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ABSTRACT. In this paper we establish extreme value statistics for observations on a class of hy-
perbolic systems: planar dispersing billiard maps and flows, Lozi maps and Lorenz-like maps. In
particular we show that for time series arising from Holder observations on these systems the suc-
cessive maxima of the time series are distributed according to the corresponding extreme value
distributions for independent identically distributed processes. These results imply an exponential
law for the hitting and return time statistics of these dynamical systems.

1. INTRODUCTION

Suppose { X, } is a stationary stochastic process and define { M,, }, the sequence of successive max-
ima by M, := max{Xj,..., X, }. Extreme value theory is concerned with the limiting distribution
of the sequence of normalized maxima a,,(M,, —b,,). There is a well developed theory [22, 16, 30] as-
suming { X, } are independent for the limiting distribution of { M,,} under linear scaling a,,(M,,—by,)
defined by constants a,, > 0,b, € R. It is known that there are only three non-degenerate distri-
butions G(z) such that lim,,_, P(an(M, —b,) < x) = G(x) (up to location G(z) — G(x + b) and
scale G(z) — G(ax), a > 0, changes). These distributions are called extreme type distributions,
Type I, IT or IIT [22]. We say a stationary process { X, } satisfies the law of types if, when under
linear scaling, the successive maxima {M,} converge to a non-degenerate distribution, then the
distribution is a Type I, IT or III distribution. We recall the form of these extremal distributions:
Type I

Gx)=e°", —00 < T < 00.
Type 11

0 if £ <0;
e~ % for some a > 0 if x > 0.

Type 111

—(=2)% g, 0 if z < 0;
o e or some « > xS VU
G<$)_{1 if 2> 0.

If {X,} is a stationary sequence we let {X,} denote the associated stationary, independent
sequence, that is {Xn} is independent and X1 has the same distribution as X;. We denote the
corresponding derived sequence of maxima for {Xn} by {Mn} For v € R and sequences a,, b, we
define u,(v) = -~ + by, so that P(M,, < un(v)) = P(an(My —b,) < v). For fixed v we will often

an
drop the dependence upon v and write simply the sequence u,,. Leadbetter [22] gives two conditions

called D(uy) and D'(u,) for suitable sequences w, which imply that P(M, < u,(v)) — G(v) is

Date: June 16, 2010.
2000 Mathematics Subject Classification. Primary 37A50; Secondary 60G70.
Key words and phrases. Lozi maps, Sinai dispersing billiards, extreme value theory, dynamical systems.

The research of MN was supported in part by the National Science Foundation grants DMS-0607345 and DMS-
0600927. MN would also like to thank the Mittag-Leffler Institute, Djursholm, Sweden for hospitality and support
during the writing of this paper.

1



2 C. GUPTA, M. P. HOLLAND, AND M. NICOL

equivalent to P(M,, < un(v)) — G(v). If {X,,} satisfies condition D(u,) then the stochastic process
satisfies the law of types. Moreover it is known that

nP(Xo > uy,) = 7

is equivalent to P(M,, < u,) — ¢~ 7 when D(u,) and D’(u,) hold, and hence we have a strategy
for determining the extreme type distribution for dependent sequences.

There are, however, no general techniques for proving conditions D(u,) and D’(u,) and the
latter is usually hard. Collet [8] in an elegant paper used the rate of decay of correlation of
Holder observations to establish D(u,,) for certain one-dimensional non-uniformly expanding maps.
Freitas et al [12], based on Collet’s work, in turn gave a condition Da(uy) which has the full force
of D(uy,) in that together with D’(uy,) it ensures the equivalence of P(M,, < u,(v)) — G(v) and
P(M, < u,(v)) = G(v). Condition Dy(u,) is easier to establish in the dynamical setting by
estimating the rate of decay of correlations of Holder continuous observables or those of bounded
variation.

We establish condition Dy(uy,) in this paper for the time-series of certain observations on maps
modeled by Young towers with exponential return time tails satisfying Assumption A (described
in Section 1.1), which bounds the measure of the outer shell or annulus of a ball. In particular
we extend Collet’s approach to handle dynamical systems with stable foliations. We also establish
condition D’ (up,) for planar dispersing billiard maps and flows, a class of Lozi-maps and a class of
Lorenz-like maps and show that from the point of view of extreme value theory they behave as i.i.d.
processes. Our results on billiard flows are immediate consequences of the results in [20] which show
in essence that suspension flows inherit the extreme value behavior of their base transformations.
As in Collet [8] will consider the observation ¢(x) = —logd(z,zp) on the metric space (M,d).
Knowledge of the extreme value statistics for this observation determines the extreme value statistics
of a wide class of observations which are functions of d(z, zp) and maximized (or minimized) at the
point zg [20].

Let B(x,r) denote the ball of radius r > 0 about € M. For a measure preserving transformation
T:(M,u) — (M, p) define, if it exists,

. log u(B(z,7))
I e

Ledrappier [23] showed that if 4 is an SRB-measure for a C'T® diffeomorphism then the limit d(z)
exists and has the same value for o almost every z [3]. We assume the existence of a scaling sequence
Uy, such that nu(B(xg,e %)) — e~ for pa.e. xg and prove our results with respect to this sequence
uy,. Planar dispersing billards possess an absolutely continuous invariant measure, with density
p(z) = %(m) . By the Lebesgue differentiation theorem for any a > 0, nuB(xo, %) — p(xo)a
for u a.e. xg. Similarly the class of Lorenz-like maps we consider possess an absolutely continuous
invariant measure with density of bounded variation.

Lozi maps have an SRB measure p with absolutely continuous conditional measures on local
unstable manifolds. In fact the conditional measure on a local unstable manifold is one-dimensional
Lebesgue measure. Hence the pu measure of an annulus about a generic point zg of inner radius r
and width e is bounded by C'\/e and hence for p a.e. xg, the function r — p(B(zo,r) is continuous
and strictly increasing. Thus we may choose a sequence u,, satisfying nu(B(xzg,e ")) — e~ for
W a.e. xo in this setting also. An immediate corollary of the existence of the dimension d is that
du, =~ v+ logn (in a sense made precise in Lemma 3.2).

The relation du, ~ v + logn does not imply that lim, oo p(M, < unp(v)) = lim, oo (M, <
(logn + v)/d) but rather that for all € > 0, lim, oo (M, < (1 —€)(logn + v)/d)) < G(v) <
limy, 00 (M), < (1 4 €)(logn 4+ v)/d)). In the case of the Lozi map this is the best we can do.
For Sinai dispersing billiards, as the invariant measure is absolutely continuous, we are able to



E.V.T. FOR LOZI MAPS AND DISPERSING BILLIARDS 3

obtain the scaling constants u,, explicitly. We prove that for u a.e. xg, if ¢(z) = —logd(z, z¢) then
limy, 00 (My, < (logn + v + log(p(x0)))/2) = e~ where p(zg) := j—yi(m).
We now state conditions Do(uy) and D’ (uy). If {X,} is a stochastic process define
MjJ = maX{X]‘,Xj+1, PN an+l}-

We will often write My, as M,,.
Condition Dy(uy) [12] We say condition Da(uy) holds for the sequence Xo, X1, ..., if for any
integers [,t and n

[1(Xo > wp, My < up) — pu(Xo > un)u(My < up)| < y(n,t)

where 7(n,t) is non-increasing in ¢ for each n and nvy(n,t,) — 0 as n — oo for some sequence
tn = o(n), t, — oo.
Condition D'(u,) [22] We say condition D’ (u,) holds for the sequence Xg, X1, ..., if

[n/k]
(1) kl;r{:@ limnsupn ; u(Xo > Up, Xj > up) = 0.

Condition D/(un) as stated is not particularly illuminating but is standard in the literature. We
will show more precisely the way the condition is used in our proofs.

Collet [8] demonstrated a technique involving maximal functions for establishing D’(u,,) for one
dimensional non-uniformly expanding maps modeled by a Young tower. His argument relies on
the absence of a stable direction and the boundedness of the derivative and these are obstacles to
generalizing his argument. The one-dimensional feature can be generalized to expanding maps in
higher dimension [14].

