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1. Introduction

Denote by Rat(IB%",IB%N ) the collection of all proper holomorphic rational
maps from the unit ball B® C C” to the unit ball BY ¢ C¥, and denote by
Rat(H,, Hy ) the collection of all proper holomorphic rational maps from H,
to H, where H,, = {(2,w) € C"~! x C | Im(w) > |2|?} is the Siegel upper
half space. By the Cayley transform, we can identify B™ with H,, and identify
Rat(B",BY) with Rat(H,,Hy). We say that f,g € Rat(B",BY) are spher-
ically equivalent if there are o € Aut(B") and 7 € Aut(BY) such that f =
T 0 g o 0. We use the convention as in [Lell] to extend the notion of spherical
equivalence naturally to maps with different target dimensions. For instance,
two maps f € Rat(B",BM) and g € Rat(B", B?) with N7 < Ny are said to
be spherically equivalent if (f,0,...,0), with (Ny — N7) 0-components added
to f, is spherically equivalent to g. The study of rational and proper holomor-
phic maps has attracted much attention in the past several decades. Here, we
refer the reader to [F092][DA93][Hu99] [Hu03][DLO9][EHJZ10] [Eb13] [LMO7]
[IMMZ03] [Mir03] [YZ12] for discussions and many references therein for
more related investigations on these matters.

The first gap theorem proved in [W79][Fa86][Hu99| is stated as follows:
For N € (n,2n — 1) with n > 2, any map F € Rat(B",B") is spherically
equivalent to a map of the form (G, 0) with G € Rat(B",B"). When N = n,
by a classical result of Alexander [A77], any map F' € Rat(B",B") is an
automorphism of B". When N = 2n — 1, it was proved in [HJ0I] that any
map F € Rat(B",B?**!) is spherically equivalent to either the linear map
or the Whitney map.

The second gap theorem was proved in [HJX06]: When N € (2n,3n — 3)
and n > 4, any map F' € Rat(B”,BN ) is spherically equivalent to a map of
the form (G,0) with G € Rat(B",B?"). When N = 2n, it was proved by
Hamada [Ha05] that any map F € Rat(B", B?") must be spherically equiv-
alent to a map from the D’Angelo family. In this paper, we consider the

* Xiaojun Huang is supported in part by NSF-1363418.
 Shanyu Ji and Wanke Yin are supported in part by NSFC- 11571260.
¥ Wanke Yin is supported in part by FANEDD-201117 and NSFC-11271291.

279



“2-Andrews” — 2016/6/11 — 0:35 — page 280 — #2

280 J. Andrews, X. Huang, S. Ji, and W. Yin

other limit case N = 3n — 3. We will give a complete classification up to the
above mentioned spherical equivalence relation. This work is a continuation
of the previous works by [Ha05] and [HJYI4]. Our main theorem is stated
as follows:

Theorem 1.1. Let F € Rat(B",B>"~3) with n > 4. Then F is spherically
equivalent to one of the following maps G:

(1) G(z) = (2,0,...,0).
(2) G(2) = (22,23 -+ -y Zny 22, 2122, + -, 2120, 0, . . ., 0) (the Whitney map).
G(z)=

(3) G( (Vtz1, 29, .oy 20 V1 — 22 /1 —t2129, ..., V/1 — t212,,0,...,0),
where 0 < t < 1 (the D’Angelo maps).

(4) G(2)=(23,24, -, 2n, 22, 23, V22129, 2123, - . 3 21 2n, 2223, 2224, - - - 5 Z27%n)
(the generalized Whitney map Wy, 2).

We remark that the maps in (2)-(3) are of geometric rank one (an in-
variant concept to be defined later); and the map in (4) is of geometric
rank two. A special result of the above was proved in [JX04] that any map
F € Rat(B* B?) with deg(F) = 2 and geometric rank two must be spheri-
cally equivalent to the map Wy o.

We outline the idea of the proof of Theorem as follows. The paper
is based on the previous two papers [HJY14] and [Lell]. First, for each
map F € Rat(B",BY), there is an associated invariant called its geomet-
ric rank kg. (For a precise definition, see the next section of this paper).
By the inequality N > n + w established in [Hu03|, any map in
Rat(B",B3"~3) with n > 4 must have geometric rank kg < 2. Since the rank
one case was classified in [HJX06], it suffices to consider the rank two case.
It was also proved in [JX04, Theorem 6.1], that for any F € Rat(B", B3"~3)
with kg = 2, we have deg(F') < 4. The main point of this paper is to show
that we actually have deg(F') < 2. For this purpose, we make use of the tech-
niques and formulas developed in a recent paper [HJY14]. We also need to
develop several quite different approaches to deal with the degree estimate
in our relatively large codimensional setting. Once deg(F') < 2 is proved, we
apply Lebl’s theorem [Lell] to complete our proof.

