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Exercise 22 (Stability of semi-implicit methods)

Solve the stiff, autonomous, scalar initial value problem

y′(x) = f(y(x)) , y(a) = α

by means of a semi-implicit numerical integrator using a single Newton step
for the nonlinear equation which determines the approximation yk+1. As initial
guess choose the approximation yk known from the previous step.

(i) A simplified version of the semi-implicit Euler method is given by the
difference equation

yk+1 = yk + (1 − h a)−1 h f(yk) , k ∈ lN0

with a suitable approximation a of the derivative fy. Apply the method to the
test problem

(?) y′ = λ y , y(0) = 1 (λ ∈ C , Reλ < 0)

and set z := λh , z0 := ah, where z0 is supposed to have a negative real. Prove
the A-stability of the mthod for z = z0.

(ii) For z 6= z0, compute the boundary ∂G of the stability region

G(z0) := {z ∈ C | |R(z, z0)| ≤ 1}
(R denotes the stability function). For z0 = −1+ i, display ∂G in the complex
plane.

(iii) Apply the semi-implicit midpoint rule (without initial and final step)

yk+1 = (1 − ha)−1 ((1 + ha) yk−1 + 2 h f(yk))
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to the scalar test equation (?) and use z , z0 as in part (i). Verify the A-stability
for z = z0.

(iv) For z 6= z0, use the ansatz yk = ξk to derive the associated characteristic
polynomial. Denote by ξ1(z, z0) and ξ2(z, z0) the zeroes of this polynomial.
Determine the boundary ∂G of the stability region

G(z0) := {z ∈ C | |ξi(z, z0)| ≤ 1 , 1 ≤ i ≤ 2}

and study the special case z0 ∈ lR.
8 Points

Exercise 23 (Method of lines)

The spatial and temporal distribution of the temperature u(x, t) in a homo-
geneous slab of length 1m the endpoints of which are kept at the constant
temperature 00C can be described by the heat equation

∂u

∂t
(x, t) =

∂2u

∂x2
(x, t) , (x, t) ∈ lR+ × (0, 1) ,

u(x, 0) = u0(x) , x ∈ (0, 1) ,

u(0, t) = u(1, t) = 0 , t ∈ lR+ ,

where u0(0) = u0(1) = 0.
Discretize in space by means of symmetric difference quotients with respect to
an equidistant grid (xi)

n
i=0 , xi := ih , 0 ≤ i ≤ n , h := 1/n:

∂2u

∂x2
(xi, t) ≈ u(xi + h, t)) − 2u(xi, t) + u(xi − h, t)

h2
.

This leads to a system of first order ordinary differential equations for the
time-dependent grid function (ui(t))

n−1
i=1 with ui(t) ≈ u(xi, t) , 1 ≤ i ≤ n − 1,

where u0 = un = 0. The initial values are given by ui(0) := u0(xi).

(i) Derive the resulting initial value problem for a linear autonomous system
of the form

u′(t) = Au(t) ,

where A ∈ lR(n−1)×(n−1) and u(t) := (ui(t))
n−1
i=1 ∈ lRn−1.

(ii) Show that the grid functions ek := (sinhπik)n−1
i=1 , 1 ≤ k ≤ n− 1, form an

orthonormal system aof eigenvectors of A from part (i).

(iii) Why is the system of ordinary differential equations a stiff system?

(iv) Use an algorithmic notation to formulate an efficient procedure for the
simulation of the temperature distribution in the slab where the granularity
h of the discretization in space and the step size ∆t in time are the input
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parameters.
8 Points

Delivery of the homework at latest on April 18, 2006. The homework
may be submitted either electronically (rohop@math.uh.edu) or as
a hardcopy in class.