We consider a class of maps of Riemannian manifolds, perhaps with singularities, modeled by a
Young tower [35] with SRB measure p and exponential return time tails. Lozi-like maps and Sinai
dispersing billiards fit into this scheme. As a further application we also consider one-dimensional
Lorenz-like maps [17, 10]. We establish Dy(u,) for the process X, (z) = —log(d(xo,T"x)). The
proof of Ds(u,) requires only sufficiently high polynomial decay of correlations but as our applica-
tions all have exponential decay of correlations to simplify exposition we assume exponential tails.
Furthermore if D'(u,,) can be verified for these systems, then the process has the same extreme
value statistics as its associated i.i.d. process, even for more general observations [20]. We verify
D'(uy) for the systems we mentioned but we do not have a general method to establish D'(uy,)
for all systems modeled by a Young Tower. Our method of proof for D’(u,) in these cases is an
extension of the argument in Collet [8].

We note that Poisson-limit laws for return-time statistics in the Axiom-A setting have been
established by Hirata [19] and in the uniformly partially hyperbolic setting by Dolgopyat [11]. For
recent related work on extreme value theory for deterministic dynamical systems see [13, 12, 14, 20].

Remark 1.0.1. Our results also have implications for hitting time statistics and return time
statistics of billiard maps, Lozi maps and Lorenz-like maps. For a map T : M — M with invariant
ergodic probability measure p, we may define hitting and return time statistics as follows. For
aset A C M, let Ry(x) denote the first time j > 1 such that T7(x) € A. Given a sequence of
sets {Uy }nen, with u(U,) — 0 then we say that the system has hitting time statistics (HTS) with
distribution G(t) for {U,} if for all t > 0

2) lim (Rjxou,) > ) = G(1).

n—o0 M(Un)

In applications often the sequence U, is a nested sequence of balls B(xg,d,) of radius d,, about a
point xg.
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We say that the system has HTS G(t) to balls at z¢ if for any sequence 4, C R, with 6, — 0
as n — oo we have HTS G(t) for U,, = B(xo, 0p).

Analogously we say that return time statistics (RTS) with distribution G(t) holds for {U,} if we
can replace the measure p by the conditional measure u in equation (2), where g4 = %. RTS to
balls is defined analogously to HT'S to balls.

Haydn et al [18] show that given a sequence of sets {U,} with u(U,) — 0, the distribution
function of the normalized hitting times to U, converges weakly to a subprobability distribution
F if and only if the distribution function of the normalized return time converges weakly to some
distribution function F and that if convergent

F(t):/ot(l—ﬁ'(s)) ds.

This in particular shows that the asymptotics for return times is exponential (G(t) = ™) if and
only if the one for hitting times is also.

Freitas et al [14, Theorem 2] an equivalence between extreme value laws and hitting time statistics
(and hence return time statistics via [18]) was obtained for dynamical systems (M, T, ;1) admitting
an absolutely continuous invariant probability measure p. Our results Theorem 4.1 and Theorem 4.3
show if ¢ is maximized at a generic Lebesgue density point then {M,} behaves from the point of
view of extreme value theory as the corresponding i.i.d. sequence {Mn} By Freitas et al our results
imply HTS and RTS with an exponential law i.e. G(t) = et for nested balls about p a.e. zq for
planar dispersing billiards and Lozi-like maps.

In subsequent work Freitas et al [15] extend [14, Theorem 2] to invariant measures which
are not absolutely continuous with respect to volume. In particular they consider observations
¢(x) = g(ry,(x)) which are functions of r4,(z) = u(B(xo,d(x, x0)) for a distinguished point z¢ and
determine an equivalence between HTS (as well as RT'S) and extreme value statistics for observa-
tions g(7z,(x)). In the setting of Lozi maps the function r,,(z) is continuous as a function of z for
i a.e. zo. The proof of Theorem 4.2 extends immediately to the observation ¢(z) = —logry, ()
with scaling constants u, = logn + v. Thus Theorem [15, Theorem 4] combined with Theorem 4.2
implies exponential hitting and return time statistics for balls centered on zq for p a.e. x¢ in the
setting of Lozi maps. We gave our extreme value results Theorem 4.2 for observations which are
functions of d(z, xo) as these occur more naturally in applications.

1.1. Statement of results. Let M be a Riemannian manifold with Lebesgue measure m and let
T : M — M be a (local) diffeomorphism modeled by a Young Tower. The Young Tower assumption
implies that there exists a subset A C M such that A has a hyperbolic product structure and that
(P1)-(P4) of [35] hold. We refer the reader to Young’s paper [35] and the book by Baladi [1]
for details. A similar axiomatic construction of a tower is given by Chernov [6] which is a good
reference for background on dispersing billiard maps and flows.

By taking T to be a local diffeomorphism we allow the map T or its derivative to have disconti-
nuities or singularities.

We assume,
Assumption A : For y a.e. z9 € M there exists d := d(z0) > 0 such that if A, (z¢) = {y € M :
r < d(zo,y) <71+ €} is a shell of inner radius r and outer radius r + € about the point xy and if r
sufficiently small, 0 < € < r < 1, then (A, (7)) < €.

For systems modeled by a Young tower with exponential return time tails satisfying Assumption
A we will verify condition Ds(u,,). Planar dispersing billiards with finite horizon, Lozi-like maps and
Lorenz-like maps satisfy Assumption A and may be modeled by a Young Tower with exponential
return time tails. For planar dispersing billiards with infinite horizon we will use the results of [6].
For these systems we also verify condition D’(u,). Our method of proof uses ideas from Collet [8]
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but the arguments need to be modified due to the stable foliation, unbounded derivative and, in
the case of Lozi maps, the dissipative nature of the SRB measure.

1.2. Framework of the proof. Suppose we have a Young Tower with exponential return time
tails for a local diffeomorphism T : M — M of a Riemannian manifold M equipped with Lebesgue
measure m.

We assume that there is a set A with a hyperbolic product structure as in Young [35]. Define
Ap := A. Let Ag; be a countable partition of Ag. Let R : Ag — N be an L'(m) return time
function with the property that

R|A0’i = Rz
Define the Young Tower by
A =Uji<p,—1{(x,0) s x € Ao}

and the tower map F': A — A by

F(ac l)* (.’/C,l+1) ifx€A07i,l<RZ‘—1
o (TRix,O) if x € A(m‘,l =R;,—1 '

For convenience, we will refer to Ag := U; (Ao, 0) as the base of the tower A and denote A; := Ag ;.
We define A; = {(z,1) : | < R(x)}, the Ith level of the tower. Define the map f = T®: Ag — Ay
ie. f(z) = TF@(z). We may form a quotiented tower (see [35] for details) by introducing an
equivalence relation for points on the same stable manifold. Much of the analysis for the statistical
properties of the tower in [35] (but not in this paper) is performed on the quotiented tower, we will
merely list the features of the Tower that we will use.

There exists an invariant measure mqg for f : Ag — Ag which has absolutely continuous con-
ditional measures on local unstable manifolds in A, with density bounded uniformly from above
and below.

The tower structure allows us to construct an invariant measure v for F' on A by defining for a

measurable set B C A;, v(B) = %&Fi}m

sets in the obvious way. We define a projection 7 : A — M by 7(x,l) = T'(x). We note that
mo I =T ox. The invariant measure p, which is an SRB measure for 7' : M — M, is given by
p = . W _(x) will denote the local stable manifold through « i.e there exists e(z) > 0 and C > 0,
0 < a < 1 such that W = {y : d(z,y) < €} and d(T"y, T"x) < Ca™ for all n > 0. We use the
notation W} _ rather than WZ(z) in contexts where the length of the local stable manifold is not
important. We analogously define W} _(x)) and let B(x,r) denote the ball of radius r centered at the
point . We lift a function ¢ : M — R to A by defining, with abuse of notation, ¢(x,1) = ¢(T'x).

