TRANSITIVITY OF EUCLIDEAN-TYPE EXTENSIONS OF
HYPERBOLIC SYSTEMS

I. MELBOURNE, V. NITICA, A. TOROK

ABSTRACT. Let f: X — X be the restriction to a hyperbolic basic set of a smooth
diffeomorphism. We show that in the class of C",r > 0, cocycles with fiber special
Euclidean group SE(n) those that are transitive form a residual set (countable
intersection of open dense sets). This result is new for n > 3 odd.

More generally, we consider Euclidean-type groups G X R™ where G is a compact
connected Lie group acting linearly on R™. When FixG = {0}, it is again the
case that the transitive cocycles are residual. When Fix G # {0}, the same result
holds on restriction to the subset of cocycles that avoid an obvious and explicit
obstruction to transitivity.

1. INTRODUCTION

In this paper we continue to study topological transitivity in various classes of
noncompact group-extensions of hyperbolic systems. Consider a continuous transfor-
mation f: X — X, a Lie group I', and a continuous map 3 : X — I called a cocycle.
These determine a skew product, or I'-extension,

fﬁ:XXF_)XXF7 fﬁ(x,’y):(fx,’yﬁ(x))

It is assumed throughout the paper that X is a hyperbolic basic set. The I'-extension
fs is called topologically transitive, or simply transitive, if it has a dense orbit. Of
interest to us is whether noncompact Lie group extensions of a hyperbolic basic set
are typically topologically transitive.

Let (M,dys) be a smooth manifold endowed with a Riemannian metric. Let f :
M — M be a smooth diffeomorphism and X C M a compact and f-invariant subset
of M. We say that X is hyperbolic if there exists a continuous D f-invariant splitting
E* @ E" of the tangent bundle T'xy M and constants C; > 0,0 < A < 1, such that for
all n > 0 and x € X we have:

I(Df")avl < CA" o]l v e B3

g (1.1)
[(Df")evll < CLA™Jo]l, v € E.

Date: August 3, 2008.

1991 Mathematics Subject Classification. 37D20, 37D30.

Key words and phrases. Noncompact group extension, stable transitivity, skew-product, hyper-
bolic basic set.

This research was supported in part by a Leverhulme Fellowship (IM), by NSF Grant DMS-
0500832 (VN), by NSF Grant DMS-0244529 and DMS-0600927 (AT) and by EPSRC Grant
GR/S11862/01 (IM,VN,AT).

1



2 I. MELBOURNE, V. NITICA, A. TOROK

We say that X is locally maximal if there exists an open neighborhood U of X
such that every compact f-invariant set of U is contained in X. A locally maximal
hyperbolic set X is a basic set for f: M — M if f: X — X is transitive and X does
not consist of a single periodic orbit.

Given a connected Lie group I' and a cocycle 6 : X — I', we consider the I'-
extension fz: X xI' = X x I given by fs(z,v) = (fz,708(x)). For brevity, we say
that the cocycle [ is transitive if the I-extension fj3 is transitive. In [5] we proposed
a general conjecture about transitivity in the class of Holder cocycles: namely that
modulo obstructions appearing from the fact that the range of the cocycle is included
in a semigroup, transitivity is open and dense. The conjecture is proved for various
classes of Lie groups, mostly semidirect products of compact and Euclidean, in [2, 4
5, [0, §]. In addition [5] exhibits open sets of C" transitive cocycles with fiber Sp(n).

An important test case is presented by cocycles with fiber the special Euclidean
group SE(n) = SO(n) x R™. It is shown in [4 [5, [6] that when n is even the set
of cocycles that are transitive is Holder-open and C"-dense. The conjecture remains
unsolved for n > 3 odd.

Here we show that for SE(n), n > 3 odd, the transitive C” cocycles form a residual
subset (actually, by Remark [L.3(b), a countable intersection of open dense subsets)
of the space of all C" cocycles for all » > 0. In other words, transitivity is C"-generic
for such extensions. The proof introduces a number of new ideas.

Theorem 1.1. Let X be a basic hyperbolic set for f: X — X. Letr > 0 and let
n > 3 be odd. Amongst the C" cocycles 3 : X — SE(n), the transitive cocycles form
a residual set.

More generally, we consider Fuclidean-type groups of the form I' = G x R™ where
G is a compact connected Lie group acting linearly (and orthogonally) on R™ and the
group multiplication is given by

(91,v1)(92,v2) = (9192, V1 + G102).

Let FixG = {v € R": gv = v for all g € G}. Set 7 : ' — Fix G to be the projection
onto the R"-component and then orthogonal projection onto Fix G. If Fix G # {0},
then there is an obvious obstruction to transitivity namely that 75 : X — FixG
takes values in a halfspace. Recall that two cocycles 3,3 : X — R? are said to be
cohomologous if there exists P : X — RY continuous such that 3 (z) = P(fx) +
B(x) — P(x), x € X. More generally, if 73 is cohomologous to a cocycle with values
in a half space, then fjz is not transitive. This is the only obstruction in generalising
Theorem to general Euclidean-type groups.

Theorem 1.2. Let X be a basic hyperbolic set for f: X — X and let ' = G x R™ be
a Buclidean-type group. Letr > 0. Define S to be the space of C" cocycles f: X — T’
for which w3 : X — Fix G is not cohomologous to a cocycle with values in a halfspace.

Then S is an open subset of the space of C" cocycles, and the transitive cocycles
B: X — T form a residual subset of S.

Remark 1.3. (a) If Fix G = 0, then there is no obstruction to transitivity, so Theo-
rem [I.1]is a special case of Theorem [1.2]
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(b) By a standard argument, the set of transitive C" cocycles can be written as a
countable intersection of C"-open sets. Hence it suffices to prove density in Theo-
rems [I.1] and [1.2] We include the argument below:

Choose a countable basis {Uy} of the topology on X x I' and denote by Cj , the
C" cocycles 3 € S for which there is an integer n such that f5(U,) NU, # 0. Each set
Ch o 1s clearly C"-open, and f is transitive if and only if 3 is in each of the sets C ,.

