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Abstract

We show that among C” extensions (r > 0) of a uniformly hyperbolic dy-
namical system with fiber the standard real Heisenberg group H,, of dimension
2n + 1, those that avoid an obvious obstruction to topological transitivity are
generically topological transitive. Moreover, if one considers extensions with
fiber a connected nilpotent Lie group with compact commutator subgroup (for
example, H,,/Z), among those that avoid the obvious obstruction, topological
transitivity is open and dense.
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1 Introduction

This paper is part of a sequence aiming to study topological transitivity in various
classes of noncompact group-extensions of hyperbolic systems. Consider a continuous
transformation f : X — X, a Lie group I', and a continuous map 3 : X — I called a
cocycle. These determine a skew product, or I'-extension,

fﬁzXXF—)XXF: fﬂ<x77):(f$77ﬁ(x))

The I'-extension f3 is called topologically transitive, or simply transitive, if it has a
dense orbit. The problem of interest to us is whether noncompact Lie group extensions
of a hyperbolic basic set are typically topologically transitive.

Let (M,dy) be a smooth manifold endowed with a Riemannian metric. Let
f M — M be a smooth diffeomorphism and X C M a compact and f-invariant
subset of M. Let Df be the derivative of f. We recall that X is said to be hyperbolic
if there exists a continuous D f-invariant splitting £E° & E* of the tangent bundle
T'x M and constants C > 0,0 < A < 1, such that for all n > 0 and = € X we have:

[(Df*)avll < CLA"[[0]l, v € E3
[(Df")zv]| < CLA™[v]l, v € EF.

We say that X is locally maximal if there exists an open neighborhood U of X
such that every compact f-invariant set of U is contained in X. A locally maximal
hyperbolic set X is a hyperbolic basic set if f: X — X is transitive and X does not
consist of a single periodic orbit.

By a C" function on X, r > 1, we mean a function that is the restriction of a C”
function on an open neighborhood of X.

Given a connected Lie group I" and a C" cocycle 5 : X — I', r > 0, we consider the
[-extension fz: X xI' — X x I' given by fs(z,v) = (fx,v08(x)). For brevity, we say
that the cocycle 3 is transitive if the I'-extension fs is transitive. In [6] we proposed
a general conjecture about transitivity: namely that modulo obstructions appearing
from the fact that the range of the cocycle is included in a maximal semigroup with
non-empty interior, the set of C” transitive cocycles contains an open and dense
subset. The conjecture is proved for various classes of Lie groups, mostly semidirect
products of compact and Euclidean, in [2, [, [6, [7, T0]. An important test case is
presented by the special Euclidean group I' = SE(n) = SO(n) x R™. It is shown in
[, 16, [7] that when n is even the set of cocycles that are transitive is open and dense.

In [8] we showed that for SE(n), n > 3 odd, the transitive C" cocycles form a
residual subset of the space of all C" cocycles for all » > 0. In other words, transitivity



is generic for such extensions. More generally, we considered Euclidean-type groups
of the form I' = G x R™ where G is a compact connected Lie group. The general case
of the conjecture remains unsolved for SE(n) if n > 3 odd.

Recently, [9] obtained examples of groups that are compact extensions of nilpotent
(not abelian) Lie groups for which transitivity is open and dense. Recall that a
compact element g in a Lie group is one for which the closure of the cyclic group
generated by g is compact. The method used in [9] borrows from [6] as it relies on
the existence of an open and dense set of compact elements in I'. This approach
cannot be applied to the case of a nilpotent Lie group due to the lack of compact
elements.

In this paper we study the conjecture for certain 2-step nilpotent Lie groups.

Definition 1.1 Forn > 1, let H,, denote the Heisenberg group, consisting of matrices
of the form

1 a" ¢
(a,b,e): =1 0 I, b | €Mat, »(R).
0 0 1

where a,b € R",c € R and [, is the n-dimensional identity matrix.

Remark 1.2 (a) We can identify H,, with the space R" & R” & R endowed with the
multiplication
(a,b,¢)(d W, ¢) = (a+d,b+V,c+cd +al). (1.1)

(b) Hy is the standard 3-dimensional Heisenberg group.

The center of H, is [Hn, Ha] = {(0,0,¢)} = R. Denote H, = H,/R = R
It 3: X — H, is a cocycle, denote by B : X — R™ the corresponding quotient
cocycle. There is an obvious obstruction to transitivity, namely that 3 : X — R??
takes values in a half-space bounded by a hyperplane passing through the origin.
To avoid repetition, we assume from now on that a half-space in a linear space is
always bounded by a hyperplane passing through the origin. More generally, if 5 is
cohomologous to a cocycle with values in a half-space, then fg is not transitive.E]

Remark 1.3 By [I], a Holder R%-valued cocycle is cohomologous to one that takes
values in a half-space if and only if its periodic data is in a half-space.