One of the main ingredients in our proof is to obtain the optimal degree
estimate for maps in Rat(B",B3"~3). Along these lines, there is a famous
conjecture called the D’Angelo conjecture, which states as follows:

Conjecture 1.2. For any F € Rat(B",BY), the degree of F is bounded by
2N — 3 when n = 2; and is bounded by Y=L when n > 3.

n—1
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When N = 3n — 3, % < 3. Our result hence provides a solution to the
D’Angelo conjecture in this special setting.

The D’Angelo conjecture is a fundamental problem in the study of map-
pings between balls. It has a major impact for the classification of proper
rational maps between balls, if answered affirmatively, as demonstrated in
this paper. Forstneri¢ in [Fo89] first obtained a rough bound of the degree,
which depends on the cubic power of the codimension. Meylan [Mey06] im-
proved the Forstneri¢c bound to a quadratic bound. However, obtaining a
linear bound on the codimension is substantially harder and more impor-
tant. When n = 2, the D’Angelo conjecture for the monomial case was solved
affirmatively in [DKRO3] by introducing a new method. For the general n,
the D’Angelo conjecture for the monomial case was completely solved by
D’Angelo-Lebl-Peters [DLP07] and Lebl-Peters [LP12].

For more discussions on the gap conjecture and connections with other
studies, we refer the reader to the papers of D’Angelo-Lebl [DL09], Huang-
Ji-Yin [HJY09][HJY14], Ebenfelt [Eb13], and the references therein.

Remark: We use this opportunity to mention that in our paper [HJY14],
the conjugate signs in some of equations were missed in its journal printed
form due to the tex non-compatibility of ours with that of the publisher.
(The readers may find our original tex-file submitted to Math. Ann. in
arXiv:1201.6440 (v2) where there was no such an issue).

2. Preliminaries

2a. The associated maps F;*: Let F' = (f,¢,9) = (f, g9) = (f1,- s fa1,
®1y..., ON—n,g) be a non-constant rational CR map from an open subset
M of 0H,, into OHy with F(0) = 0. For each p € M close to 0, we write
0¥ € Aut(H,) for the map sending (z,w) to (2 + 20, w + wo + 2i(z, %)) and
7'5 € Aut(Hy ) by defining

Tl (2%, w*) = (2% — (20, wo),w* — g(z0, wo) — 2i(2*, f (20, wp))).

Then F' is equivalent to Fj, = Tf oFo 02 = (fp, p, gp). Notice that Fy = F
and F,(0) = 0. The following is fundamentally important for the under-
standing of the geometric properties of F. Let us denote Prop(H,,Hy)
:= {holomorphic proper maps from H,, into Hy} and Propg(H,, Hy) :=
Prop(H,, Hy) N C*(Hy).
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Parameterize H,, by (2,%,u) through the map (z,%z,u) — (z,u + i|z|?). In
what follows, we will assign the weight of z and u to be 1 and 2, respectively.
For a nonnegative integer m, a function h(z,z,u) defined over a small ball U
of 0 in H, is said to be of quantity o, (m) if h(tz, tZ, t?u)/[t|™ — 0 uniformly
for (z,u) on any compact subset of U as t(€ R) — 0. We use the notation
h(*) to denote a polynomial h which has weighted degree k.

Lemma 2.1. ([Hu99]) Let F € Props(H,,,Hy) with 2 <n < N. For each
p € OHl,, there is an automorphism 7, € Auto(Hy) such that F;* := 7"
F, satisfies the following normalization:

=2+ 2ap m(z)w + 0uwt(3),

05" = b5 (2) + 0w (2),
g, = w + owt(4),
with (2, a5 (2))]2]* = |¢57) (2) 2.

2b. Geometric rank: Write A(p) := —Zi(agg”az* 0)1<ji<(n—1)- The rank
of the (n — 1) x (n — 1) matrix A(p) is called the geometric rank of F' at p.
In what follows, we write Rkp(p) for the geometric rank of F' at p, which
depends only on p and F. Rkp(p) is a lower semi-continuous function on
p, and is independent of the choice of 7,%(p). (See [Hu03] for more dis-
cussions on this matter). Define the geometric rank of F' to be rko(F) =
mazycom, Rkr(p). Notice that it always holds that 0 < kg <n — 1. Deﬁne
the geometric rank of ' € Propy(B"”,BY) to be the one for the map pN
F o py, € Prop,y(H,,, Hy). By [Hu03], xo(F') depends only on the equivalence
class of F' and when N < n(L , the geometric rank ko(F') of F' is precisely
the kg we mentioned in the 1ntroduction.