Henceforth, we will fix a reference point xg in the support of u and define a stochastic process
X, given by X, (x) = —logd(T™z, xo). This observation determines the extreme value distribution
of more general functions with unique maximum at the point xg [20, 14]. We are interested in the
distribution of the maximum of X,,, denoted by

Mn = max{Xg, Xl, . ,Xn}.

and extending the definition to disjoint unions of such

We will prove the condition Do(u,) [12] for a sequence u,, for which nu(B(zg,e %)) — e for
some v € R. We define x(n) to be the rate of decay of correlations of Lipschitz functions with
respect to the SRB measure p on the manifold: so that

| /M dtb o Tyt — /M oy /MW“ < kM1l inll ¥l zip

for all Lipschitz ¢, ¢ : M — R. In fact we may use the L*> norm of ¢ in the estimate above as 1) is
defined on the quotiented tower (see [35, Section 4]) and in general a faster decay rate than x(n).
We assume in this paper that there exists # € (0, 1) such that x(n) < 6™.
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We define
Byjo(xo) = {x L THWS () 1 9B (0, 7) # @}
where B(zg,r) is the ball of radius r» > 0 about x.
An immediate consequence of Assumption A is the following:

Proposition 1.1. Under Assumption A there exist constants C > 0 and 0 < 71 < 1 such that for
any r, k
U(Br(x0)) < O

Proof. As a consequence of [35, (P2)], there exist a € (0,1) and C' > 0 such that d(T"(z),T"(y)) <
Ca™ for all y € Wi (x). In particular, this implies that |Tk(W;(a:))\ < Ca¥ where | .. .| denotes the
length with respect to the Lebesgue measure. Therefore, T%(B, x(z¢)) lies in an annulus of width
2Ca* around the boundary of the ball of radius 7 centered at the point zo. By Assumption A and
invariance of p the result follows. O

2. CONDITION D3 (uy,)

In this section, we establish condition Dy (u,) for maps modeled by a Young Tower with expo-
nential tails satisfying Assumption A. Our main theorem for this section is:

Theorem 2.1. Let T : (M, pn) — (M, p) be a dynamical system modeled by a Young Tower with ex-

ponential tails satisfying Assumption A. Then the stochastic process X,, := —logd(T"x, o) satisfies
the condition Dy(uy,), namely, for any integers j,l and n,
(3) 1 ({Xo > un} N {M;y < un}) — p({Xo > un}) p ({Mog < un})l <~(n,j)

where y(n,j) is non-increasing in j for each n and ny(n,t,) — 0 as n — oo for some sequence
t, = o(n), t, — oco.

We now show how Dy(u,) is used, along with a version of D'(u,) to obtain extreme laws. This
uses a blocking argument of Collet [8] based on extreme value statistics (Collet attributes this
approach to Galambos [16]).

2.1. The Blocking Argument. We will divide successive observations { X, ..., X;,,_1} of length n
into q blocks of length p+t. The gap t will be large enough that successive p blocks are approximately
independent but small enough so that j(M,, < u,) is approximately equal to u(Mg(p4e) < uy). For
the purposes of our applications, which have exponential decay of correlations, we may take p ~ /n
and t = t,, = (logn)° but the method is quite flexible. Using approximate independence of p blocks
we show pu(M, < uy,) ~ pu(M, < u,)? and p(M, < u,) ~1—pu(M, > u,). More precisely Collet,
using general set inclusions and probabilistic arguments shows
(M < up) — (1= pu(Xo > up))? < gy
where
p—1
Ty =py(n,t) + tu(Xo > up) + Qpr({Xo > up} N{X; > up}).
j=1
By assumption
lim nu(Xo > uy) =€

n—oo
SO

lim N(Mn < Un) =e ¢

n—oo
provided ¢I'y, — 0. The term pgvy(n,t,) — 0 from Dy(u,) while gtu(Xo > u,) — 0 as nu(Xo >
up) — e~ ¥ and t = o(n). Finally we need to check n Z?;% p({Xo > up} N{X; > up}) — 0. This is

condition D’ (uy,). In applications p is prescribed as a function of n (for example p = v/n). In our
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applications we will give more details in our proofs on the interplay of non-recurrence and decay of
correlations needed to ensure n Z?;} p({Xo > un} N{X; > un}) — 0.

3. PROOF OF THEOREM 2.1.
We now turn to the proof of Theorem 2.1. The constant 7 below is from Assumption A 1.1.
Lemma 3.1. Suppose ® : M — R is Lipschitz and U, 3, is the indicator function

\IJa’b = 1{XaSun7Xa+lSun’~--»Xa+bSun}
Then for all j > 0

) [ ovaoridn [ o [ wosdn) < 00) (1@’ + o]yt

Proof. Define the function ® : A — R by ®&(z,7) = ®(T"(z)) and the function W,p(z,r) =
U, u(T"(x)). We choose a reference unstable manifold 4* C Ag and by the hyperbolic product
structure each local stable manifold W,'(z) will intersect 4 in a unique point #. Here x denotes a
point in the base of the tower Ag and we therefore have z € W(%).

We define the function W,p(z,7) := ¥,4(2,7). We note that U, is constant along stable
manifolds in A and the set of points where W, # ‘i’a,b is, by definition, the set of (z,r) which
project to points 77 (z) for which there exist 1, x2 on the same local stable manifold as 7" (x) for
which

T € {Xa S Up, ooy Xogp < un}
but

o ¢ {Xag < Up,...,Xorp < up}
This set is contained inside UZJ:FZT_I‘:BMJ?. If we let @ = |j/2| and b = then by Proposition 1.1
we have

l
- _ y
y{‘I’Lj/2J,l # \I’U/2J,l} < Z w(Buy, 1) < 0(1)7.1U/ I
k=[7/2]
By the decay of correlations as proved in [35] under the assumption of exponential tails, we have

/‘i"I’Lj/2J,l°Fj_Lj/2JdV—/‘i)d’//‘l’u/zud” < O(1)||®|uip| P06V,

Therefore,

’/wum oTJ'U/2Jdu—/c1>dy/\ywwdu'

= '/éxi/Lj/QL,oFf—W?Jdu—/é)du/\i/wwdu

< '/‘f) (FLijasa = Plijaga) o P70 dw
T ‘ [ [ (W0 1) 0 5P

<0(1) (||‘I>”ooV {EU/%,Z # ‘i’um,z} + H(I)||Lip0U/2J)
(5) < 0(1) (@] + 1@ Lip0l/2 )

+O(1)] ||V

We complete the proof by observing that [ U du = [ W\ ;/2)1dp by the p invariance of T" and that
\Ijl_j/QJJ o T’j_l-j/2J = \Ijj,l = \IJ(M o Tj.
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O

To prove condition Dy (uy,), we will approximate the characteristic function of the set { Xy > wuy,}
by a suitable Lipschitz function. This approximation will decrease sharply to zero near the boundary
of the set {Xy > u,}. The bound in Lemma 3.1 involves the Lipschitz norm, therefore, we need to
be able to bound the increase in this norm. To this end, we prove our next lemma.

Lemma 3.2. (1) For p a.e. zq for every € > 0 there exists an N € N such that for alln > N

(v logn) Su(v) < 5

(2) Denote by S(n,xp) := A(e‘“nfe_“% e_u%)(xo) the annulus formed by the region between balls

(v + logn)

Un, u

of radius e~ and e~ —e~"n about xo. There exists a d(zo) € (0,1) such that for n large

enough
pu(S(n,x0)) < O(1)(n=20v=0kem),

Proof. (1) By the definition of d, for any € > 0 there exists an Nj such that for all n > Ny,
(etn)(d+e) < (B(z, e ) < (e~"n)(@=9), Since we have assumed lim,, oo npu(B(z,e %)) — e,
we must have lim sup n(e*“")“”rE < e7V. Since e”¥ > 0, this implies given n > 0 there exists No
such that n(e~")?+e < (1 +n)e " for all n > Na.

For the other direction, since lim inf n(e=%")9=¢ > ¢~ there exists N3 such that for all n > N3,
n(e~"n)d=¢ > (1 —n)e™". Since n was arbitrary the result follows.

(2) The proof follows from part (1) and Assumption A. There exists a 6 € (0, 1) such that
u(S(n.20)) < O()[S(m, z0)
where | - | denotes the width of the annulus. From part (1),

1S (0, n)|° ()3

IN

e

< exp <—(dfe)2(v +log n)2>

0(1) (n—25’v—6’ log n)

IN

for some §’ > 0.

0

We note that if the map T preserves an absolutely continuous measure, as in the case of dispersing
billiards, then this estimate can be obtained trivially. We are now ready to prove Theorem 2.1.

Proof of Theorem 2.1. We approximate the indicator function 1;x,~.,} by a Lipschitz continuous

function ® as follows. The set {X¢ > wuy,} corresponds to a ball of radius e~ centered at the point

Un, u2

xo. We define ® to be 1 inside a ball centered at x( of radius e " — e~%» and decaying to 0 at a
linear rate on S(n,zp) so that on the boundary of { Xy > u,}, ® vanishes. The Lipschitz norm of
® is seen to be bounded by exp(u2). Since

'/ Lixosuny ¥ i/200 0 TV dp — pu(Xo > ) / Uj/2) ,zdﬂ‘
= ‘/ (Lxo>uay — @) ‘I’um,zdu' +0(1) (||<I>||ooj271W4J + ||¢\|Lipew/%)

(6) +| / (Lixp>u,y — @) dp / W\ /2)1dp

)
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and because [|[1{x,>u,} — @|l1 < p(S(n, o), we have
[1({Xo > un} N {Mj1 < un}) — p({zo > unHp({Mog < un}) < (n, j)

where 4
1(n,§) = O(1) (n2 = ow . elesng )

where ; = max {r1,0}. Let j = t, = (logn)>. Then nvy(n,t,) — 0 as n — oo. Note that we had
considerable freedom of choice of ¢, anticipating our applications we choose t,, = (logn)®.
O

4. APPLICATIONS

In this section we prove condition D’ (uyp) for some concrete examples. We consider Lozi maps
and Sinai dispersing billiards. These are (almost) hyperbolic systems that admit invariant cone
fields, but the derivative map DT is discontinuous or singular.