Let G x R™ be a Euclidean-type group. We can write R" as a sum of G-irreducible
representations V;, which we divide into three types:

Class I: V; ¢ FixG and V; N Fix g # {0} for all g € G.
Class II: V, C FixG.
Class III: V,NFixg = {0} for some g € G.

(Here, Fixg = {v € R" : gv = v}.)

We say that the Euclidean-type group GG x R"™ is of class I if all the G-irreducible
representations V; are of class I. This includes the groups in Theorem The main
task in this paper is to prove Theorem for the class I groups. The general result
is then proved by incorporating ideas of [4, ]].

The remainder of the paper is organized as follows. In Section [2, we recall some
general results from [5]. In Section [3] we introduce a new construction that seems
particularly useful for cocycles that satisfy a subexponential growth condition. In
Section [4] this construction is specialized to the setting of Euclidean-type groups. A
second key new idea for Euclidean-type extensions appears in Section 5] The proof
of Theorem is given for class I groups in Section [6] and for general Euclidean-type
groups in Section [7]

2. CRITERION FOR TRANSITIVITY

Let I' be a connected Lie group with Lie algebra LI'. We denote by er the identity
element of I'. Let Ad denote the adjoint representation of I' on LI'. Let || - || be a
norm on LI'. There is a metric d on I" with the following properties (see Pollicott
and Walkden [10]):

(1) d(V%ﬁ%) = d(%;%);
(2) d(m1v,727) < [[AA()[[d(71,72);
for any vy,v, Y2 € I.

Definition 2.1. Let f : X — X be a map and : X — I' a cocycle. For k > 1, we
write f5(z,7) = (*z,78(k, z)) where
k-1
Bk,x) = B(x)(fz) - B(f*2) = [ [ B(Fa).
j=0
(Occasionally, we use the last formula to keep notation simple; its meaning is the
ordered product given by the middle expression).
If Q is a trajectory of f of length k (i.e. Q = {z, f(z),..., f*1(x)} for some x),
then we define the height of B over @ to be 5(Q) = [(k,x). In particular, if z is a
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periodic point of period ¢, then the height of the corresponding periodic orbit P is
B(P) = B(£, ).

By abuse of notation, we often refer to “the periodic orbit P” instead of “the orbit
of the periodic point x” when z is clear from the context.

Definition 2.2. Given a cocycle g: X — ' over f: X — X, define u > 1 to be
o = maox { Tim sup [Ad(@(n, )|/, lim sup [Ad(B(n,2))""|"/"}.

For f fixed, we say that the cocycle 3 has subexponential growth if = 1.

Remark 2.3. The subexponential growth condition is automatically satisfied for
any cocycle if the group I' is compact, nilpotent, or a semidirect product of compact
and nilpotent. In particular, cocycles with values in Euclidean-type groups have
subexponential growth.

One of the key notions used in this paper was introduced in [5]:

Definition 2.4. Let I' be a connected Lie group, X a basic hyperbolic set for f :
X — X, :X =T acocycle, and fg: X xI' = X x I' the skew-extension. Given
r e X, let

Ls(x) ={y €T : there exist x; € X and n; > 0 such that
zp — @ and f3*(zy,er) — (z,7)}.

That is, the set Lg(z) consists of the possible limits limy_o, B(ng, zx), subject to
x — x and f" () — x. Note that we do not require that n, — oo or that xj # .
Clearly Ls(z) is a closed subset of I'.

The following theorem is a special case of [5, Lemma 3.1, Theorem 3.3].

Theorem 2.5. Assume that X is a hyperbolic basic set for f: X — X, that T is a
connected Lie group and 3 : X — I' a Holder cocycle that has subexponential growth.
Then

(a) Ls(z) is a closed semigroup of I' for each x € X.
(b) If there exists a point xo € X such that Lz(zg) = I' then B is a transitive
cocycle.

Recall that W*(x) and W*"(x) denote the stable and unstable leaves of f through z.
The next lemma is a consequence of [9, Appendix A].

Lemma 2.6. Assume that X is a hyperbolic basic set for f : X — X, that I is
a connected Lie group and f : X — I an a-Hoélder cocycle that has subexponential
growth. Then the I'-extension fz : X x I' — X x I' admits stable and unstable
foliations which are a-Holder and invariant under right multiplication by elements of
I'. The stable and unstable leaves of fg through (x,er) € X x I' are the graphs of the
functions

Yo W) =T, 2;(y) = lim B(n,2)B(n,y) ",
Y Wh@) =T, 9(y) = lim B(—n, z)B(—n,y)"".
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These functions are a-Hélder and vary continuously with the cocycle 3 in the following
sense: if By — B in CO-topology and By remains C*-bounded, then on Wi (), Vew —
v and . — Y4 in C-topology.

We call the values of the functions 5, 7% holonomies along stable/unstable leaves.
The following lemma is a special case of [5, Lemma 2.2].

Lemma 2.7. Assume that X s a hyperbolic basic set for f : X — X, that T" is
a connected Lie group and 3 : X — ' a a-Holder cocycle that has subexponential
growth. Then there is a constant Cs > 0 with the following property.

Given € > 0 sufficiently small and n > 1, assume that there are two trajectories
zr = [H(xo), yx = fF(w0), such that dy(xg, yp) < e for 0 <k <n—1. Then

d(B(n,xo), B(n, y0)) < C5([|Ad(B(n, z0))[| + 1)e. (2.1)
Moreover, if I' is compact, then
d(ﬁ(”a .I'o), B(na yO)) S 055a' (22)

3. ADMISSIBLE SEQUENCES OF PRODUCTS OF HOLONOMIES

Throughout this section, (M,dys) is Riemannian manifold, X C M is a basic
hyperbolic set for f : X — X with contraction constant A\ € (0, 1) satisfying (|1.1)),
I a connected Lie group and 3 : X — I' a a-Hélder cocycle that has subexponential
growth.

Definition 3.1. By a periodic heteroclinic cycle we mean a cycle consisting of points
1, ..., pr that are periodic for the map f, have disjoint trajectories, and such that
p; is transverse heteroclinic to p;;; through a point (; € W (p;) N W*(pj11), for
j=1,... k (where pi1 = p1).