Under the condition that 1 < kg < n — 2, the following theorem was
proved in [Hu03].

Theorem 2.2. ([Hu03] and [HIX06]) Suppose that F € Props(H,, Hy)
has geometric rank 1 <rkg<n—2 with F(0)=0. Then there are o € Aut(H,)
and T € Aut(Hpy) such that T o F o o takes the following form, which is still
denoted by F = (f, ¢, g) for convenience of notation:



“2-Andrews” — 2016/6/11 — 0:35 — page 283 — #5

Mapping B" into B3"~3 283

Jo=2270 715z w); 1< ko
fi=zj forro+1<j<n-1
Gue = k212 + D52 2idg, for (1K) € So,
(blk = O’Wt(g)7 (l7k) S 817
g = w; ‘
Fi(zw) = 6 + 2w + b1 (2)w + Our(4),
Dl (z,w) = Ouwe(2), (I,k) € So,
| Qi = Z;il Zj¢zkkj = Out(3) for (L,k) € &

(2.1)

Here, for 1 < kg <n — 2, we write S = Sg U 51, the index set for all compo-
nents of ¢, where Sy = {(j,1) : 1 < j<kp,1<I<n—-1,7<1},85 = {(j,l) :
j:H0+1,n0+1§l§mo+N—n—W}, and

(2.2) i = VHj T for j <1< Ko;
' ! N/ if j<ko<lorifj=1<kog.

2c. A family of affine subspaces L.: Let us review some background ma-
terials on the semi-linearity property on Rat(B", BY) (cf. [H03] and [HJXO06]).
Let F € Rat(B",BY) with 1 < kg < n — 2. Let Ey be the proper complex
variety consisting of points of indeterminacy and the non-immerse points of

F'. We define

Vi :={(Z,5z) € (C" — Ep) x Gpo(C),

F is linear fractional when restricted to Sz + Z}.

Here Gy, 10 (C) is the Grassmannian manifold consisting of all k* := n — ro-
dimensional complex subspaces in C™. Then Vr is a complex analytic variety
such that the projection

(2.3) 7TZVF—>Cn—E0, (Z,Sz)b—>Z

is proper holomorphic. There is another proper complex variety E; C C" —
Eq such that for any Z € C" — Ey U E1, 7 has a unique preimage in Vp, i.e.,
for any Z € C" — Eg U E1, there is a unique complex subspace Sz of dimen-
sion k9 such that F'is linear fractional when restricted to Sz + Z. Write
Vr = Ung) for the irreducible decomposition of Vg. Then there is only one
irreducible component, say Vg), whose projection to C™ — Ey contains a
sufficiently small domain inside H,, and has a small piece of JH,, as part of
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its boundary. If necessary, we can assume that 0 ¢ Fy N E and assume that
7 is biholomorphic near (0, Sp) € V¢ with 7=1(0) = (0, Sp).

For the case of kg = 1, we can assume that for any e(€ C) ~ 0, there is
a unique affine subspace L, of codimension one, on which the restriction of
F is linear fractional, defined by equation:

(2.4) z1 = Z aj(e)z; + €
j=2

where a;(e) are holomorphic functions of € with a;(0) =0. We also de-
note w := z,. It was shown [HJXO06] that if we write a;(e) = ea;(e), then
all aj(e) = constant. Then (2.4) can be written as

n

(25) 21 =€ Z flij +1
=2

Two different cases were considered in ([HJXO06], p.521): (i) aj(e) = edy
with a; = constant and Im(a,) = — E?:_% 1% (ii) aj(e) = ea; with a; =
constant but the above identity does not hold. It has been proved in ([HJX06],
p. 521) that the first case cannot occur, and that in the second case, after
some transformation, the hyperplanes L. are of the form z; = constant(—iw
+1).

For the case ko = 2, by a theorem of the second author in [Hu03], we can
assume that for any € = (e, €2)(€ C?) & 0, there is a unique affine subspace
Le = L, ¢,) of codimension two defined by equations of the form:

n—1
z1= Y. ai(€)z; + ap(€)w + €1,

(2.6) e
Z9 = Z bz(e)zz + bn(e)w + €9,

i=3

such that F' is a linear map on L., where a;(€), b;(e) are holomorphic func-
tions in € near 0 with a;(0,0) = b;(0,0) = 0 for all j and for j = n.