The proofs in these examples differ due to the particular characteristics of these systems, however,
we identify for the the reader the main steps in the arguments. We start with

Step 1: Control the measure of the set of points which return rapidly to a neighborhood
of themselves. In what follows, the set of points which return to a 1/k neighborhood of
themselves in fewer than (log k) steps is denoted by Ej;

Step 2: Use estimates from Step 1 to control the measure of the set of points which return
to a neighborhood of the distinguished point zy very quickly (for this we resort to a careful
extension of the methods used in the one-dimensional case studied in [8], and in case of
the Lozi maps, we require some quantitative estimates on the distortion of lengths by
holonomies, see Proposition 4.1 and [9]). In what follows, F}, denotes the set of points whose
neighborhoods have large overlaps with the sets Ej. Using the Borel-Cantelli lemma, we
show that almost every point does not belong in Fj, infinitely often;

Step 3: Use a decay of correlations to control the measures of exceedences for iterates between
tn := (logn)® (see equation (1)) and p := \/n (see Section 2.1).

4.1. Planar Dispersing Billiard Maps and Flows. Let I' = {I';,i = 1 : k} be a family of pair-
wise disjoint, simply connected C?3 curves with strictly positive curvature on the two-dimensional
torus T?. The billiard flow B; is the dynamical system generated by the motion of a point particle
in Q = T2/(UX_, (interior T;) with constant unit velocity inside @ and with elastic reflections at
0Q = Ulel“i, where elastic means “angle of incidence equals angle of reflection”. If each I'; is a
circle then this system is called a periodic Lorentz gas, a well-studied model in physics. The billiard
flow is Hamiltonian and preserves a probability measure (which is Liouville measure) i given by
dii = Cgdq dt where Cg is a normalizing constant and ¢ € Q,t € R are Euclidean coordinates.

We first consider the billiard map T : 0Q) — 9Q. Let r be a one-dimensional coordinatization of
' corresponding to length and let n(r) be the outward normal to I' at the point . For each r € T’
we consider the tangent space at r consisting of unit vectors v such that (n(r),v) > 0. We identify
each such unit vector v with an angle § € [—m/2,7/2]. The boundary M is then parametrized by
M :=0Q =T x [-n/2,7/2] so that M consists of the points (r,0). T : M — M is the Poincaré
map that gives the position and angle T'(r,0) = (r1,6;1) after a point (r,6) flows under B, and
collides again with M, according to the rule angle of incidence equals angle of reflection. Thus
if (r,0) is the time of flight before collision T'(r,0) = By, g)(r,0). The billiard map preserves a
measure du = cyy cos 0drdf equivalent to 2-dimensional Lebesgue measure dm = dr df with density
p(z) where z = (r,0).

Under the assumption of finite horizon condition, namely, that the time of flight h(r, #) is bounded
above, Young [35] proved that the billiard map has exponential decay of correlations for Holder
observations. This settled a long-standing question about the rate of decay of correlations in
such systems. Chernov [6] extended this result to planar dispersing billiards with infinite horizon
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where h(z,r) < oo for all but finitely many points (r,6) but is not essentially bounded. Chernov

also proved exponential decay for dispersing billiards with corner points (a class of billiards we

do not discuss in this paper). A good reference for background results for this section are the

papers [4, 5, 35, 6]. We first establish extreme value statistics for billiard maps and then, in the

next section, deduce corresponding limit laws for billiard flows using the results of Holland et al [20].
We prove,

Theorem 4.1. Let T : M — M be a planar dispersing billiard map. Then for p a.e. xg the
stochastic process defined by X, (x) = —log(d(xo, T™x)) satisfies a Type I extreme value law in the

sense that lim, oo (M, < (v +logn 4 log(p(z0)))/2) = e~ ¢ "

Proof. Assumption A is satisfied by planar dispersing billiards with finite and infinite horizon as
the invariant measure is equivalent to Lebesgue. This is proved in [5, Appendix 2] where it is shown
that d may be taken as 1 in the case of finite horizon and 4/5 in the case of infinite horizon. The
proof of Da(u,) is immediate in the case of dispersing billiard maps with finite horizon, as they
are modeled by a Young Tower in [35], have exponential decay of correlations. Chernov [6, Section
5] (see also [5, Section 5]) constructs a Young Tower for billiards with infinite horizon to prove
exponential decay of correlations so that condition Da(u,) is satisfied by this class of billiard map
as well. Hence we need only prove condition D’ (uy,).

It is known (see [6, Lemma 7.1] for finite horizon and [6, Section 8] for infinite horizon) that dis-
persing billiard maps expand in the unstable direction in the Euclidean metric |.| = /(dr)? 4 (d¢)?
, in that |DTv| > CX"|v| for some constants C, A > 1 which is independent of v. In fact
|Ln| > CA™|Lg| where Ly is a segment of unstable manifold (once again in the Euclidean metric)
and L,, is T" Lg. B

We choose Ny so that A := CAN > 1 and then T™0 (or DT™0) expands unstable manifolds
(tangent vectors to unstable manifolds) uniformly in the Euclidean metric.

It is common to use the p-metric in proving ergodic properties of billiards. Young uses this
semi-metric in [35]. Recall that for any curve 7, the p-norm of a tangent vector to ~y is given as
|v|p = cos ¢(r)|dr| where v is parametrized in the (7, ¢) plane as (7, ¢(r)). The Euclidean metric in
the (r,¢) plane is given by ds® = dr® + d¢?; this implies that |v], < cos ¢(r)ds < ds = |v|. We will
use I,,(C') to denote the length of a curve in the p-metric and {(C') to denote length in the Euclidean
metric. If 7 is a local unstable manifold or local stable manifold then C11(y), < I(7) < Cay/Ip(7).

For planar dispersing billiards there exists an invariant measure p (which is equivalent to 2-
dimensional Lebesgue measure) and through p a.e. point x there exists a local stable manifold
W .(x) and a local unstable manifold W} (x). The SRB measure p has absolutely continuous
(with respect to Lebesgue measure ) conditional measures p, on each W} (x). The expansion by
DT is unbounded however in the p-metric at cos # = 0 and this may lead to quite different expansion
rates at different points on W} (x). To overcome this effect and obtain uniform estimates on the
densities of conditional SRB measure it is common to definite homogeneous local unstable and local
stable manifolds. This is the approach adopted in [4, 5, 6, 35]. Fix a large ko and define for k& > ko

Ik:{(r,e):g—k*2<0<g—(kz+1)*2}

I =1{(r0): —g FE+1)2<0< —g T E
and
Ly = {(r,0) : —g Y2 <0< g — kg2).

In our setting we call a local unstable (stable) manifold W% (), (W}:_.(x)) homogeneous if for all
n> 0T "W (x) (T~"Wg.(x)) does not intersect any of the line segments in Ups g, (1 U T_) U I, .

Homogeneous W} _(x) have almost constant conditional SRB densities C‘#ff in the sense that there
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exists C' > 0 such that & < %@/%(f) < C for all z1, zp € W () (see [6, Section 2| and the
remarks following Theorem 3.1).

From this point on all the local unstable (stable) manifolds that we consider will be homogeneous.
Bunimovith et al [5, Appendix 2, Equation A2.1] give quantitative estimates on the length of homo-
geneous W} (x). They show there exists C, 7 > 0 such that p{z : (W} (z)) < e or (W} (x)) <
e} < Ce” where [(C) denotes 1-dimensional Lebesgue measure or length of a rectifiable curve C.
In our setting 7 could be taken to be %, its exact value will play no role but for simplicity in the
forthcoming estimates we assume 0 < 7 < %

The natural measure p has absolutely continuous conditional measures p, on local unstable
manifolds W} (x) which have almost uniform densities with respect to Lebesgue measure on W} (z)
by [6, Equation 2.4].