Let Py,..., P, be the corresponding periodic orbits and denote the periods by
l1,...,0. Denote by O; the heteroclinic trajectory from p; to p;+1 (of the point (;
chosen above), and by H; the holonomy along this heteroclinic connection (that is,
along W*(p,) from p; to ¢; and then along W*(p;11) from (; to pji1).

Replace the heteroclinic orbit O; from p; to p;11 by the trajectory @); of length
(i M; + {;1 M1 that spends time ¢;M; in the first half of O; and time ¢;{1M;;; in
the second half of O;; that is, Q; = {f™((;) | —¢;M; <n <0} U{f"(()|0<n<
lit1Mj41}). For the trajectory connecting py to pry1, we allow M; and My to be
distinct. The positive integers M; will be chosen later.

Consider the heights G(P;) and 3(Q);) over the periodic orbits P; and trajectories

Q; (see Definition [2.1)).
Lemma 3.2. Forj=1,...,k, the limit

lim  B(P) " B(Q))B(Pys) M+ = Hj

M;j,Mjq1—00
exists and is the product of the holonomies along the unstable and stable leaves of O;,
from p; to pjiq.
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Proof. This follows from Lemma [2.6 U

Definition 3.3. Consider a sequence of vectors N (1), N(2)... € N+ whose entries
are positive integers. Write N (i) = (M (i), ..., My41(2)). The sequence is admissible
if there is a constant Cy > 1 such that M,(i)/M,(i) < Cy for all p,g =1... k+1
and all 7 > 1.

If N = (M,..., M) is a sequence of vectors, we write N — oo if M, — oo for
eachp=1,...,k+ 1. (For an admissible sequence, it is equivalent that M, — oo for
at least one value of p.)

Theorem 3.4. Let N = (My, ..., My,1) € N¥TL. Define

A(N) = B(P)M Hy B(P)* " Hy - - B(FPy)* M Hy ()Mt
If the limit A = limy_ o A(N) exists along an admissible sequence N (1), N(2),...,
then A € Ls(p1).
Remark 3.5. We can rewrite the expression A(N) as

A(N) = BB - M B Hiy,

where Hl = €r, ﬁj = HlHQ"'Hj,1 for j = 2,...,k -+ 1, and Bj = ﬁ]6<.Pj>ﬁ;1
(Note that (i, is related to 3; but the remaining Bjs can be modified independently.)

In the remainder of this section, we prove Theorem [3.4l From now on we assume
for notational simplicity that P; = p; are fixed points (so ¢; = 1).
Given N = (My, ..., My, 1) € N¥1 define

k
IN| = (My+ M) /2+ > M;,
=2
min N = min{ My, ..., M1}, max N = max{M,..., M1}
Note that for an admissible sequence N, we have max N < Cy min N.
Define
Hj(N) = B(P) ™" B(Q)B(Pyyr) M+

By Lemma 3.2} limy_.o. H;(N) = H; (independent of the sequence N'). Moreover, by
[9, proof of Theorem 4.3(g)], there is dy € (0, 1) such that

d(H;(N), Hj) = O(d6™"). (3.1)

Recall that @); is a trajectory of length M; + M, , that shadows the heteroclinic
connection from p; to p;41. Concatenate these trajectories to form a periodic pseudo-
orbit Q@ = Q; ...Qy of length 2|N|. Then Q is a d-pseudo-orbit with § < CsAmnN,
where C3 > 0 is a constant (depending on f : X — X) and A is the contraction
constant. By hyperbolicity of X, there is a periodic orbit Q of length 2|N| that
e-shadows Q with ¢ < Cy ™Y where C; > 0 is a constant. See [7, page 74] for
standard shadowing techniques.

Proposition 3.6.
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(a) B(Q) = B(P)"™ Hi(N) B(Po)* 2 Hy(N) - - B(Py) Mk Hy(N) B(Pr) et

(b) im0 d(B(Q), 5(Q)) = 0 along admissible sequences N .
(c) limy_o d(B(Q), A(N)) = 0 along admissible sequences N.

Proof. Part (a) is a direct calculation, namely
k k

B(Q) = Hﬁ(@j) = | | B(P)" Hy(N)B(Pysr) it

Jj=1 Jj=

Next, write Q = Q ... Q) where Qj has length M;+M;,. Define v; = 5(Q;), 7; =
Q(Qj). Note that @), and Qj have length at most 2max N, and that Qj e-shadows @);
with e < CyA™n N Tt follows from Lemmal2.7that d(v;, ;) < CA*™®N (|| Ad(v,)||+1)
where C' = C{C5. Hence, using the properties of the metric on I' and the fact that (3
has subexponential growth, we have

d(ﬁ(@), 5(@)) = d(%% T Yk Y12 '%)
<d(yive Ve 2 ) F A2y Ve V1YY Ye)
A d(Ve V=1 N1 Y2  Ve—1Tk)
< d(vi, ) Ad(y2 - vw) ||+ d(v2, Y2)[AD (s - - v) | + -+ - + A )
< C)\aminN[(l + 77)QmaXN + 1][(1 + T])QmaxN I (1 + n)2(k_1)maXN]v

where 1 > 0 can be chosen arbitrarily small and ||Ad(8(n,x))| < (1+n)" for n large
enough. Restricting to admissible sequences, min N and max N are comparable and

part (b) follows. The proof of part (c) is similar using (3.1)). O
Proof of Theorem[3.4 By assumption, A(N) — A. Hence by Proposition 3.6|(b,c),
B(Q) — A. We conclude that A € L5(p1) by definition of Lz(py). O

4. CONSTRUCTION FOR EUCLIDEAN-TYPE GROUPS

In this section, we specialise the construction in Section [3| to the case of the
Euclidean-type group I' = G x R". We denote the identity element in G by eq.
Define 3; as in Remark and write

B =(g;,vj), j=1,...,k+1. (4.1)
For each j, we have the orthogonal decomposition R" = Fixg; @ (Fix g;)*~ where
Fix g; = ker(g; — I). Write v; = w; ® w) where w; € Fix g; and w} € (Fix g;)".
Define

n n: 2n;
hj=ggs™ .. g0 uy = hjw, (4.2)
and let
Z(uy, ... Upy1) = {oqug + - F QU 2o, g > 0F CR™

Theorem 4.1. Assume that
(1) g; has finite order for each j =1,...,k; and
(2) ny,...,ng are integers such that 0 € Z(uy, ..., Upy1)-
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Then
A= B(P)™ H, 3(P2)*"Hy - - - B(Py)*"™ Hy, B( )™+ (4.3)
= 0352 - By Hia € Lo(pa).