2d. Basic notation: Let ' = (f, ¢, g) € Rat(B",B") be as in Theorem
with geometric rank kg = 2. We have N ={(f) + #(¢) + t(g) and §(¢) =
#(So) + £(S1) where we denote by #(A) the number of elements in the set A,
and §(f) =n—1, £(g) = 1, §(So) = FAFrl — pgy — Lot o — 9 3,
8(S1) = N —n — #(So) = N — 3n + 3.
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We denote by PUR)(z w) a polynomial in (z,w) with degree j in z
and degree k in w, and denote by PU*)(2) the coefficient of w*. For ex-
ample, PV (2, w) = azjw + bzow = POY (2)w with PUOY(2) = az; + bzo.
We also write

§hrtiattin f

0271025 -+ - 8z) ] Owin

(2.7) flarhtialottinln) — (0).

For any rational holomorphic map H = W on C", where {P;,Q}
are relatively prime holomorphic polynomials, the degree of H is defined to
be deg(H) = max{deg(P;), deg(Q),1 < j < m}.

e The part ¢: Write ¢ = (o, P1), o= (dix)(k)es, and 1 =
(¢lk)(l,k)e$1' Here ﬁ(@o) = ﬁ(SO) and ﬁ(‘I’l) = ﬁ(Sl) Since Ry = 2, we

can write

Qo = (P11, P12, D15, P22, P2)3<j<n—1 and D1 = (P33, P3k)a<k<N—3n+3-

e The part /" (): Write FOD(z) = ( FIY @), 5D (2)). By The-
orem 2.2, we have f;l’l)(z) =%z, uj>0for 1<j<2 and puj =0
for3<j<n-—1.

e The part ‘IDEQ’O)(Z): One important portion of ®( is the z-quadric
part (see Theorem 3.2): @(()2’0)(,2) = {gzﬁ;.?) (2) = wjizizi} i es,

e The part <I>(()1’1)(z): Another portion of ® is @él’l)(z)w which is not
described precisely in Theorem 2.2:

G (2) = Y ejz, ey € CH,
j=1

We mention that ¢, = 212k + 2;0:1 zjdjy; Where ¢y, = Owt(2) for
(I,k) € Sp. These coefficients e; are important parameters for F'. Since
kg = 2, we have

(1,1)
11~ = Z1€1,11 + 22€2.11,

(1,1)
12 = = Z1€1,12 + Z2€212,

e1 = (e1,11, €1,12, €1,1j, €1,22,€1,25)3<j<n—1, (1,1)
1 = ze1,1j + z2€2,15,

_ . No J

€2 = (62,117 €212, €21y, 62,22762,2j)3§j§n—17 (i,1)
59 | = Z1€1,22 + 22€2 22,

(1,1)
Oy = z1€1,25 + 22€2,9;.
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We also introduce the Hermitian inner product £ = (£1,...,&,,) =
(€1, €x,) - <I>(()2’O). When kg = 2, we have
4
& =020 . g = ¢§21’0)61,11 + ¢§22’0)€1,12 + ¢g22’0)61,22
n—1
2,0 2,0)____
+ Z (¢§j )61,1j +¢§j )61,2]')7
(2.8) 2,0) — (5:05) 20— | ,(2,0)—
§o =0 ey =17 €211+ Py €212 + Doy €222
n—1
2,0 2,0
+ 2 (ﬁbg]‘ )62713‘ +¢gj )62721')'
j=3

\

2e. The components of <I>§3’0):

lary 3.4, [HJY14]):

Recall the following result of [Corol-

Lemma 2.3. Let kg >2 and (ko + 1)n — ko < N < (ko + 2)n — ko(ko +
1) + ko — 2. Then

2 I i
o*(2) = ( \ oz = ag), 0’)
! m( ' 11 2 1<j<I<ko

dB0 ()2 =4 _L1E(2)2)|22. In particular, when ko = 2, if the in-
7<kKo 17 J
equality 3n — 3 < N < 4n — 6 holds, we have

(3.0)(,) _ 2 M e 12 /
(2.9) P (z)-(m(\/;m& \/;Zﬁl),o)

and [P0 (2)? = 4( ;|6 (=) + 5 162(2)?) |2

2f. Lebl’s theorem: We recall a result of Lebl, which will be used in our
paper.

Theorem 2.4. [Lelll] Let F : OB™ — OBY n > 2, be a rational CR map of
degree 2. Then F' is is spherically equivalent to a map taking (z1,...,z,) to
a map of the following form:

(2.10) (Viizi, Viaze, o Vinzn, VI = ti2f, VI = 1223,
ey \/1 - tnzi, \/2 - ti - tjzizj)iij

where 0<t; <---<t, <1, (t1,t2,...,tn) # (1,1,...,1). Furthermore,
maps in are mutually spherically inequivalent for different parameters
(tlv s 7tn)
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When N = 3n — 3 and n > 4, the map in Lebl’s theorem is one of the
maps stated in Theorem

Indeed, suppose that the first h t.s are zero, the next (k — h) t}s are in
(0,1) and the rest t;s are 1. Then the dimension of the image space of the

map (210) is

(n—1) (nfk)(nfk‘fl)‘

n
W) 4k _
(n )+ k+ 5 5

We next find all nonnegative integers h and k& with h < k < n such that

(n_h)+k+n(n2—1)_(n—k)(r;—k—l) <3n_3.