4.1.1. Controlling the measure of the set of rapidly returning points. Let A g = {z : [W (z)| >
€} then M(A‘\"/g) < Ce/? Let z € A,/ and consider Wt (x). Since \T*kW%c(x)\ < ATHWE(2)]
for k > Ny the optimal way for points T *(y) in T-*W} (z) to be close to their preimages
y € Wi (z) is for T*WE (z) to overlay W (), in which case it has a fixed point and it is
easy to see l{y € Wi (z) 1 d(y,T"y) < e} <l{y € R:d(y, %) < e} < (1 —A1e. Accordingly
{y € W (z): d(y, T~%y) < e} < C\/fel{y € W, (x)}. Recalling that the density of the conditional
SRB-measure p, is bounded above and below with respect to one-dimensional Lebesgue measure
we obtain ,uz(Afﬁ) < Cy/e. Integrating over all unstable manifolds in A s (throwing away the set

,u(Afﬁ)) we have p{z : d(T *z,2) < €) < Ce™/2. Since p is T-invariant p{z : d(T*z,z) < €} <
Ce™/? for k > Ny. Hence for any iterate T%, k > Ny
Er(€) = p{z: d(Tkx,x) <€} < Ce/?.
Recall that the scaling constant uy,(v) is chosen so that nu(B(zq,e (")) — =%, for hyperbolic
billiards we take u,(v) = 3(v + logn + log(p(zo))) and shrinking balls of radius roughly ﬁ about
points. This leads to the use of ﬁ in the next definition. Define
Ep = {z:d(T?x,x) < 2 for some 1< j < (logk)®}.

vk
We have shown that for any & > 0, for all sufficiently large k, u(E)) < k~7/4%. For simplicity we
take u(Ey) < k™7 where 0 < 7/4 — § and omit the constant e~ in the following equations.

4.1.2. Controlling the measure of the set of points whose neighborhoods have large overlaps with the
sets Ej. Define the Hardy-Littlewood maximal function M; for ¢(z) = 1g,(x)p(x) where p(z) =

9L (3, so that

dm

1
M(z) := S B /B " 1g,(y)p(y)dm(y).

A theorem of Hardy and Littlewood [27, Theorem 2.19] implies that

[15pllh

where ||, ||1 is the L' norm with respect to m. Let
By = { + i(Byrya(2) 0 Byoja) = (k721072
Then Fy, C {M,./2 > k~7%/2} and hence
m(Fy) < p(Ey 2782 < Ck™7KP2,
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If we take 0 < 5 < 0 and v > /2 then for some § > 0, k=77 k78/2 < k=179 and hence
Zm(Fk) < 0.
k

Thus for m a.e. (hence p a.e.) zg € X there exists N(zg) such that xg ¢ Fj, for all k > N(x¢). Thus
along the subsequence nj, = k=72, u(Xo > up,, Xo 0 T7 > up,) < n;l_‘s for k > N(xzg). This is
sufficient to obtain an estimate for all u,,. Since lirru{u.ﬁoo(k’kil)7/2 =1ifk2<n< (k+ 1)”7/2 then
for sufficiently large n u(Xo > n, Xoo TV > uy) < p(Xo > up,,, Xo0T7 > up,) < n;l_‘s < 2p~ 19,
We now control the iterates 1 < j < Ny. If zg is not periodic then mini<;«j<n, d(T"xo, T7 o) >
s(zp) > 0 and hence for large enough n, for all 1 < j < Ny, u(Xo > up, Xoo 17 > u,) = 0.
Recalling that u,, was chosen so that nu(B,—u. (z)) — 7%, we get, for any 1 < j < (logn)?,

(X0 > tn, XooT7 > u,) < 207170,

Hence
(logn)®
lim n w(Xo > up, XooT? > u,) =0.

n—00 -
Jj=1

4.1.3. Accounting for exceedences between (logn)® and /n. We now use exponential decay of cor-
relations to show

p=vn ‘
. j _
Jingon(lz)s w(Xo > up, XooT? > uy,) =0.
ogn

We let 1, denote the indicator function of the set {Xy > u,}. We approximate the indicator

function 1,, by a Lipschitz function ¢,, which is 1 on a neighborhood of z( of radius e™*» — e~ Un

and linearly decaying to 0 on the complement of the ball of radius e™*". ¢, has Lipschitz norm
bounded by e(un)” & e(v+logn)?/4,
Note that

[ 1o T = ([ 1, di?)

IN

| [ utono ) du— ([ 60 du’
1 o i = ([ 1,
1 L 0T du— [ 6u(0noT) du.

IN

If (logn)® < j < p = y/n then by decay of correlations | [ ¢n (¢, o T9)du — ([ ¢n du)?|
Ce2ungl < Ce2logn — % If n is sufficiently large. Furthermore if n is large |([ ¢ndu)? —
([ 1y, du)?| < Cn=20v=dlogn) - Cp=2,

Finally |f¢n(¢n o Tj) dp — flun(lun © Tj) du| < p(dn(z) # 1{Xo>un}) + p(én 0 Tj(J:) a
L XooTi(@)>un}) < S2-

Hence
p=vn ‘
nhﬁngon Z w(Xo > up, XooT7 > uy) =0.
j=(logn)®

This concludes the proof of Theorem 4.1.
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4.1.4. Billiard flows. The billiard flow B; : Q — @ may be viewed as suspension flow over the
billiard map 7" : M — M. In Holland et al [20] extreme value laws are derived for suspension flows
as a consequence of extreme value laws for base maps.

Suppose B; : Q — Q is the billiard flow preserving the ergodic invariant natural measure fi and h
is the average first return time of the billiard flow from the boundary to the boundary with respect
topie h=Cy Jas h(r, @) cos ¢d dr where h(r, ¢) is the time of flow till the point (r, ¢) € Q hits
the boundary again Q. As a consequence of [20, Theorem 2.10], we have the following corollary,

Corollary 4.1. for i a.e. py € Q if ¢(p) = —logd(p,po) and M; := maxs<t{¢p(Bs(p)) then

—v

Jim i(M; < v+ log(t/h) +log p(wo))/2) = e~

4.2. Lozi-like maps. The Lozi mapping 7T is a homeomorphism of R? given by

(z,y) = (1 +y — alz|, bx)

where a and b are parameters. It has been studied as a model of chaotic dynamics intermediate in
complexity (or difficulty) between Axiom A diffeomorphisms and Henon diffeomorphisms [29, 9, 34].
The derivative is discontinuous on the y-axis and this leads to arbitrarily short smooth local unstable
manifolds. Misuiurewicz [29] proved that there exists an open set G of parameters such that if
(a,b) € G the map T is hyperbolic. If (a,b) € G, then T, has invariant stable and unstable
directions (where the derivative is defined) and the angle between them is bounded below by /5.
We will restrict our attention to maps with parameters in the set G.

These maps admit a strict cone, and the tangent derivatives, where defined, satisfy uniform
expansion estimates [9] in that there exists A > 1 such that |DT™v| > A"|v| for all v € E"
(the unstable direction) and correspondingly for E* (the stable direction). T,; has an invariant
ergodic probability measure y [9] which is absolutely continuous with respect to the one-dimensional
Lebesgue measure along local unstable curves. In fact the conditional invariant measure on local
unstable manifolds is simply 1-dimensional Lebesgue measure [9]. Young [34] established similar
results for a broader class of maps, ‘generalized’ Lozi maps which are piecewise C? mappings of
the plane. But one reason for restricting to maps T, (a,b) € G is that for such maps Collet and
Levy have also shown that for ;1 almost every point on the attractor the Hausdorff dimension of p
exists and is constant [9)].

The existence of a dimension d implies that for almost every x in the attractor, the dimension
constant d(x) in the definition of w, is the same. We will use a sequence of scaling constants
un (g, v) defined for a generic point zo by the requirement that nju(B(zg, e 4 (@0:0)) — ¢~

In later work [35, Section 7] Young constructs SRB measures via a Tower construction for a
broader class of piecewise C? uniformly hyperbolic maps of the plane. The Lozi map 7, a,p With
(a,b) € G, b sufficiently small may be modeled by a Young Tower with exponential tails [35].
Hence the Lozi maps we consider satisfy exponential decay of correlations for Holder continuous
observations.