Proof. Choose M, such that g}/jj = eg and define N = (M; +nq, ..., My +ng, Myi1).
A calculation shows that

A(N) = (g1, v1)M T (g, v9) 221272 (g, v 2R (g vy )M Hy
= (eq, w(N)) (g1, v1)" (g2,v2)*" ... (g, Vi)™ Hy1 = (e, w(N)) A4,

where w(N) = Mjuy + 2Moug + - - - + 2Myug + My ugi1.

We claim that there is an admissible sequence N satisfying the above constraints
such that limy_o w(N) = 0. Then A(N) — A, and so it follows from Theorem (3.4
that A € Ls(p1).

To prove the claim, we repeat an argument used in [6 Lemma 2.12]. By condi-
tion (2), there exist ay,..., a1 > 0 such that ayuy + 22;‘3:2 U + oy = 0.

Hence taju; + 2 Zf:z tajuj 4 tagri1ugyr = 0 for each ¢ > 0, and there is a sequence
t; — oo such that the fractional part of t;a; converges to zero for each j. Let
M, (i) = q[tic;] where g is the least common multiple of the orders of the g;s. Then
N(i) = (My(i)+na, ..., Mg(i) +ng, Myy1(7)) is the required admissible sequence. [

Corollary 4.2. Suppose that the hypotheses of Theorem are valid and w lies in
the semigroup generated by uy,2us, ..., 2ug, ug+1. Then (eq,quw)A € Lg(p1) where q
is the least common multiple of the orders of the g;s.

Proof. Let M;(i) = ¢[t;c] be as in the proof of Theorem |4.1) and choose my ..., Mgy
such that w = myu; + 2227:2 mju; + mypugr1. Define N (i) = (M;(i) + gmq +

Ny, ..., Mi(i) + gmg + ng, Myy1(2) + gmgy1). Then N(i) is an admissible sequence
and A(N) — (eg, quw)A. O

5. PERTURBING THE HETEROCLINIC CYCLE

Let I' = G x R™ be a Euclidean-type group. Write 5 : X — I" as § = (f¢g, Orn) :
X — G xR"™ By [2], the compact group extension fz, : X x G — X x G is transitive
for an open dense set of C" cocycles §: X — T

In this section we show that we can specify the G-component of a particular Bj
without significantly changing the remaining Bjs by modifying the heteroclinic cycle
p1,---, Pk (The cocycle itself is unchanged during this modification of the heteroclinic
cycle.)

Lemma 5.1. Let I' = G x R" be a Fuclidean-type group. Assume that the compact
group extension fg, + X x G — X x G is transitive. Suppose that py,...,py is
a periodic heteroclinic cycle in X with associated elements 3; = (g;,v;) in (4.1),
j=1,...  k+1.
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Let jo €1{2,...,k}, >0, and g € G. Then there is a periodic point p/; arbitrarily
close to p;, such that the periodic heteroclinic cycle py, p;, . .., p), obtained by replacing

pjo with pl. has associated elements BJ’ = (g}, v}) that satisfy:

(i) d(B),3)) <7 for j=1,....k+1, j# jo, and
Note that for the new cycle p',ph,...,p, we keep the same heteroclinic points,
¢ = G, except for (i, _y and (i which are obtained by continuily using the new pj, .

Proof. By compactness, there exists a constant K > 1 such that ||Ad(g)| < K for all
g € G. Recall that ij = H{H,...H;_y €T is the product of holonomies associated
with the heteroclinic trajectories between pq,ps,...,p;. Let h be the G-component
of Hj, and define g = h='gh.

Let 6 > 0. By transitivity of X x G, there exists x € X and an integer m > 1
such that x and ™z are d-close to pj, and d(Sg(m, ), §) < r/4. By Anosov’s closing
lemma [3], there is a periodic point p’ of period m such that dM(fipg»o, fiz) < C§
for : = 0,...,m, where C' is independent of the periodic orbit. We can arrange that
P}, has orbit disjoint from pi,...,py. Define p’ = p; for j # jo to obtain the new

heteroclinic cycle py, ..., pj. By (2.2), d(Ba(m, p},), Ba(m, x)) < CC56 (independent
of the period m of pj ). Choosing § sufficiently small, we obtain

d(ﬁG(mapg‘o)ag) < T/(3K)

Let H} denote the holonomies for the cycle pf,...,p, and set H; = H{...H}_,.
For § small enough, we ensure that d(Hj, H;) is as small as required for all j (in fact
at most two of the H; are changed).

For j # jo, we compute using the properties of the metric d that

A3}, B) = d(H; B;(P) Hy™ Hyy (Py) H; )
< (A}, HyY) + d(H) 3 (P T H 35 (P) H; )
< d(H, Hy) || Ad(H; )| + d(Hj, Hy) [Ad(B(P) HY| < Cd(Hj, Hy),

where C' is a constant that depends only on [ and the original heteroclinic cycle.
Part (i) follows for ¢ sufficiently small. Letting ' denote the G-component of H} we
choose ¢ small so that d(h/,h),d(h'~*,h™") < r/(3K). Then

(g5, 9) = d(h' B (m, pi, )W~ hgh™)
< d(W Ba(m, )W~ W gh'=") + d(h'gh'~" W' gh™") + d(W' gh™" hgh™")
< Kd(Ba(m,p),),9) +d(h'" h=") + Kd(h',h) <,

establishing part (ii). O

6. Crass I GroOuUPS

In this section, we prove Theorem for groups of class 1.
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6.1. Condition (2) of Theorem [4.1] The first step is to construct an open and
dense set of cocycles with periodic heteroclinic cycles satisfying condition (2) of The-
orem (4.1

Let S™~! denote the unit sphere in R”. If P C R", we let co P denote the convex
hull of P.