Namely, h and k satisfy the following;:

k(k+1)

(2.11) (k=2)n+3 - =

+k—-h<O0.

We claim that the following are all the possible solutions:

(1) k= h =0. In this case, (2.10) is the identity map with 0 components
added to it.

(2) k=1 and h = 1. In this case, then (2.10]) is the Whitney map with 0
components added to it.

(3) k=1 and h =0. In this case, (2.10) is the D’Angelo map with 0-
components added to it.

(4) k=2 and h = 2. In this case, (2.10]) is the generalized Whitney map
in Theorem [L.11

Indeed, when k = 2, takes the form 2 — h < 0. Since we also have
h <k=2, we obtain h =2. When k=3 or k =4, takes the form
n+3—-6+k—h<0or2n—7+k—h <0, both of which are impossible
for n > 4. When k > 5, then (k — 2)n > %k: and thus can not hold
neither.

When N = 3n — 3, by the above consideration, we see that the only map
of geometric rank two in this setting is given by

2 9
(23, 24y« -+ Zny 215 25, \/ﬁzlzg, 2123y ey 2120, 2223, 2224y - + 5 22210

which is the generalized Whitney map W, 5.
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Hence, based on the Lebl theorem, to prove Theorem 1.1, we need only
to prove the map in Theorem has degree bounded by two. We will do
this in the next two sections.

3. Lower order terms in the Taylor expansion of F'
We start with the following

Proposition 3.1. Let F € Rat(H,,,Hs,—_3) be as in Theorem 2.2 with ge-
ometric rank 2. Assume 1 < ps. Then

1 .
fi =2+ Guizw + Oz w)’) - forj=1,2,
fe=2z1, for3<k<n-1,
b1 = \//lef + Vi Aziw + O(!(Z7w)|3)7
A
P12 = Vi1 + p2z122 + \/%ZQW +0(|(z.w)P),

P22 = 2z + O(|(z,w)°), o = mz1zk + O(|(z,w)]*),
P = 222z + O(|(z,w)[*), g =w,

€1,11

where A := R

Proof. Step I. The family L.: Let L, be in (2.6]) given by

(3 2) Zl = Z;L:_Bl a](E)ZJ + an(e)w + 617
Zo = Z?:_B} bj(E)Zj + bn(e)w + €9.

Consider the image L, := 64(L¢) given by

(3.3)

{zl = 305 Aj(€)Z) + An(OW + pa(e),
Zy = S""3 Bj(€)Z; 4+ Bn()W + pa(e),

where the inverse of the the automorphism is given by

(Z1,Z2,Z3 + c3sW, ..., Zpn 1+ cn A W, W)
qc
= (21,22, Zn—1,2n)

(34) 67N (Z W)=
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and gz := 1 — 2i¢- Z — i|¢|*W, where ¢ = (0,...,0,c3,...,cp_1). Substitut-

ing (3.4)) into (3.2)), we obtain

Z) = Z] =3 aa(f)(Z + ;W) + an(e)W + €14z,
Zy = Zyzl bi(€)(Zj + c;W) + by ()W + e2qz.

Combining this with (3.3)), we get

2?‘§A'<e>z + An(OW + pi(e)
=025 ai()(Z + W) + an(W + e (1 = 2i¢ - Z — i|e*W),
Y123 Bj(€)Zj + Bul(e )W+pz()
=073 05()(Z) + ;W) + bu(€)W + (1 — 2ic - Z — i|&>W).

By considering the Z;, 3 < j <n — 1 terms, we obtain
Aj(er, €2) = aj(er, e2) — €1(2icj), Bj(e1,€2) = bj(er, e2) — e2(2ic;).

Hence we can choose ¢ such that %&’62)(0) =0.

Step II. Calculation of the linear parts of a,(¢) and b,(¢): For a
map F' € Rat(H,,Hs,_3) of geometric rank 2, we have f;,g # 0 and ¢;; 0
for (4,1) € Sp. Notice that n + Sy =n+n —1+n —2 = 3n — 3. Hence we

have ¢33 = 0. In particular, we obtain qb%l) =0 and e;33 =0 for j = 1,2.