We now summarize the ergodic properties of the Lozi maps that we will use. T has an invariant
SRB-measure p and 1 a.e. point x has a local stable manifold W} .(x) and local unstable manifold
Wi (x). In [9, Proposition IV.1] it is shown that the conditional expectations of u on the local
unstable manifolds are the corresponding 1-d Lebesgue measures. Furthermore p a.e. point z has
a quadrilateral S(x) with a local product structure, in the sense that y € 5(z) implies there exists
a unique z € B(x) such that z = W (y) "W () and a unique z* € B(x) such that 2" = W _(y)N
W (x) 9, Section 4]. Suppose that W (z) and W} (z') are local unstable manifolds. Then the
holonomy h : W (x) — W (z') is defined on the set D(h) := 2 € W () : W ()W (z') # 0.
The holonomy between local unstable manifolds satisfies the following quantitative estimates,
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Proposition 4.1. [9, Proposition IL4] Given W} () and W}t (2") there is a constant L such that
for any Borel subset A C W% (x) N D(h),

(1 = L(d(Wise(@), Wise(@ )V2)I(A) < UR(A) < (1+ LW (x), Wike(2)/)I(A).

Note that the local unstable manifolds lie in a strict cone and the conditional invariant measure
on local unstable manifolds is 1-dimensional Lebesgue measure. Suppose that xo € M, A, (o) is
an annulus with center zo and m, is conditional measure on W} (x) with = in the quadrilateral
B(zg). Since my(Ay ) < Cy/e for all x € 5(xp), Assumption A is satisfied. Thus we need only show
condition D’ (u,). We will establish D’ (u,) in this section and prove the following theorem.

Theorem 4.2. Let Toy, : M — M be a Lozi map with (a,b) € G with b sufficiently small. Then
for p a.e. xg the stochastic process defined by X, (x) = —log(d(xg, T™x)) satisfies a Type I extreme

—v

value law in the sense that limy, oo p(M, < un(x9,v)) = €€

Remark 4.2.1. We do not know the precise scaling constants u,(zo,v), but for all e > 0,
limy, o0 (M, < (1 —€)(logn +v)/d)) < e ¢ < limy oo (M, < (14 €)(logn + v)/d)) which
provides an estimate of the correct sequence u,,.

Proof. We need only establish D'(u,). We will denote the length of a rectifiable curve C' by 1(C)
in the usual Euclidean metric. As tangent vectors to local unstable manifolds lie in a strict cone
the projected length onto either the horizontal or vertical axis of a connected component C of
TEWE () is bounded below by «l(C) for some £ > 0. This constant will be absorbed into our C’s
below, so that the expansion of a local unstable manifold under 77 may be used to estimate the
measure of points which satisfy d(z,T’z) < e. The projection of W (x) onto the horizontal axis
expands uniformly for all j > Ny for some Ny, but as in the case of billiards this does not affect
our argument if z( is not a periodic point. For simplicity of exposition we assume Ny = 1.

One would think that as the derivative is bounded and there is uniform expansion in the unstable
direction, which lies within a cone, the proof of D/(un) would be immediate but the presence of
discontinuities for the derivative complicates the picture. If W} (z) is a local unstable manifold then
T (W} (x)) is either a line segment or a connected broken line segment. Here is what could possibly
go wrong in the latter case. Suppose that the map T (restricted to local unstable manifolds),
expands uniformly and |T/ ()] > A > 1. Let L be a segment of unstable manifold and consider
T™L. It expands but may encounter the set of discontinuities/singularities S. Suppose T"L is
partitioned into M smooth components 5; with corresponding pre-image intervals a; C L so that
T"a; = B;. Suppose the map T™ folds back on itself many times and places each (; atop «; such
that the left endpoint z; of «; very close to the left endpoint T"z; of 3;. If |B;| < e then each
point in «; lies within € of its image under T". We have to show this cannot happen. We use the
structure of a Young Tower to do this.

4.2.1. Controlling the conditional measure of the set of points which return rapidly to a neighborhood
(in the phase space) of themselves. We first show there exists o > 0 such that for a generic point z
(generic here means a set of points of full measure) if € is sufficiently small then m.(y € W} (2) :
d(y, T7y) < €) < e“l(W} (z)) where m, is conditional measure on W} (z).

Assume that z = m(x,r) for some (z,r) € A ie. for some i, z € A; C Ay, < R(z) = R;
we have 7"z = z. We may assume without loss of generality that W} (z) D T"(W}k.(z) N Ay),
otherwise we could refine the partition on the Tower by defining a new return time on the base
Ri(y) = R(y) + ...+ R(f*y). By refining in this way we could also require (T%) () > 2. This is
equivalent to considering a Tower with return time partition P := \/;?:0 f~7 Py on the base, where
Py is the original partition into sets {A;}. For large enough k, W}’ (2) D T"(W}.(x)NA;). Note that
the new Tower will also have exponential return time tails. We identify 7" (W} (z)NA)NWE(2) =
W3(z) C M with Wy (z,7) on the Tower. The portion of local unstable manifold W (z) may not
be symmetrical about z but this will not affect our argument.
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There exists 7 > 0 such that if e > 0 is sufficiently small then except for a set of Als of mg
measure less than €7, [W'(y) N A;| > /e for all y := (y,0) € A;. This observation uses exponential
decay of the return time. To see this suppose that A, has return time R,. Let v be the length
of Ag in the unstable direction. Since |T"(z)| < K is bounded we have K|\, | ~ v and hence

|A,| > yefinloe K Qo if R, < 2_1c1>(;g1§ then |A,| > vy/e. Since we have exponential return time

tails, m(z € Ag : R(z) > T) < CHT for some 0 < 0 < 1. Hence mo(UA,, C Ag : |A,| < /€) < € for

some T = glé(ég[?. Choose 0 < 0 < 1 so that €7 > €™ + /e for sufficiently small e > 0.

Now 77 (W, (2)) expands uniformly for j =1 to R; —r then makes a full crossing of the base Ag.

By full crossing we mean that on the quotiented tower 77 (W;(z)) = ANO, where ?\vo is Ag quotiented
along stable manifolds. By the same argument as in the case of billiards, by uniform expansion, for
sufficiently small e > 0 for each j < Rj—r , l{x € Wi (z) : d(z,T7x) < e} < Ce < Cel(W}'(2)) where
l is one-dimensional Lebesgue measure. For j = R; —r, Tj(W;j(z)) has made a full crossing and
this partitions W (z) into components C, such that for each Cy, TH="(C), crosses Ag. By bounded
distortion, (except for a set of measure less than €"I(W(2)) corresponding to those Cj such that
TR="Cy, crosses Ay, and |Ax| < v/€) each Cj, satisfies I(TH~"Cy) > fe. If (TH"C),) > (/e then
I(y € Cr : d(y, T y) < €) < \/el(Cy). This proves I(y € Wi(z) d(TR =Ty y) <e) < e l(Wi(2))
as €7 > e+ €.

Each set THi—"C}, expands uniformly under 7° until s = Ry, so for s < Ry, l(y € C :
d(y, TsTRi="y) < €) < /el(Cy). When s = Ry, T*T%~"Cy has made a full crossing and Cj is
partitioned into sets Af such that TSTRZ'*TA;? =A; N TsT®~"C). By bounded distortion except
for a set of A;? ’s of measure less than €"[(C%), each Af satisfies [(T STR"*IA?) > /€ in which case
Iy € A;? Sd(y, TRy <€) < \ﬁl(Af) Thus I(y € Cy : d(y, T*TH~"y) < €) < l(Cy) for

Given ¢ we induce a partition of Wi (z) by writing, for each z € W(z), t = R(x) —r + R(fx) +
.+ R(f"®)(2)) + k(z), so that F*(z) has made precisely n returns to the base and moved k levels
up the Tower. This defines a partition of Wj'(z) into intervals Itj such that points in Itj have not
been separated on the Tower for n — 1 returns to the base (n(x) a random variable), then made a
full crossing and moved up to level k(x). By bounded distortion and the same argument as in the
case of the components Cy, for each I, I(z € I} : d(z,T"z) < €) < €”l(I}). This proves that for all
3y Wy € Wi(z) - d(y, T7y) < €) < LW} (2)).

Now let x € M be a generic point so that for a (sufficiently small) local unstable manifold
Wy (z) we have l(y € Wi(z) : d(y, T7y) < €) < e?l(Wy'(x)). We consider Wi(x) as a measure
space equipped with 1-dimensional conditional Lebesgue measure m,;.

Let

, 3
By = {y e Wy(z) : d(T?y,y) < N for some 1< j < (logk)®}.

