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Bayesian inference

Bayes’ rule
likelihood prior
qxly) = LD
posterior fp(ylx)n(x)dx
* PROS

— Principled and flexible method for statistical inference.
— Can incorporate prior knowledge.
« CONS
— Computation: integral is needed
» Numerical integration: Monte Carlo etc
» Approximation: Variational Bayes, belief propagation etc.
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Motivating Example: Robot location

Kanagawa et al. Kernel Monte Carlo Filter, 2013

Corridor Large office Stairs area

State X, € R3:
2-D coordinate and orientation
of a robot

Observation Zi: I-person office 2-persons office 1 2-persons office 2
image SIFT features (Scale - = ' : ) ——
Invariant Feature Transform,
4200dim)

Goal: Printer area Kitchen Bathroom

Estimate the location of a robot = =
from image sequences

N

COLD: Cosy Location Database



— Hidden Markov Model
Sequential application of Bayes’ rule solves the task.

Transition of state
X; location & orientation

Location & orientation = image
2

Z, image of the environment

p(Z|Xye)

image of the environment

location & orientation

— Nonparametric approach is needed:

Observation process: p(Z;|X;) is very difficult to model with
a simple parametric model.

“Nonparametric” implementation of Bayesian inference 4



Kernel method for Bayesian inference

A new nonparametric / kernel approach to Bayesian inference

 Using positive definite kernels to represent probabilities.
— Kernel mean embedding is used.

* “Nonparametric” Bayesian inference
— No density functions are needed, but data are needed.

« Bayesian inference with matrix computation.
— Computation is done with Gram matrices.
— No integral, no approximate inference.



Kernel methods
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linear analysis in the feature space.

x - O(x)

Kernel PCA, kernel SVM, kernel regression etc.



Positive semi-definite kernel

Def. Q:set; k:QxQ >R k(X X;)=<®(X;), (X;)>
kis positive semi-definite if kis symmetric, and forany n € N, x4, ...,x, € Q,
¢ = [cq1, -, cn]T € R™, the matrixGy: (k(Xl, ])) (Gram matrix) satisfies

cTGyc = X1 cicik(X, ]) > 0.

positive definite: ¢TGxc > 0.

— Examples on R™; 1
« Gaussian kernel ke(x,y) = exp (—T‘Z ||x — y||2) (c > 0)
m
- Laplace kernel kip(x,y) = exp (—az: |x; — yil) (a > 0)
i=1

« Polynomial kernel kp(x,v) = (xTy + ¢)4 (c 20,d €N)



Reproducing Kernel Hilbert Space

“Feature space” = Reproducing kernel Hilbert space (RKHS)

A positive definite kernel k on Q uniquely defines a RKHS H,, (Aronzajn
1950).

« Function space: functions on Q.
« Very special inner product: for any f € Hy,

(f, k(-, x))Hk = f(x) (reproducing property)

* Its dimensionality may be infinite (Gaussian, Laplace).



Mapping data into RKHS

®: Q- H,, x » k(,x)

X0 X, »  ®d(Xp), ..., P(X,): functional data

Basic statistics Basic statistics

on Euclidean space on RKHS
Probability Kernel mean
Covariance Covariance operator

Conditional probability Conditional kernel mean



Mean on RKHS

X: random variable taking value on a measurable space Q, ~ P.
k: pos.def. kernel on Q2.  Hy,: RKHS defined by k.

Def. kernel meanonH :
mp = E[®X)] = E[k(-,X)] = [ k(-,x)dP(x) € Hy

— Kernel mean can express higher-order moments of X.
Suppose k(u,x) = ¢y + cqux + co(ux)?> + -+ (¢; =0), e.g., e¥r

mp(w) =cy + cLE[XJu + c,E[X%]u? + -

— Reproducing expectations
(f,mp) = E[f(X)] for any f € H.
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Characteristic kernel

(Fukumizu et al. IMLR 2004, AoS 2009; Sriperumbudur et al. IMLR2010)

Def. A bounded pos. def. kernel k is called characteristic if
P — Hk' P Mmp
Is injective, i.e., Ex.plk(-,X)] = Eyolk(-,Y)]<—P = Q.

mp With a characteristic kernel uniquely determines a probability

Examples: Gaussian, Laplace kernel
Polynomial kernel: not characteristic.

11



Covariance

(X, Y) : random vector taking values on Q,xQ,.
(Hy, ky), (Hy, ky): RKHS on Q, and Q,, resp.

L)y (Dx(x) CDY(Y)
2 T ., T| G =
Def. (uncentered) covariance operators Cyy: Hy = Hy, Cxx: Hy = Hy
Cyx:= E[q)Y(Y)(cDX(X):')HX]; Cxx = E[q)X(X)(cDX(X):')HX]
CYXf — fky(-,y)f(x)dP(x,y), Cxxf — ka(',X)f(X)dPX(X)

Reproducing property

(9, CyxfIn, = E[f (X)g(Y)] forall f € Hy, g € Hy.
Empirical Estimator: Given (X,,Yy,), ..., (X,,,Y,,) ~ P, i.i.d.,

A 1" 1o
Crxf =2 ) TG XD,F) = 2D ey YD CX0)
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Conditional kernel mean

- X, Y: Centered gaussian random vectors (€ R™, R?, resp.)
E[YIX = x] = VyxVyx 'x

argmin j 1Y — AXIZdP(X,¥) = Vi Vi~

AeR{)XTn

IV : Covariance matrix

— With characteristic kernels, for general X and Y,

argmin j 1y (¥) = FCOIZ, dP(X, Y) = CyxCry ™
FGHx®HY
(F, Dx (X))

[ E[®(Y)IX = x] = CyxCxx '@y (x) J

In practice:
~ A A —1
My|x=x =C YX(CXX + Enl) Dy (x)




Kernel realization of Bayes' rule

B Bayes' rule
p(y|x)m(x)

q(y)

[I: prior withp.d.fm
p(y|x): conditional probability (likelihood).

qGxly) = L o) = f p(y X)) dx.