Following the notation of [HJY14, (4.20)], we have
¢
~(2,1 2,1 , j
Gl = o — 20y ey =0
— 1

In [HIY14, (4.46)], we also have

~(2,1) (12 H2 (1,2)
) = mm(\f -\ 2a, <z>).

Thus ,ulzlf;’z) = MQZQfl(l’Q). From [HJY14] (4.3)], we know

s Smal )+ 7(e,0,.,0) = 0,
| LsbD(e) + f549(e,0,...,0) = 0.

2
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Hence elbgl)(e) = EQag)(e), from which we yield
aV(e) = Cer, bV (€) = Cey for some ¢ € C,
(3.6) 1.2 i 12 i
fl( ’ )(2’) = —§M1C2’1, 2( ’ )(Z) = —§/~02C2’2-
Step III. Proof for e;,1; = 0: Let H be an affine linear function along L.,
then we must have %fgfj = (0. We can write
n—1 n—1
Hl,, =H (Zakzk + apw + €1, Zbkzk +byw + €2, 23,...,2,1, w) .
k=3 k=3
Then we calculate for 1 < j<n-—1
0’°H|,, 0°H 0’H
(3.7) 0zj0w 67:% @jn + 021029 (anb; + a;bn)
0*H 0*H n 82Hb b
a a; ;
0210%; " 9z0w azg s
+ o°n + o°n + OH 0 t (¢,0)
; = at (e,0).
0200z; " O0zmdw ’  9zj0w ’ ’
Choosing H = f1 and collecting €; and €5 terms in the above equation,
we get
(3.8) %M1a§1) Jrfl(11+1j+ln)61 +f1(12+1j+1n)62 =0, at (e0).
In Step I, we have made %;1’62)(0) = 0. Hence we get fl(thH”) =0.
On the other hand, by [HJY14l (3.5)], we have f1(2’1)(z) = —&;. Together
with 1' we obtain fl(IIJrIjH") = —\/[b1€1,15, fl(IZHJ'JrI") = 0. Hence we
get eg; =0for3<j<n—1
Step IV. Calculating e; j; and ej;;: Since N = 3n —3 and ®; = 0, it
e 2(3,0), )
implies ;" (z) = 0. From 1) we obtain
(3.9) 2162 = pazel.
Observing that p12182 (resp. u2z9&1) must be divided by zo (resp. z1), and
making use of (2.8]), we obtain
€122 = €125 = €211 = e2,1; = 0.
—®
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Recall that ej1; = 0 for j > 3. Thus (3.9) takes the following form:

n—1
(2,0)—— (2,0)—— (2,0) (2,0)——
mz1 | ¢g 1o €212 + E Py 5; €225 | = paz2 (@11 er11 + ¢y 19€1,12) -
Jj=2

Now a direct computation gives ez 2; = 0 and

(3.10) €212 = Leuh €2,22 = Mel,w-
p(per + pi2) H1

Step V. Calculation of Taylor series of F up to degree 3: Now we
have obtained

i i
fl(l’z)(z) = *5,“1(217 fz(LQ)(Z) = *§M2CZ2’

1,1 i 1,1 i
1( )(Z) = 5#121, 2( )(Z) = 5#222,

oI (2) = (e1,1171, €1,1221 + €2,1222, €22222,0...,0).

2
+

. 2
(3
- z
2#22

Substituting these relations into [HJY14, (4.10)], we obtain
{
SH1Z1

2Re {2’1 (—;mCzl) +7Z2- <—;M2CZ2>}+ 5

+ |61,1121{2 + ‘61,1221 + 62712z2|2 + ‘62,2222‘2 =0.

Considering the coefficients of |z1]2, |22|? and 2173, respectively, we get

. 2
)
(3.11) 2Re{—2C}M1+'[jll+’€1,11‘2+|61712’2:0,
1 2 2 2
(3.12) 2Re{—2C}u2+ZQ—I— |e2,20|” + !62,12‘ =0,
(3.13) €1,12€2,12 = 0.

By calculating (3.11)ue — (3.12) 1, we get

2 2
%M - %Nl + M2|€1,11‘2 - M1‘62,12|2 + M2‘€1,12‘2 - M1‘€2,22‘2 =0.

Together with (3.10]), we obtain

1 M2 }6 |27 12 ’6 ‘220.

— — +
4M1M2(M1 12) [+ piz 11+ pia
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Namely, we have

L+ p2) iz — ).

‘61,11‘2 = ’6’2,22’2 + 1

By (3.10) and (3.13]), either e 11 or ez 22 is 0. Recall that po > 11, thus

1
— (1 + p2)(p2 — p1).