We have shown that for any § > 0, for all sufficiently large k, m,(E;) < k=79, For simplicity,
we will take mg(E)) < k=772

4.2.2. Control the conditional measure on an unstable leaf of the set of points whose neighborhoods
have large overlaps with Ey,, and extend these estimates to p. Define the Hardy-Littlewood maximal
function M; for ¢(y) = 1g,(y) so that

1
Mi(p) := sup % Lg, (y)dmg(y)
a>0 2@ J1,(p)
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where I,(z) = {y € Wj(z) : d(y,p) < a}. By the Hardy and Littlewood Theorem [27, Theorem
2.19], for any C' > 0,

1,0l

(1M, <
ma (M| > €) < =2

where ||, ||1 is the L! norm with respect to m,. Let
Fip = {2 € W(@) : ma(I—/2(2) N Ep2) > (k779/2)k12},
Then Fy, C {M,./> > k~7%/2} and hence
M (Fy) < my(Eyyo)EP? < CE9/4E08/2,

If we take 0 < 3 < 0/4 and v > 8/0 then for some § > 0 m,(F},) < k=179, This implies that
me(Fk) < 00
k

and hence by the Borel-Cantelli lemma for m,, a.e. xg there exists N(xg) such that xg ¢ F}, for all
k > N(l’o)

Since z was arbitrary and the invariant measure is carried on unstable manifolds this im-
plies that for p a.e. = there exists an N(zg) such that m,{y € W' ,(z0) : d(fly,y) <

\/ﬁ for any j =1,...,(logk?/?)5 } < (k7/2)=19 for all k > N(xo). As in the case of billiards,

since hmk%oo(lﬁ'1 )'Y/ 2 = 1, we obtain the same estimate for all k sufficiently large, not just along

the subsequence kV/2.
1 s j
If d(y, z) < 7 and z € W(y) then d(f72, z) < T implies that d(fy,y) < \/E since d(f/y,y) <

d(sz 2)4+d(z,y)+d(fz, fly ) Thus d(fly,y) > % for all j =1,...,(logk)® implies that d(f’z, 2)
f forall j=1,...,(logk)> for all z € WS ( )

Since the holonomy map satisfies the quantltatlve estlmates of Proposition 4.1 on each unstable
manifold Wy'(z) in a neighborhood of z of diameter ﬁ for sufficiently small k,

my{y € 1“/\@(1’) Cd(fy,y) < \;E for any j =1,...,(logk)® } < @—1—5(14_\/%—1/3) <VE

for some 8 > 0. Thus the fractional conditional measure on each unstable manifold in a ﬁ

neighborhood of zy of points y € Wy (z) such that d(fly,y) < % for any j =1,..., (logk)® is
bounded by

(\/E*Hu + (VE)TV3Y) k2 < \/E"s/

v

Recalling that w, was chosen so that nu(Be-u,(z)) — e, we obtain that for any 1 < j <

(logn),
w(Xo > up, Xoo T > Up) < C’n*l*é,/2

Hence nz(ogn 1(Xo > un, X 0 T7 > up)) — 0.

4.2.3. Account for exceedences between (logn)® and \/ﬁ The argument that exponential decay of
correlations implies that n Zﬁog n)p w(Xo > up, XooT9 > uy,) — 0 is the same as that for billiards.

This concludes the proof of Theorem 4.2.
O
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4.3. Lorenz maps. In this section we consider one dimensional Lorenz maps that arise from
geometric Lorenz flows. The Lorenz equations

(7) t=10(y —x), y=28x—y—xz, z':xy—gz,
were introduced in 1963 by Lorenz [25], as a simplified nonlinear model for the weather. The
mathematical study of these equations began with the geometric Lorenz flows, see [17, 33] which
were shown to possess a strange attractor with sensitive dependence on initial conditions. Statistical
properties of the actual Lorenz equations (7) were established by Tucker [31, 32]. He showed the
existence of an attractor which supports an SRB measure.

The geometrical model can be described as follows. Let 0 be an equilibrium for a smooth (at least
C1*€) flow T} on R3. For the corresponding vector field V : R? — R? suppose that the eigenvalues
of (DV)g are real and satisfy

(8) Ass <As <0< Ay, and Ay > |Ag].

We choose coordinates (1, 2, r3) so that (DV)y = diag{ Ay, Ass, As } and suppose that the flow T} is
Cl*¢linearizable in a neighborhood of 0. After rescaling, we may suppose that the flow is linearized
in a neighborhood of the unit cube. Define the cross-sections M = {(x1,x2,1) : |x1],|z2| < 1},
M’ ={(1, 29, x3) : |z2|,|23] < 1}. The Poincaré map T': M — M (where defined) decomposes into
T =TyoT) where Ty : M — M’ and Ty : M’ — M. Write T(z) = Tj(y)(2) where h: M — RT is
the first return time to M.

It is shown in [31] that 7" : M — M has a topologically transitive attractor with a singular
hyperbolic structure. The map T has a stable foliation [31], so that for some € > 0 there exists
a T-invariant C'1*¢ foliation into local stable manifolds (including the singular stable manifold
W#(0) = {z1 = 0}), and a constant A9 € (0,1) such that for all z,y in the same local unstable
manifold and all n > 1, |[T"z — T™y| < CA§. Taking the quotient along local stable manifolds, a
C'*¢ one-dimensional expanding map is f : M — M obtained with a singularity at 0. We identify
M with X = [—1,1]. The map f is a one-dimensional uniformly expanding map with a singularity
at x = 0. The one dimensional Lorenz map f : X — X satisfies the following conditions:

(L1) There exist C' > 0 and A > 1 such that for all z € I and n > 0, |(f™)'(x)] > CA\".

(L2) There exist #,3 € (0,1) such that f/(z) = |z|® g(z) where g € C#(X), g > 0.

(L3) f is locally eventually onto. i.e. for all intervals J C X, there exists k = k(J) > 0 such

that f*(J) = X.

It is shown in [36] that f has an absolutely continuous invariant measure p whose density lies in
BV, the space of functions of bounded variation. Moreover from [10], the system (f, X, ) can be
modelled by a Young tower with exponential tails. Denoting the base of the tower by A C X, we
let Py = {A;} denote the canonical partition of A into subsets A; with R | A; = Ry, and fRA =A.
We let P = {A;;} denote the partition on the tower, where A; ; is identified with f7(A;), (j < Ry).
We assume there exists § < 1 such that p({R > n}) = O(0").

Theorem 4.3. If (f,X,p) is a Lorenz map then a Type I extreme value law holds for the time
series of observations X; = —logd(f'x,xo) for p-a.e. g € X.
Let
En(e) ={z € X : d(fFz,z) < ¢}
and

; 1
Ey={zxeX:d(flz,z) < o for some 1 < j < (logk)°}.

Consider also a partition on the tower that consist of monotonicity subsets under f*. This partition
will be defined as follows. Given P = U; ;A ; as before, let P, = \/2:01 ~¥P. For each I € P}, we
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have fi(I) C Ay, j, (for i < k), and in particular f*(I) = Ay, ;, (for some Ay, ;). For I € P} we
have bounded distortion of f? | I for i < k.

Proposition 4.2. There exists 0 < a < 1,0 < 0 < 1 such that p(Ey) < 6108k,

We begin by estimating 1(Ex(€)) and do this by considering the intersection & (e)NI with I € Py,.
Given § > 0, we will estimate u(Ey(¢) N 1) in two separate cases: i) when |f*(I)| > 6, and ii) when
|f¥(I)| < 6. In both cases i) and ii) we then take the sum of y (Ex(€) N I) over all such I € Py. By
a suitable choice of § we show that (for fixed k), u(Ex(€)) decays to zero as e — 0. We will need
precise bounds on this rate of decay.

Big images. Suppose I € Py, and |f*(I)| > 6 for some § > 0. Consider the set I N&(e) and assume
the scenario where f*(I) fully crosses I. We now estimate the proportion of I that intersects & (¢).
Given this scenario, Ex(e) N I # 0, and so we (try to) solve for values z—,z" such that

fFat)=at +e
et =2t -
If a solution exists for both ™, 2~ then we obtain by the mean value theorem:
(@)t —a7) = (@t —a7) +2¢
for some ¢ € [z1,x7]. Hence we obtain
2¢
(f*)(e) =1

" — 27| <

and in particular
|f*(I N Ek(e))]
el
We have made various assumptions, namely that f*(I) fully crosses I and such zF, 2~ above exist.
If either of these conditions fail then the estimate obtained above for the ratio | f*(INE&x(e)|/|f*(I)]

is still valid. i.e. either &(e) NI = () or f¥(I) only partially crosses I thus leading to a smaller
esimate for (& (e) N I). So by applying bounded distortion (twice) we obtain,

O£ 005 HINED] g ey

1 AN s

<0 (g) if |(F¥)(c) —1] > C > 0.