Proposition 6.1. Suppose that G acts on R™ with Fix G = {0}, and that yy,...,y, €
R" are linearly independent. Then for any e € S™! there erist o € G and y €

{1, .-, yn} such that (gry,e) >0 and (g_y,e) <O0.

Proof. Choose y such that (y,e) # 0. We suppose for definiteness that (y,e) > 0 and
take g = eq. If (gy,e) > 0 for all g € G, then (7,e) > 0 where § = [, gydv and
v is Haar measure. It follows from invariance of v that y € Fix G = {0} which is a
contradiction. Hence there exists g_ € G such that (g_y, e) < 0. O

Lemma 6.2. Suppose that G' acts on R™ with Fix G = {0}. Lety;; € R", 1 <1 <mn,
1 <7 < n+1, and suppose that for each j, the vectors yij,...,yn; are linearly
independent. Then there exist g;; € G, 1 <1 < n, 1 < j < n+1, such that
0 € co{gijyi;}-

Proof. Let M = n(n+ 1). For each M-tuple {g;;} € GM, we associate the convex
set K; = co{gi;yij}. The map from GM to convex sets K is continuous. Let d =
minge g dist{ K;, 0} and suppose for contradiction that d > 0. Choose g € GM
and z € Kj; such that d(z,0) = d. Since z € 0Kj, there exist hy,...,h, € {Gi;}
with corresponding z1,...,2, € {y;;} such that x € co{hsz;}. There is at least one
linearly independent n-tuple {yi;-, ..., ynj} that does not include any of the z,. By
Proposition , we can redefine one of the g;;« so that (g;;-yij-,z) < 0. The new
convex set K’ contains x and intersects the hyperplane orthogonal to x. It follows
that dist(K”’,0) < d yielding the required contradiction. O

Recall that when dealing with Euclidean groups, we are given pairs (g,v), with
v=w ®w where w € Fixg.

Proposition 6.3. Suppose that R™ is a G-irreducible representation of class I. Then
for any g1,...,9, € G and any § > 0 there exist h; € Bs(eg) and z; € h; Fix g; such
that {z1,...,2,} is a basis for R".

Proof. Inductively, for k < n, suppose we have chosen h; € Bs(eq) and z; € h; Fix g;,
i=1,...,k, such that {z1,..., 2} are linearly independent. Let Z = R{zy,..., 2z}
Since G acts 1rredu(21bly and FlX k1 7 {0}, the set G Fix g1 spans R™ and hence
there exists h € G such that hFix gkr1 ¢ Z. Write h = expn where n € LG, and
let h(t) = exptn. If h(t)Fixgryn C Z for all ¢ close to zero, then dlfferenmatmg
repeatedly at t = 0, we obtain " Fix gx41 C Z for all integers n > 0. In particular
h Fix gk+1 C Z which contradicts the choice of h. Tt follows that we can choose higt1 =

h(to) € Bs(eq) so that hyy 1 Fix grr1 ¢ Z. Now choose 211 € (hgy1 Fixge1)\ Z. O

Corollary 6.4. Let G x R™ be a Fuclidean-type group of class I. Then for any
(91,v1)s -5 (Gna1,Vny1) € G X R™ and 6 > 0, there exist (g;,0;) € Bs(gi,v;) such
that co{wy, ..., W,11} has nonempty interior.



TRANSITIVITY OF EUCLIDEAN-TYPE EXTENSIONS OF HYPERBOLIC SYSTEMS 11

Proof. Writing R” = Vi®---®V,, weletd, =dimV,, £ =1,...,s,sothat di+---+ds =
n. By Proposition , there exist h; € Bjja(eq) and 2; € hyFixg, NVi, i =1,...,dy,
such that {z1,..., 24} is a basis for V4. Similarly, there exist h; € Bj/(eq) and
zi € hiFixg;NVa, i =dy +1,...,dy + dy, such that {z4,41,..., 24,14, } 1S a basis for
V3. Continuing in this way, we obtain h; € Bs/(eq) and z; € h;Fixg;, i = 1,...,n,
such that {z1,...,2,} is a basis for R".

Let g; = higihi’l and v; = h;v; with corresponding vectors w; = h;w; € Fixg; =
h; Fix g;. The next step is to perturb so that {w,...,w,} is a basis for R”. Define
w;(e) = w;+ez. Note that P(e) = det(w;(¢)] ... [wn(€)) is a polynomial of order n in
e and the coefficient of €™ is det (1] . . . |2,) which is nonzero. Hence P(gg) # 0 for some
g0 € (0,6/2) and we obtain elements (g;,0; + €02;) € Bs(g:,v;) with corresponding
vectors w; + €gz; € Fix(g;) forming a basis for R". Relabelling, we may suppose that
{w,...,w,} is a basis for R™.

Finally, if necessary (i) perturb v, 41 so that w,1 # 0 and (ii) rescale v, ;1 t0 Upq1 =
(14 A)vyq1 with [A| < 0 so that the rescaled w1 does not belong to co{wy, ..., w,}.

O

Lemma 6.5. Let G X R" be a Euclidean-type group of class I. Set L = n(n + 1)
For any (g1,v1),...,(91,vr) € G x R™ and any 6 > 0, there exist (g;,v;) € Bs(gi, v;)
and g; € G, i=1,...,L, such that 0 € Int co{gyw1, ..., gL}

Proof. Relabel the pairs (g;,v;) as (gijk, vijr) where 1 <7 <mn, 1 < j k <n+1. For
each 7, j consider the (n+1)-tuple k = 1,...,n+1. Let K;; = co{w;jp, 1 <k <n-+1}.
Applying Corollary , we may suppose after a d-small perturbation that each Kj;
has nonempty interior.