(3.14) esz =0, Jeru| =

From all of the above, the proof of Proposition is complete. O

4. Proof of Theorem 1.1

By Lebl’s theorem, to prove our main theorem, we need only to show that
the map F' has degree two.

For a map F' € Rat(H,,Hs,_3) with n > 4, by the inequality N > n +
w (cf. [HuO3]), we have that the geometric rank ¢ of this map is
less than or equal to 2. If kg = 0, F' is equivalent to (z,0,w). If kg = 1, by
[HJX06], Theorem 1.2, the map F' is equivalent to a proper holomorphic map
F = (z1,...,%n1, 2nh) where h € Rat(B",B?>"~2). By applying the first gap
theorem [Hu99], h must be linear fractional. It suffices to prove Theorem 1.1
only for the case of kg = 2.

If we are able to prove deg(F') <2, then by applying Lebl’s theorem
(see Theorem and by consideration of degree, it completes the proof of
Theorem 1.1. In the rest of this section, we’ll prove deg(F') < 2.

Step 1. The basic setting: In order to prove Theorem 1.1, we start with
the equation

g(sz) — g(z,w)
21

:f(z,w)-f(z,w)+¢(z,w) -(ﬁ(Z,’UJ), VIm(w) = ‘Z‘Q

By complexification, we write

g(z,w) Yﬁ Z Z w fl )

=1

+ Z qbt(z? w)gbt(Xa ﬁ)?
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Applying L; az + QZXJ for z =0 and w = 1 = 0 to the both sides of

the above 1dent1ty, we obtaln

n—1
m ZﬁflOOle, +Z£¢t00¢t(X7 )
and
n—1
Mng@O Zg Lifi(0,0)fi(X.0) + > £5L1b1(0,0)1 (X, 0).

We can write it in terms of matrix,

X1
X2 fl (Y7 0)
(4.1) 0 =5B|fx0)
: o (X, 0)
0
where B is an (2n — 1) x (2n — 1) matrix:
L1 f1 L1 fo Lidn L1¢12 L1202 Lié; L1¢2;
Laf1 Lo fo Lod11 L2 Lodao Lod; Loba;
Lilrfir Lilafo Lilidn Lilidre Liligae LiLig1y  Li1Lidoj
B = | LiLafi LiLofs Lilodtn LiLadra Lilodoes Li1Ladr; L1Lods;
LoLoft Lolofo LoLlodrn LoLlopra Lologanr LoLagry LaoLlodoj
LiLyfi Lilefa LiLkdnn LiLledrz LiLlrpae LiLrpo1; L1Lrda;
LoLyfi LoLlifa LoLlydnn Lolrdra LoLlrppre Lolpry LaoLlyday (0,0,x,0)

Step 2. The main idea to prove deg(F) < 2: Let F: Cr I\ {1 - 2idz; =
0} — C?"~! be defined as follows:

2
I P ~ Iz
fiz) =21, fa(2) =22, ou(2) = #ﬁ'ﬁlzl’
2
4.2 Vit mpmn - Vs
- oul) = 1-2idz ¢22(2) 1—2iAz’
()= MRAE e V2
M) = ey T o,

If we can prove that

(4.3) Bl(0,0,y,0) is non-singular
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and if the following holds:

X1 _

X2 f1(X)
(4.4) 0l=B|fpm|.

; $(X)

we infer from (4.1]) that

fl (Y? O) - @
B| B0 - b | =0
¢(X,0) — o(x)

Then by , it yields F(z,0) = F(z), and hence deg(F(z,0)) < 2. Replac-

ing F' by F;** for any p € 9Hl, near the origin, we can show deg(F;*(z,0)) <

2 in a similar manner. By [HJ01], Section 5], we have that deg(F') < 2. Then

by Lebl’s theorem (i.e., Theorem , the proof of Theorem is complete.
In the rest of this section, we shall prove and .

Step 3. Calculation of the partial derivatives of F' up to degree 2:
eCalculate (£1H)(0,0) for H = f;, ¢;1: At the point (0,0), we have

(£1£1)(0,0) =1, (£1f2)(0,0) =0, (L1¢;%)(0,0) =0 for (j,k) € So.

Then

2
(4.5) S T(L1£)(0,0) - F(R) + Y (L161)(0) - (%) = 1+ x1 = x1-
Jj=1 t

e Calculate (£2H)(0,0) for H = f;, ¢ji: At the point (0,0), we have

([’2f2)(07 0) =1, (£2f1)(07 0) =0, (£2¢jk)(07 0) =0 for (.77 k) € So.

