution is

o2y
u(z,1) = ub(z,y) + 15 (2, 4) = Uh(z,9) + ub(l — z,9)
0-) _ 400 Z sinb((2n = D)r(1 — 2)) + sinh{(2n ~ Yrz) ( 20— 1)

- (et (2n — 1) sinh((2n — L))
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Solutions to Final Exam

To solve the transient problem, we define

0 15 v(z,y,t) = u(z,y,t) — up(z,v)

/ so that v satisfies

0.25

v =Av, (z,y)€D, t>0,
v =0, (z,y) €D, >0,
v(z,y,0) = —ug(z,y), . (z,y) € D.

This is the heat problem with homogeneotus PDE and BCs. We separate variables as

o.]  v@u.t)=euTE)
The 2D heat equation implies : '
" A¢ _ N

02 S T T e T
where A is a constant since the Lh.s. depends solely ont and the middle depends solely
on z. On the boundaries,

: (fE,y) = O, (-’D,y) € 0D
The Sturm-Liouville Problem for ¢ is ++ * -

. f.' / .‘
or more/ precisely, on the unit square D

02 b2 ' :
5f+3f+>‘¢_=0a ‘0<:x,y<l,

$(0,9)=¢(Ly)=0 0<y<l;  &z,0)=¢(z1)=0 0<z<l -

BeEM =0 @RED;  Ha) =0, (@) €D

We employ separation of variables agam this time in  and y: substltutlng oz, y) =
X (2)Y (y) into the PDE arnd dividing by X (z)Y (v) gives
0 s t Y// ' Xll
A S
where p is constant since the Lh.s. depends only on y and the mlddle only depends on
z. The homogeneous BCs imply

X(0)=X(1)=Y(0)=Y(1)=0
The problem for X (z) is the 1D Sturm-Liouville problem

0.)% X'+puX =0, 0<z<l; X0)=X(1)=0
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The non-trivial solutions (given) are i - v

0. 1T Xn(z) =sin(nmz), pn=n’n’, n=1,2,-
The problem for Y (y) is - |

0. 2% Y'4my =0, 0<y<1, Y(0)=Y(1)=0
Where 1/ =\ M The non-trivial solutions (glven) are
.0, If Yola) = sin(nmy), ve=nPnt, m=1,2,-
The elgen-solutlon of the 2D _Sfurm L10uv111e pfo};iem ié |
6| bmnley) = Xm(@)Yaly) = si;(mvrw) sin(ny), m n=1,2-:,

with eigenvalue _ : N
" The problem for T(t) is E b
» oy reoxr

with solution

0 / Tmn(t)=1ane_>‘m"t o
Thus S

V(25 Y, £) = Brrn (2, Y) T (1) = B sin (i) sm(mry)e ~Amnt

To satigfy the initial condmon ‘We sum over all m, n to obta,m the solutlon in general

form,
6.2V B
v(z,y,t) Z Z Umin (T, Y, ) Z Z an sm(m'fr:c) sm('mry) ~Amnt
m=1 n=1 - m—l 'n.—l : '
Setting t = 0 and imposing the 1n1t1a1 condltlon v(m y, 0) —ug(z,y) gives
— T
0-2Y o(z,y,0)= ZZan sin(mmz sm(mry < u z(,7)
m=1n=1

Multiplying both sides by sin(m/nz) sin(n’ 7ry) and integrating in z and y gives

Z Z B / l sin(mmz) sm(m 7z)dT / 1 sin(nmy) sin(n'ry)dy
. m=1n=1 0 0

- / 1 ug(z,y) sin(mnrz) sin(n'7y)dzdy
o Jo
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From the orthogonality of sin’s (given), we have

e

1 1
0.2 g Bpp = —4 / / up(z,y) sin(mnrz) sin(nmy)dzdy
o Jo

£

(b) Prove the solution to (a) is unique.

Hint: you’ll need to use a result derived from the Divergence Theorem (on the given

page). ‘ 4.2
Solutoin: Take two solutlons u; and Us. Deﬁne ‘the difference w = u; — Up. Note tha;7
w satisfies . T T

0 18’“*" V w; = Aw, (x,y)ED, t>0,

subject to the homogeneous BCs
0.5 uz,yt)=0, (z,y) €dD, t>0,

and the homogeneous initial condition

0\13" (7"90):0' (a:y)eb. | » | ]

Deﬁne the mean square difference between solutions,

: 05 // t)de>0

.2 5
Dlﬂerentlate in tlme and apply the Dlvergence Theorem
©..25

S 4B tr/\/ wathTZWD wAwdV.
Oa }Sﬂ =9 // [Vw|2dV+2/aDwVw--nd;,5.’

025
But w =20 on the boundary 0D, so that -

A .
o K’\
0.\ i%—— / |Vw|2dv<0

. o
Note that at t =0

Ty e E(0) = / / \,30)
Thus, E(t) is a non-negative, non-increasing function , that starts at zero. Hence'E(t) =
0 for all time, which implies by continuity that w(r, 6, t) =0forallr, 6, t. Hencev; = vy,
and the solution to 2 is unique.
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4. Consider the Boundary Value Problem:. =
Au=0 @D
' u= f ‘ondD

where D is a simply-connected 2d region with piecewise smooth boundary 0D.

ERS R

(a.1) State the Maximum Principle for w on D.

S

Solutoein: Maximum principle: soliitich-to ‘la;plz}lce’s equation takes min/max on bound-

ary |
min' f <wu < max f
8D 8D

(a.2) If f = 25 at each point on the boundary 8D, what is u in D? Explain your answer.

©

L TEF = 4 4
Solutoin: If f =25, o
i i =7 = <u<
" Ifslll)nf I%%xf, 25 = 25<u<25
e
Thus u = 25.

(b.1) Now let D be the disc of radius R centered at the origin,
D= {(@y): 2+ < R},

—
™,

\

Name and state (without proof) another property of u which gives the value of u at the
center of the disc in terms of the values of u on the boundary

0D = {(z,v) : I +y* = R*}.

Solutoin: Mean value property: Let u(z,y) be solution to laplace’s equation. Then,
the value of u at any point (Zo, o) € D equals the mean value of u around any-circle of -
radius 7 centered at (zg, o) and contained in D,

1 2w
u(Zo, Yo) = o /; w(zo + 7 cosf,yg + rsinfd) df

Applying the mean value property gives the value of u at the center of the disc in terms -
of the values of u on the boundary of the disc '
' 1 2T

1(0,0) = — f(0)de

27r0
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‘ g) (b.2) Use this result to find u(0,0) if on the boundary, u takes the values
= 25, —1/2<0<7/2,
u(R,0) =< 26, 7/2<6<m,
24, 7<6<3m/2

Solutoin:

1 2
w0,00 == [ f(6)d0

b 10% ) g ¢

= % (257 + 26m/2 + 24m/2)

. ) 0.

- %(25 +13412)
=25

!.
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