For each j, choose y;; € Int K;;, @ = 1,...,n, such that {yi;,...,yn;} is a basis
for R". By Lemma , there exist g;; € G, 1 <i <n, 1 < j <n+ 1, such that

0e CO{gijyij}i,j' Hence 0 € Int co{gl-jwijk}i,j,k. OJ

Write §: X — T as § = (Bg, Orn) : X — G x R". Recall from Section {4| that for
periodic heteroclinic cycles py,...,pr in X and for k-tuples (nq,...,ng), there is an
associated set of vectors {uy, ..., ur+1} C R™. Condition (2) of Theorem 4.1] requires
that 0 € Z(uq,...,upr1) = {oqug + -+ + Qg : aq, ..., a1 > 0}, Tt suffices
that 0 € Int co{ua, ..., u;} which is moreover a stable condition.

Theorem 6.6. Let G x R"™ be a Fuclidean-type group of class 1. Assume that the
compact group extension fg, : X X G — X X G s stably transitive.

Let py be a periodic point for f : X — X. Suppose that p1,...,pr is a periodic
heteroclinic cycle in X with k > 2L + 2, where L = n(n + 1)2.

Then there exist

(i) a cocycle 3 that is arbitrarily close to 3 in the C" topology and such that B—p

1s supported in an arbitrarily small neighborhood of the points po, ..., px; and
(ii) a periodic heteroclinic cycle py = py,py, ..., pj, with p; arbitrarily close to p;
forg=1,...k;

such that the set {uy,...,uxs1} corresponding to py,ps, ..., pl. has the property that
0 € Int co{ug, ..., ux}.
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Proof. Let B; = (gj,v;) be the data for the cycle py,...,p, with associated vec-
tors w; € Fixg;. Set j; = 204+ 1, i = 1,...,L. By Lemma [6.5, there exist
arbitrarily small perturbations of (g;,v;) and there exist gi,...,g, € G such that
0 € Intco{giwj,, ..., grw;, }.

Since X x G is transitive, by Lemma [5.1] we can choose a new heteroclinic cycle
PiL = D1, Db, - - -, Dy, allowing us to specify g7, whilst keeping B} = (gj,,v},) almost
unchanged. (The cocycle 3 is unchanged.) Recall that v = hjw} where b} =
9y ---gj,_1- By specifying g%, appropriately, we can arrange that A}, is as close to g

as desired. Since wj, is almost unchanged, we can ensure that 0 € Int co{u) u’

g Pim

Y.
O

6.2. Proof of Theorem for class I groups. By Theorem[2.5and Remark[L.3(b),
it suffices to perturb [ so that L£z(p;) contains elements that generate I' as a closed
semigroup.

By [2], the compact cocycle B¢ : X — G is transitive for an open dense set of C”
cocycles §: X — I'. Hence, we may suppose without loss that (g is stably transitive.

Pick a periodic point p;. By Theorem|[6.6] there is a periodic heteroclinic cycle start-
ing at p; and an arbitrarily small perturbation of 5 such that 0 € Int co{us, ..., ux}.
This condition is stable under perturbation. Since the perturbation is localised, and
using stability of transitivity of g, we can construct a second periodic heteroclinic
cycle starting at p; with 0 € Int co{u), ..., u}}.

We have established condition (2) of Theorem in a stable manner. A further
small perturbation of ; guarantees that condition (1) is also satisfied. Hence, by
Theorem we obtain two elements Ay, Ay € Lg(p1).

Write A; = (g, v;). Since G is compact, there exists g1, g arbitrarily close to g1, g2
such that the closed group, and hence the closed semigroup, generated by ¢/, g5 is the
whole of G [11]. We show that there is an arbitrarily small perturbation of 3 that

perturbs g1, g2 to ¢}, g5.
The elements A;, Ay are computed according to (4.3)):

A= [(P)"Hy B(Py)*"* Hy - B(Py)*"™ Hy B(Py)"™+.

We consider perturbations localized along the heteroclinic connections. The holonomies
Hj are given by explicit formulas in Lemmas and , and depend continuously on
3. To change in a prescribed manner, say, only Hj, while keeping all the other H;s
and the (P;)s fixed, it suffices to change (5 near only one point on the heteroclinic
orbit from py to pri1 = p1. The elements Bj are modified slightly as a result but only
via conjugation, so condition (1) in Theorem {4.1|is maintained, while our construction
for condition (2) is stable and hence maintained. The effect of this change on the A;s
is described by (4.3). Hence, we obtain slightly modified elements A}, A5 € Lg(p1),
and we can arrange by this process that g1, g» be perturbed to ¢}, g5, as desired.
Now we perturb again in order to generate the R"-part of I'. By Corollary [£.2] it
suffices to arrange that the closed semigroup generated by U = {ua,...,u;} is the
whole of R"™. Moreover, U does not lie in a halfspace (since 0 € Int colf) so it follows
from Nitica & Pollicott [§] or [0, Lemma 2.12], that it suffices to arrange that the closed
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group generated by U = {us, ..., ux} is the whole of R". Thus, (using Kronecker’s
theorem) it suffices to have {ay, ..., @,41} C U such that these (n+1) vectors generate
R" over R, and writing 37" ayii; = 0, the scalars {a; | 1 < j < n + 1} are
independent over Q.

Recall that the elements of U are described by formula . Because 0 € Int cold,
it contains at least (n+1) nonzero vectors that span R™ over R. To make the Z-span of
U dense in R, we rescale the R"-component of the cocycle 3 near the periodic orbits
P;, while keeping (¢ unchanged. This yields w; — (1 + d;)w;. From formula (£.2),
one sees that the effect on U is u; — (14 6;)u;.

Since Lg(p1) is closed, it follows from Corollary that R™ - A; C Ls(p1) and
R"™- Ay C Ls(p1). Thus (g;,0) € Ls(p1), i = 1,2, and consequently G x {0} C Ls(p1).
Therefore {eg} x R™ C Ls(p1), so I' C Ls(p1). O

7. PROOF OF THEOREM

In this section, we complete the proof of Theorem [1.2 In Subsection [7.1] we
consider the case where there are summands of class II in addition to the summands
of class I. In Subsection [7.2], we consider the general case.