Corresponding to (4.5]), we have the following:

2
(4.6) > _(£a2f)(0,0) +Z£2¢t (0,0) - d(X) =1 x2 = xo.
7=1
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. Calculate (£L2H)(0,0) for H = fl, qb]k A dlrect computation shows that
L2 = 2 + 4ix1 8Zaaw + (2@X1) (0,0), we have

. 7
(£3f1)(0,0) = 4dix - ot = —2p1x1,

(£3611)(0,0) = 2y/1 + 4ix1v/p1 4,
(£1£2)(0,0) =0, (L3¢r)(0,0)=0 for (j,k) # (1,1).

Then we get

2
wn STL2)(0.0) - FR) + S (£260)(0,0) - 64(X)
J=1 !
= (=2mx1) X1+ (2 + dixa /i A) - 5 +\/27’Lz>‘<11x1 -

e Calculate (£1£2H)(0 O) for H =, ¢27k A direct computation shows
that £1 £y = az om T 20X25. 50 82 8w + 2ix1 82 50 4X1X2%- At the point (0, 0),
we have

(L£1L2£1)(0,0) = 2ixs - %Ml = —p1X2,

B 1
(L£1L2£2)(0,0) = 2ixq - JH2 = —2x1,
(£1L£2¢11)(0,0) = 2ix2 - /U1 A = 2iy/urx24,
. p2A
L1L 0,0) = + pg + 20y ———,
(£1£2¢12)(0,0) = V1 + p2 X1 NEST
We get
2
(4.8) > (£1£L2£5)(0,0) Z L1L26:)(0,0) - 64(X)
7=1 t
_ B : Vi
= —p1X2 - X1 — HM2X1 - X2 + 2iy/H1x2A T+ 2idy,
: p2 A Vi pexixe
+ (Vi F iz + 2ixa - : .
( SRR i Vi + M2> 1+ 2iAx
. 1
— (1 + p2)xaxz + xaxz (1 + p2 + 2i(p1 + p2) Axa) T 2idx,

=0.
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o Calculate (L3H)(0,0) for H = fz, ¢jk A dlrect computation shows that
L3 = 2 + 4dixo 82‘98w (szg) (0,0), we have

(£32)(0,0) = dixa - guz = ~2u2x,
(£3612)(0,0) = 4ix»

pe A dijgx2A
N RN TR/ TS
(£3¢22)(0,0) = 2\/piz,
(£3£1)(0,0) =0, (£3¢;4)(0,0) =0 for (k) # (1,2),(2,2).

We get

2
(49) Y (L3£)(0,0)- F() + D (£36)(0,0) - &1(X)
7j=1

t
o o dipoxoA /1 + pr2xaxe Jiz - VH2X3
HaX2 + X2 e 1+ 2iAq K2 1+ 2%iAv, F2idy,
=0.

e Calculate (£,£,H)(0,0) for H = f;,¢;: A direct computation shows
that

2 2 2 82

LiLy = —— 921051 o —I—QZXka 0w +2 lea o +22X1'szkw.

At the point (0,0), we have

L1Lyf1) 5

(
L1L;$11)(0,0) = 2ixg - /1A = 20/ xkA,
L1Ly¢15)(0,0) = ﬁa

Llﬁku)(O’O) (£1£k¢1k)(070) =0 for (]’ k) 7é (17 1)7 (17k)'

We get

0,0) = 2ixy - L1 = — Xk,
(0

(
(
(
(

2
(4.10) > (L1Lkf5)(0,0) +Z L1L5)(0,0) - ¢1(X)

Jj=1

\/M1X1

. VvV H1IX1XE
WIXE * X1+ 20/ 1 Xk 1+ 2idy + Vi

1 + 2’LAX1
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e Calculate (L2£,H)(0,0) for H = f;, ¢j;: A direct computation shows
that

2 82 2 82
21 21 2ix9 - 20—
02202, + Ak 020w T e 0z,0w + a2 Xk Oow?

At the point (0,0), we have

LoLy =

. 7
(L2Ly f2)(0,0) = 2ixy, - SH2 = —H2Xks

, poA 2ipox A
Lof 0,0) = 2iyy, - - ,
(L2Lip2x)(0,0) = /o,

<£2£kf1)(07 O) = 07 (£2£k¢jk)(070) =0 for (]7 k) 7é (17 2)7 (27 k)

By a similar computation as that of (4.10]), we get

2
(4.11) > (L2L £5)(0,0) —i—z £2£461)(0,0) - (X)) =
j=1

By all of the above, (4.4) is proved. Also, we see

B = dlag(la 172\/ M1, vV 1 +;u2a2\/ K254/ 11y - - '7\/,1717 VIH2s -y \/MQ)
+O(|x])-

Hence (4.3) is proved. The proof of Theorem 1.1 is complete. U
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