B Kernel realization:
Goal: estimate the kernel mean of the posterior

Moy = | HxC Al

given
- my. kernel mean of prior II,
- Cyxyx, Cyx: covariance operators for (X,Y) ~ Q,
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Kernel realization of Bayes' rule

(X1, Y1), ..., (X, Yy): (joint) sample ~ Q

Y
[
o
Observatlon y* @ S Posterlor
° o (XY -

Mgy = ) Wiy Py(X)

i=1
prio i = 35,0 I H

(U1']/1)1 ---;(U&]@): m rz
weighted sample X w) X
expression from i» Wi

importance sampling (L l l

%X
(Ui, vi) 15




Kernel Bayes' Rule

Mgy () = ) Wik (X0 = Ky () Rygyky (32)
i=1
Input: (X1, Y1), .., Xn, ) ~ Q, g = (5o, vkx (X, Uj))?=1 (prior)

n
kY(y*) — (kY(Yl; y*))i=1 Note:

y. : Observation
Gy: (kX(Xi’ X]))U

— 2 -
Rxly = AGY((AGY) + 671171) A- GXU: (kX(Xi' U]))l

J

nxn nxn Gy: (ky(Yi,Yj))ij
A — Dlag[(GX/n + gnln)_lGXUV ] Eny 671:
n xn nxn nxt ¢ X1 regularization
coefficients

feEHy <f Mgy, >=fx Ryyky@.fx = (F(XD), ..., FX))
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Application: Bayesian Computation
Without Likelihood

KBR for kernel posterior mean: Only obtain

. Xpectations of
1). Generate samples X4, ..., X;, from the prior II; ?unpcet?of\lsci)n SR(I)<HS
2). Generate a sample Y; from P(Y|X;);

3). Compute Gram matrices Gy and Gy with (X, Y3),...,(X;,, Y3);
-1
4 Ry = AGy((AGy)? + 8,1,) A

mQx|y* ()= kX(')TRx|ka(y*)

ABC (Approximate Bayesian Computation):

1). Generate a sample X; from the prior II;

2). Generate a sample Y; from P(Y|X;); Efficiency can be
3).If D(y,,Y;) < 7, accept X;; otherwise reject; arbitrarily poor for
4) Goto 1). small 7.

Note: D is a distance measure in the space of Y.
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Application: Kernel Monte Carlo Filter

Problem statement

Transition of state

X, X, X, X+

T T-1
px,2) =n ) | [p@ixo | [aGealxo
t=1 t=1

Z, Z, Z Z.
Training data: (X{,Z¢, ..., X7, Z7)
Kernel mean of posterior: My, |, = ka(-,Xi)p(xtlzl:t)dxt

— Z?=1 alth(U Xl)

State estimation: pre-image: arg mingex ||[17,,|-., — kx (-, 7)|| 74
or the sample point with maximum weight 18



Application: Kernel Monte Carlo Filter

Kanagawa et al. Kernel Monte Carlo Filter, 2013
Input: ftraining data {(X;, Z;)}I,, test observations {z; }}“:11 control inputs{,; }};1
set a—,ED} =1/n,i=1.....n.
fort =1t07 do

if t = 1 then

generate Xi(l} ~ Dinit- 1 = 1,...,n.
else

generate Xi(t) ~p(-| Xiue), 1=1,...,n
end if

calculate my,,|,,, , = (T??-xt|z1t I(X ))iz1 ER"

T

Moy |11 _Z“‘* *-l(t))

observe z; and calculate kz(zt) = (k(2,2;))—, € R"
calculate o(t) € R
A = diag((Gx + -3'3.5?11?1}_1111

ot|21:0—1 )

o) = AGz((AGz)?* + 0n1,) " Akz (=)
end for

Output: kermel means of the posterior distributions
Mg |2y, = D e 1(1 Rg( X)), t=1,...,T.
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KMC for Robot localization

Kanagawa et al. Kernel Monte Carlo Filter, 2013

40

[~~~ NAI = NN —= KBR = KMC|

NAI: naive method

KBR: KBR + KBR

NN: PF + K-nearest
neighbor

KMC: Kernel Monte Carlo

L + Lh
[\ %)
= =

—
=]

b
Computation Time [s] (10 runs)

Root Mean Square Error (10 runs)
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Conclusions

A new nonparametric / kernel approach to Bayesian
Inference

Kernel mean embedding: using positive definite kernels to represent
probabilities

* “Nonparametric” Bayesian inference : No densities are needed but
data.

« Bayesian inference with matrix computation.
Computation is done with Gram matrices.
No integral, no approximate inference.

« More suitable for high dimensional data than smoothing kernel
approach.
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Appendix I. Importance sampling

[ 1o0pmiax = [ 16022 g(x)ax

q(x)

= / f(x)w(x)qg(x)dx
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Appendix Il. Simulated Gaussian data

 Simulated data:

X0 Y)~N((04/2,14/2) V), i=1,..,N
V~ATA + 21;, A~N(0,1;) , N =200
» Prior II: U;~N(0;0.5xVxy), j=1,..,L, L =200
« Dimension:d = 2,...,64
« Gaussian kernels are used for both methods hy = hy

« Bandwidth parameters are selected with CV or the median of
the pair-wise distances

Validation: Mean square errors (MSE) of the estimates of
[ xq(x|y)dx over 1000 random points y~N (0, Vyy).
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Mean Square Errors

Ave. MSE (50 runs)
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