7.1. Summands of class II. Next suppose that R" is a mixture of representations of
class I and II. Then R™ = W; @ Fix G where W is a sum of irreducible representations
of class I. Let m; : R* — W; and 7 : R® — Fix G be the associated projections. Let
dy =dimW;, d =dimFix G, dy + d = n.

We generalise Theorem as follows:

Theorem 7.1. Let G x R™ be a Fuclidean-type group with summands of class I and
II. Assume that the compact group extension fa, : X xG — X x G is stably transitive.
Assume further that 3 : X — Fix G is not cohomologous to a cocycle with values in
a halfspace.
Set L =di(d+1)(n+1)?, k = 2L+2, and let p; be a periodic point for f : X — X.
Then there exist
(1) a periodic heteroclinic cycle py,...,px in X;
(i) a cocycle 3 that is arbitrarily close to 3 in the C" topology and such that -7
s supported in an arbitrarily small neighborhood of the points ps, ..., pr; and
(iii) a periodic heteroclinic cycle py = py,py, ..., p, with p; arbitrarily close to p;
forj=1,...k;
such that the set {ui,...,upy1} corresponding to py,py,...,p} has the property that
0 € Intco{ug, ..., ug}.
Moreover, there are arbitrarily many heteroclinic cycles of this type that are disjoint,
except for the common point p;.

In the remainder of this subsection, we prove Theorem [7.I] As usual, to each
(9,v) € G x R™, there is an associated vector w € Fix g. Note that mv = 7mw.
Proposition 7.2. Lety;; e R", 1 <i<d;, 1 <j<d+ 1. Suppose that

(a) For each i the set {my;; : 1 < j < d+ 1} does not lie in a halfspace in Fix G;
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(b) Any collection of dy vectors in {my;;}i; is a linearly independent subset of
Wi.

Then for any e € S™ 1, there exist yx € {y;;}i; and g« € G such that (G y;,e) >0
and (g-y—,e) < 0.

Proof. Assume first that me # 0. By assumption (a), for each i there exists y;+ €
{yij : 1 <j < d+1} such that (ry;;, me) > 0 and (7y,—, me) < 0. By assumption (b),
the vectors {miyi4,...mYa,+} are linearly independent in W;. By Proposition [6.1]
there exists y4 € {¥14,...,Ya,+} and g, € G such that (m gy, me) > 0. It follows
that (g, y,,e) > 0.

Similarly {my1_,...mya,_} are linearly independent in Wy, and so there exist y_
and g_ with the desired properties.
If me = 0 the above conclusion still holds, ignoring the Fix G components. U

Lemma 7.3. Let y;y e R", 1 <i<d;, 1 <j<d+1,1<k<n+1. Suppose that

(a) For each i,k the set {my;jr : 1 < j < d+ 1} does not lie in a halfspace in
FixG;
(b) For each k, any collection of dy vectors in {m1yiji }ij is a linearly independent

subset of W1.
Then there ezist gijr € G such that 0 € co{GijkYijk }ijk-

Proof. Let M = dy(d + 1)(n+ 1). For each M-tuple {gi;;x} € GM, we associate the
convex set K = co{gir¥ijr - The map from GM to convex sets K g 1s continuous. Let
d = mingegu dist{ K3, 0} and suppose for contradiction that d > 0. Choose g € GM
and z € Kj such that d(z,0) = d. Since x € 0Kj, there exist hy, ..., hy € {Giji}ijk
with corresponding @i, ..., ¥n € {yijk}ijk such that € co{hey,}. There is at least
one dy(d + 1)-tuple {y;jp~ : 1 < i < dy,1 < j < d+ 1} that does not include any
of the g,. Assumptions (a) and (b) in the statement of the lemma translate into the
corresponding hypotheses for Proposition [7.2] and hence we can redefine one of the
Gijke so that (G;jk+viji+, ) < 0. The new convex set K’ contains x and intersects
the hyperplane orthogonal to x. It follows that dist(K’,0) < d yielding the required
contradiction. O

Proposition 7.4. Let (g1,v1), .., (Gns1,Uns1) € G X R" and § > 0. Suppose that
{mv1, ..., 71} does not lie in a closed halfspace in Fix G. Then there exist (g;,0;) €
Bs(gs,vi) such that co{wn, ..., Wyy1} has nonempty interior.

Proof. Without loss, we may suppose that {mwg,1,...,7w,} is a basis for FixG.
As in Proposition , we can perturb g, ..., gq slightly (by conjugation) so that
there is a basis {z1,...,2q } for Wi formed of vectors z; € Fixg; N Wj. Define
W;(e) = w; + ez; for 1 < i < dy and w;(e) = w; for d; + 1 < i < n. The coefficient of
e in det(w(e)]...|wn(e)) is given by det(z1]...|zq) x det(mwg,41]. .. [Tw,) # 0.
Hence we can choose w; = w;(gg) with g arbitrarily small such that {w,...,w,} is a
basis for R". Finally, perturb/scale w,; slightly if necessary to obtain the required
result. 0
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Proposition 7.5. Suppose that 73 : X — FixG is not cohomologous to a cocycle
with values in a halfspace. Then

(i) There exist periodic orbits Py, ..., Pyy1 € X such that the vectors n3(Py), ...,
7B(Pas1) do not lie in a halfspace in Fix G.

(ii) Setv; = wfB(FPp)/|nB(Py)], ¢ =1,...,d+1. Then for any k > 1 and any e > 0,
there exist periodic orbits Py with disjoint orbits, 1 <1 < k, 1 <l <d+1,
such that w3(Py)/|mB(Pi)| € B:(v;) for all i,l.

Proof. The positive Livsic theorem of Bousch [1, Section 4] and the compactness of the
set of hyperplanes imply that there are finitely many periodic orbits P}, 1 < j < F,
such that the set {73(Fj) : 1 < j < F'} does not lie in a halfspace of FixG, and
thus 0 € Int co{mB(P;) : 1 < j < F'}. For any non-negative integers n; that are not
all zero, one can use shadowing arguments (see, for example [8, Sections 5 and 6]) to
obtain periodic orbits @, such that 75(Q,,) = ”(2?:1 n;mB(P;)) + O(1).