Following [8, Section 2], let o be the invariant measure for the induced map f% then
€

oAy NI NE@) < C (5) oA N (D).

Since all the intervals I € Py, are disjoint we obtain a contribution O(e/d)uo(A;) of large intervals I €
P that are contained in each f7(A;). Now sum over j < R; to get a contribution O(e/8)Rjuo(A;),
and then sum again over R; to get a total contribution O(e/d). This gives the estimate for pu(Ex(e)N
{I &Py |fH(1)| > 6}).

Small images. Let A; C A be such that A; € Py. In the following we let C > 0 and 6; < 1
(i=0,1,...) denote generic constants which do not depend on k (via Px). They might depend on
the constants appearing in (L1)-(L3).

Lemma 4.1. There exist 0y, a, dg < 1 such that for all 6 < dg
p{A € Py || < 6} < 0§ 180",

We will consider later the corresponding estimate for elements of P and Pj.



E.V.T. FOR LOZI MAPS AND DISPERSING BILLIARDS 19

Proof. This proposition can be proved as follows. We divide into two cases: 1) where R; > /—logd
and 2) where R; < y/—logd.
For case 1) we establish by exponential decay of correlations:

p({A C A A <6, Ry >/ —logd}) < p({A C A: Ry > \/—logd})

< 9(— log 6)« )

9)

For case 2), we have by assumption |A;| < § and R; < v/—logd. Hence by the pigeon hole principal
and bounded distortion there exists i < R; such that f’| f*(A;) > O[(6~1)Y/V~1°89] Define

V—logs
A= I @) = (1/8) /Y e0)
m=1

For § sufficiently small the set {z € X : |f/(z)| > (1/6)"/V~1°89} is a neighbouhood of z = 0.
Condition (L2), and bounded variation of the density of u imply that its y-measure is bounded by
(1/61)¢/V=1089 for some ¢ > 0 (where the constant ¢ depends on 3, 8'). Invariance of 1 implies that

p(A) < \/—log 6(1/8,)e/ V088 < gv—loed

for some #; < 1. Hence to conclude case 2) we observe that that if A € Py with |A;] < § and
R; < /—Tlogd then A; C A and so the result follows. O

Define sets As and By as follows:
A5 = {Al,j epP: ‘Al,j‘ < (5}, Bs .= {I € P : ‘fk(f)‘ < (5}

We will show that p(As) < 8(-1°59" (for some 6 < 1), and use this to estimate the measure of Bs.
We state the following.

Lemma 4.2. There exist 0y, o, 80 < 1 such that for all 6 < dg
1u(Bs) < k015"

Proof. Take I C P}, so that fi(I) C Ay, j, for some ¢ < k. The sets I result from a sub-partition of
A ; into disjoint sets which make a number of returns to the base A up to time k. If k +j < R;
then I = Ay, otherwise if R; < k + j we sub-divide A;; into monotonicity sub-intervals I C Ay ;
such that f/(I) C Ay, ;, up to time k. Such intervals I may make up to a maximum of k returns to
the base A (before time k).

Suppose that |A; ;| < 6, then by uniform expansion estimates it follows that |A;o| = |A;| < 6.
Thus

As C {Ul,jAlJ DA < O}

Taking measures and then using Lemma 4.1 we have:

(As) < p{Upihr s [A] <63 < D Ripo(Ar)

|Ar|<6
< ) Rpo(M)+ D> Ripo(Ay)
|Ar]<o R;>+/—Tlogé
R;<v/—Togd
Sélx/flog(s

for some #; < 1. This gives the required estimate for ;1(As). Now for each I C Bs N A;;, we have
that f*(I) C As. Given Ajy, either K+ j < Ry and Aj; C A; or else R; < k + j and we subdivide
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A; ; into monotonicity subintervals I that eventually enter As for some time m € [1,k]. Thus

k
BsNAy; C AN ( U fm(A5)> .
m=0

We apply f~7 to this set to pull back to A; and then sum over all such A;. Taking the resulting

measure of this set gives:
co R;—1 k

Z D> (AN fIT™(Ay)
=0 j7=0 m=0

where g is equivalent to Lebesgue (it is the measure on the base Ag). We split this sum over R;
into two parts (I), and (II). In (I) we will take R; > ¢(6) for some constant ¢ (which is large when
§ is small) and use po(A; N f~97™(As)) = po{A;}. This measure will be small by integrability of
Ry wrt p. In (IT) we will use po(A; N f=97™(As)) = po(As) and show that this measure is small by
exponential decay of correlations.

So taking R; > ¢(9), the sub-sum (I) can be estimated as:

oo R;j—1k+Ry;

Cud YD un) <cy ZRZIH—RZ) (A)
R;=q j=0 m=0 R;=
<Cu Y Ri(k+R)oft < Cko}
Ri=q

for 01,05 < 1. Taking R; < ¢(0), the sub-sum (II) can be estimated as:

i R—1k+R § R—1k+R
Cl Z > > uAs) <Gy Z > > ul
=0 j=0 m=0 =0 j=0 m=0
< O (k + Qu(As) < qu39< s 0)",
The proof is completed by choosing ¢ = /— log d. O

We now complete the proof of Proposition 4.2, collecting together the estimates for the corre-
sponding cases of either having big images or small images we obtain (for some 64, < 1 and

generic C' > 0):
€

1(Er(e)) < CROTED" 4 c.

Putting 6 = /€ gives u(&x(e)) < C’k@éf °59%  Hence

(log k)° (log k)° N )
pE) S Y uEE) € D CofE” < cgleed
j=1 j=1

for some a > 0, 6 < 1 and for some generic constant C' > 0. This completes the proof of Proposition
4.2.

Remark 4.3.1. In Proposition 4.2 it can be further shown that a < 1/2 will be sufficient. We take
1

a = 3

We use the Maximal function technique of Collet [8] to carry the pointwise result over to neighbor-
hoods. This is equivalent to the methods adopted for the Lozi map, but due to the non-standard
(sub-polynomial) asypmotitics of u(E,), we give the details. In the following B,.(z) denotes an
interval of radius r centered at x.
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Let 0 < B < % and let 0 < p < 1 such that p8 < /3. Define the set
(10) Fi = { 1B () 1 Bexps)) > 1 Besy (@) exp(—) }.
If € F}, then
(11)

if we define

M(Bexp(—kﬂ) N Eexp(k‘/j))

> exp(—k7*);
M(Bexp(fkﬁ)) ( )

1
Ml(:c) = il>113 m /Br(x) XE, (y)dﬂ(y)

we see immediately from the definition of M;(x) and (11) that for every z € Fj, M _i5(z) > e
Hence

(12) Fy C {Mekg > e—k‘}”}.
A theorem of Hardy and Littlewood [27, Theorem 2.19] implies that

—kBpr

m((3g] > ¢) < Il

Since 2% is bounded we obtain u(|M;| > ¢) < C@. As p(Ep) < (9(1)67(1‘)%1)1/3 (recall we set
a=1/3),
LBp akB/3 1 kB
1(Fx) < OM(E 4s)e” " < O(1)(e )
where o := —log# and k is large enough. Since 3/3 > Bp, > ;<o #(Fi) < 0o. By the Borel Cantelli
lemma, p(limsup Fy) = 0, and hence for p almost every z there exists an N, such that for all
k > Nm, x §é Fk.

Let xg be such a generic point, and let N, be the corresponding index beyond which z¢ does not
belong to any Fj. Since limg_ e(F 17 e=k" _ 1 the fact that we restricted to a subsequence is of
no consequence and we obtain the following estimate for all n sufficiently large. If 1 < j < (logn)?,
then

p({X > up b N{X >up}oT7) < M(Befun)e*“ﬁ

v

Recalling that wu, was chosen so that nu(B.—u, (z)) — 7%, we get, for any 1 < j < (logn)?,

i ({X > un} N {X > un} o T9) < npa(By-wn )e ™™ < O(1)e "

On summing over 1 < j < (logn)® and taking limits as n — oo we obtain the desired result.
Finally, as in the case of Lozi maps we use exponential decay of correlations to show

p=vn ‘
lim n w(Xo > tp, XgoT? > uy,) =0.

n—oo
(logn)?

From [36], this estimate is in fact simpler to check by knowledge of decay of correlations in BV.
We can avoid the step of approximating charactersitic functions by Lipschitz functions.
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