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3.3 Solving Linear Systems System Nonhomogeneous

3.3 Systems of Linear Equations — Theoretical
Aspects
@ Systems of Linear Equations
@ Solution Sets: Homogeneous System
@ Solution Sets: Nonhomogeneous System
o Invertibility

o Consistency
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3.3 Solving Linear Systems
Systems of Linear Equations

System of m linear equations in n unknowns:

ayxt + axo + -+ + ainx, =b1

anix1 + apxo + - + axpx, =bo

am1X1 + amaX2 + -+ 4 amnXn =bm

or
Ax=b

with coefficient matrix A and vectors x, b:

a1 a2 -+ ain X1 by
a1 ax -+ an X2 b>
A= | . s o x=1 .1, b=
adml adm2 - amn Xn bm [ﬂ
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3.3 Solving Linear Systems
Solution Sets

@ A solution to the system Ax = b:
s=| .| €F" suchthat As = b.

@ The solution set of the system: The set of all solutions
@ Consistent system: Nonempty solution set

@ Inconsistent system: Empty solution set
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3.3 Solving Linear Systems
Solution Sets: Homogeneous System

Definition

Ax = b is homogeneous if b = 0, otherwise nonhomogeneous.

Theorem (3.8)

Let Ax = 0 be a homogeneous system of m equations in n
unknowns. The set of all solutions to Ax =0 is K = N(La), which
is a subspace of F" of dimension n — rank(La) = n — rank(A).
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3.3 Solving Linear Systems

Homogeneous System: Trivial Solutions

xx + 10x, = 0
2x1 + 20 = 0

Corresponding matrix equation Ax = 0:
1 10 xx| |0
2 20 x| |0

Trivial solution: x = [ 8 } or x=0

Jiwen He, University of Houston



3.3 Solving Linear Systems

Homogeneous System: Nontrivial Solutions

The homogeneous system Ax = 0 always has the trivial solution, ’
x=0.

Nontrivial Solution

Nonzero vector solutions are called nontrivial solutions.

Example (cont.)

Do nontrivial solutions exist?
1 10 0 1 10 0
2 20 0 0 0 O

Consistent system with a free variable has infinitely many solutions.

A homogeneous equation Ax = 0 has nontrivial solutions if
and only if the system of equations has
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3.3 Solving Linear Systems

Homogeneous System: Example 1

Determine if the following homogeneous system has nontrivial
solutions and then describe the solution set.

2x1 + 4xo — 6x3 = 0
47 + 8xo — 10x3 = 0

Solution:  There is at least one free variable (why?)
= nontrivial solutions exist

2 4 60 12 -3 0 12 -30
4 8 —-10 O 4 8 —-10 0 00 20

Jiwen He, University of Houston



3.3 Solving Linear Systems

Homogeneous System: Example 1 (cont.)

Graphical representation:

X3

X2

N\

solution set = span{v} = line through 0 in R3 Jllll




3.3 Solving Linear Systems

Homogeneous System: Non Trivial Solutions

If m < n, the system Ax = 0 has a nonzero solution.
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3.3 Solving Linear Systems

Solution Sets: Nonhomogeneous System

Theorem (3.9)

Let K be the solution set of Ax = b, and let Ky be the solution
set of the corresponding homogeneous system Ax = 0. Then for
any solution s to Ax = b:

K={s}+Kyu={s+k:keKuy}.
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3.3 Solving Linear Systems

Nonhomogeneous System: Example 2

Describe the solution set of

2x1 + 4x, — 6x3 = 0
4x; + 8xp — 10x3 = 4
( same left side as in the previous example)
Solution:
2 4 -6 0 q ; 1 206
48 _10 4 row reduces to 00 1 2
X1
X = X2 =
X3

Jiwen He, University of Houston



3.3 Solving Linear Systems

Nonhomogeneous System: Example 2 (cont.)

6 -2
x=|0 ]| +x 1| =ptxv
2 0

Graphical representation:

X1

Parallel solution sets of Ax =0 & Ax=b )




3.3 Solving Linear Systems

Nonhomogeneous System: Recap of Previous Two
Examples

Example (1. Solution of Ax = 0)

X = X2 1 = XoV

0

X = xpV = parametric equation of line passing through 0 and v

Example (2. Solution of Ax = b)

6 —2
x=10 | +x 1 | =ptxov
2 0

X = p+xpv = parametric equation of line passing through p [Fl
parallel to v
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3.3 Solving Linear Systems
Nonhomogeneous System

Parallel solution sets of
Ax=b and Ax=0

Suppose the equation Ax = b is consistent for some given b, and
let p be a solution. Then the solution set of Ax = b is the set of
all vectors of the form w = p + v, where v, is any solution of the
homogeneous equation Ax = 0.
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3.3 Solving Linear Systems

Nonhomogeneous System: Example

Describe the solution set of 2x; — 4x, — 4x3 = 0; compare it to the
solution set 2x; — 4xo — 4x3 = 6.

Solution: Corresponding augmented matrix to 2x; — 4xp — 4x3 = 0:
[2 -4 -4 0]~ (fill-in)

Vector form of the solution:

2xp + 2x3 2 2
V=1 Xo =____ |1 +_ |10
X3 0 1

Corresponding augmented matrix to 2x; — 4xp — 4x3 = 6:
[2 -4 —4 6]~ (fill -in) [ll'l



3.3 Solving Linear Systems

Nonhomogeneous System: Example (cont.)

Vector form of the solution:

34 2xp 4+ 2x3 2 2

V= X = +_ |1 |+___]0

X3 0 1

37 o ’
2l
X3 }
1
. |
X2
Parallel Solution Sets of Ax =0 and Ax =b [l!l
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3.3 Solving Linear Systems
Invertibility

Theorem (3.10)

If A is invertible then the system Ax = b has exactly one solution
x = A~tb. Conversely, if the system has exactly one solution then
A is invertible.
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3.3 Solving Linear Systems
Consistency

Theorem (3.11)

The system Ax = b is consistent if and only if

rank(A) = rank(A|b)
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