Thus, one can obtain d+ 1 periodic orbits P, such that 0 € Int co{n3(P,) : 1 < ¢ <
d + 1}, proving (i). Given one of the periodic orbits P, in (i), the above shadowing
arguments yield a sequence of periodic orbits @, with 73(Q,) = n7B(P;) + O(1),
proving (ii). O

Proof of Theorem [7.1. We focus attention first on the L periodic points ps, ps, . . ., Par+1,
rﬁelabelling these as pijue, 1 <4 < dy, 1 < j < d+1,1 <kl < n+1 Let
Bijke = (Gijre, Vijre) be the data for the cycle. By Proposition , we can choose the

periodic points p;jre, unit vectors vf,..., vy, € FixG, and € > 0, such that
® vy, ..., v, donot lie in a halfspace for all v € B.(v;)NFixG, 1 <j <d+1;
and

o TUke/|TVijke| € Beja(v}) for all 4, 5, k, L.

Let Kij, = co{wijre : 1 < £ < n+1}. By Proposition , we can perturb so
that co Kj;j; has nonempty interior. Choose y;;; € Int K;j;;, satisfying the requirement
that whenever 1 < j < d + 1 we have 7yji./|Tyijr| € Beja(mvijrs/|mvijisl) C B-(v).
Then condition (a) of Lemma is satisfied. Modify the choices if necessary so
that condition (b) is also satisfied. By Lemma , there exist g;jre € G such that
0 € Int Co{gz‘jkﬁwijkf}-

Next, we consider the L periodic points ps,pa,...,Dpor, relabelling them as gjjre
(with corresponding periodic orbit Q);;x¢), where g;;x¢ is the periodic point immediately
preceding pjjre. Since X x G is transitive, by Lemma we can choose a new
heteroclinic cycle p} = py,p5, ..., p}, allowing us to specify Ba(Qijke) whilst keeping
the data (gijre, vijie) for pijre almost unchanged. (The cocycle 3 is unchanged.) As
in the proof of Theorem [6.6, we can ensure that 0 € Int co{u, ..., up;,,}- O

7.2. The general case. Finally, we consider the general case with summands of
classes I, IT and III. Write R™ = W; & W5 @ Fix G and let d; = dim Wy, dy = dim W,
d= dlmFlXG, dl + dg +d=n.

Denote Gy = {g € G | Fix(g) N Wy = {0}}. By the following Proposition the
set (G is open and dense in G.
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Proposition 7.6. Suppose that R" is a G-irreducible representation of class I11. Then
the set U = {g € G : Fixg = {0}} is open and dense in G.

Proof. Note that g € U if and only if 1 is not an eigenvalue which is an open condition.
By the definition of class III, there exists go € U. Let T denote a maximal torus in
G containing go. Then FixT = {0}. Moreover Fixg = {0} for any generator g of
T. The set of elements of G that generate maximal tori is dense and hence U is
dense. U

We generalise Theorems [6.6] and [7.1] as follows:

Theorem 7.7. Let G x R™ be a general Fuclidean-type group. Assume that the
compact group extension fz, : X x G — X X G is stably transitive. Assume further
that 73 : X — Fix G is not cohomologous to a cocycle with values in a halfspace.

Set L = di(d+ 1)(dy +d + 1)>k = 2L + 2 and let p; be a periodic point for
f: X — X. Then there exist

(i) a periodic heteroclinic cycle py,...,pr in X;
(ii) a cocycle B that is arbitrarily close to 3 in the C topology and such that 3— 3
1s supported in an arbitrarily small neighborhood of the points po, ..., px; and
(iii) @ periodic heteroclinic cycle p| = p1,ph, ..., p, with pj arbitrarily close to p;
forg=1,...k;
such that for any cocycle sufficiently C"-close to 3, the set {uy, ..., upy1} correspond-

ing to pl, ph, ..., D) has the property that 0 € Z(us, ..., uyg).
Moreover, there are arbitrarily many heteroclinic cycles of this type that are disjoint,
except for the common point p;.

Proof. Let 7 : R" — W, @Fix G be the orthogonal projection onto summands of class
I and II, and let 5 : R® — W5 be the complementary projection. Let Bj = (g5,vj)
be the data for the cycle py, ..., p; with associated vectors w; € Fix g;.

By Theorem we can make the choices in (i), (ii) and (iii), so that 0 €
Int co{mrug, ..., Tur} C Wy @ Fix G where {uy, ..., ux41} is the set corresponding to
Py, .., p. In particular, 0 € Z(7us,...,7ux) and this condition is stable to further
perturbations of the cocycle £. .

By Proposition , we can perturb [ if necessary so that each g; lies in the open
dense subset Gy. For each j, we have myw; = 0 and so mu; = 0. It follows that
Z(moug, ..., mu,) = {0} in a stable manner. Hence 0 € Z(ug,...,u;) and this
condition is stable to further perturbations of the cocycle 3. O

Let 'y = G x Wj be the Euclidean-type group corresponding to the summands of
class III.

Proposition 7.8. The set of (dy + 3)-tuples in T2+ that generate T'y as a closed
semaigroup is residual.

Proof. This follows from [4, Equation (2.1) and Proposition 2.4]. O

Proof of Theorem [1.9. We repeat the approach of Subsection [6.2] starting with The-
orem [7.7] instead of Theorem [6.6, By Theorem [4.1] we can construct ds + 3 elements
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A; = (gj,v;) in Ls(p1) that can be perturbed independently and vary continuously
with the cocycle 5. As in Subsection [6] we rescale locally the Wi @ Fix G-components
of the cocycle to obtain from Corollary 4.2 that (W @ FixG) - A; C Ls(p1) for each
Aj. Thus we have elements A} = (g;,v}) € Ls(p1) with v; € Wy. Use Proposition
to perturb the G x Wa-component of the cocycle so that G x Wy C Lg(p1). Thus
W1 @ FixG C Ls(p1), and therefore Lg(py) =T

[
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