We recall that 8,5 : X — R? are cohomologous if there exists a map P : X — R¢ such that for
all z € X, f'(z) = P(fx) + B(x) — P(x).



If r >0, let S"(X,H,) be the set of C" cocycles g : X — H,, for which B is not
cohomologous to a cocycle with values in a half-space. Our first main result is

Theorem 1.4 Assume that X is a hyperbolic basic set for f : X — X. Letn > 1,
r > 0. Among cocycles € §"(X, H,), those that are transitive are generic.

There is a class of nilpotent groups for which we obtain stronger results, and for
which the proofs are much simpler.

Let I' be a nilpotent Lie group, with compact commutator subgroup [I',I']. Note
that, by [I3, Lemma 4], in this case [[',I'] is central, hence I' is two-step nilpotent.
For a cocycle 6 : X — I', denote its image in the abelianization of I' by B X —
['/[[,T]. Since I'/[I", '] is an abelian Lie group, it is isomorphic to R* x T®. Denote
by E : X — R® the image of B in R®. N

For r > 0, let S"(X,I") be the set of C" cocycles 3 : X — T" for which g is not
cohomologous to a cocycle with values in a half-space.

Theorem 1.5 Let " be a nilpotent Lie group with [I',T'| compact, and r > 0. Assume
that X is a hyperbolic basic set for f: X — X. Among cocycles § € S"(X,T'), those
that are transitive contain an open and dense set.

One group I' for which the above Theorem applies is the quotient H,,/Z, where
the central subgroup Z is generated by (0,0, 1). In this case the abelianization is R?*".
Other examples are products of such groups, and (H,/Z) x R%

Remarks 1.6 1. The set S of cocycles considered in Theorems [I.4] and [1.5]is ex-
actly the one to which our conjecture [6] refers: those that are not cohomologous
to a cocycle with values in a maximal semigroup with non-empty interior.

2. In order to prove Theorem , it is enough to show that S"(X,H,) contains
a dense set of cocycles that are transitive (see for example the introduction in

8])-

3. As was the case in [§] for certain Euclidean-type groups (e.g. SE(3)), replacing
generic by open and dense in Theorem remains an unsolved problem.

4. The proof of Theorem develops further the techniques in [8]. In addition,
results from the classical theory of Diophantine approximation come into play.
It is not hard to extend Theorem to products of Heisenberg groups. We
believe that this method works for general two-step nilpotent Lie groups (and



perhaps also for nilpotent Lie groups of step higher than two) but there are
several technical details that have to be clarified.

The remainder of the paper is organized as follows. In Section [2| we recall some
general results from [0], in particular a general criterion for transitivity of extensions
of hyperbolic systems. In Section [3| we review and extend results for R%extensions
and their periodic data. In Section 4] we prove Theorem In Section 5] we recall
a technical result from [§]. In Section |§| we specialize to the setting of nilpotent Lie
groups and prove Theorem [1.4]

2 Criterion for transitivity

Let I' be a connected Lie group with Lie algebra LI'. We denote by er the identity
element of T'. Let Ad denote the adjoint representation of I" on LI'. Let || - || be a
norm on LI'. It is known that there is a metric d on I'" with the following properties:

L d(yy1,772) = d(71,72);

2. d(my,727) < |Ad() || d(71,72);
for any v, 71,7 € I.

Definition 2.1 Let f : X — X be amap and § : X — I' a cocycle. We write
F5(,7) = (fEz,73(k, 2)) where, for k > 1,

Bk, x) = Bx)B(fz) - B(f* ) Hﬁ fx)

The meaning of the product notation in the last term above is the middle expression.

If Q is a trajectory of f of length k (i.e. Q = {z, f(x),..., f¥1(x)} for some z),
then we define the height of B over @ to be 5(Q) = [(k,x). In particular, if z is a
periodic point of period w, then the height of the corresponding periodic orbit P is
B(P) = B(w,x). The set of heights of 3 over all periodic orbits of f is referred to as
the periodic data of [3.

Definition 2.2 Given a cocycle §: X — " over f: X — X, define 4 > 1 to be

= mac{ i, sup [ Ad(3(m, 2", T sup [Ad(3(n, )17}
n—0 ze

=0 e X

We say that the cocycle § has subexponential growth if = 1.
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Remark 2.3 The subexponential growth condition is automatically satisfied for any
cocycle if the group I' is compact, nilpotent, or a semidirect product of compact and
nilpotent.

One of the key notions used in this paper was introduced in [6]:

Definition 2.4 Let I' be a connected Lie group, X a hyperbolic basic set for f :
X — X, :X — T acocycle, and fg: X xI' = X x I the skew-extension. Given
r e X, let

Ls(x) ={y €T : there exist x; € X and ny > 0 such that
z — x and f3*(zp, er) — (z,7)}.
That is, the set Lz(x) consists of the possible limits limy_.o, B(ng, 2x), subject to
x — x and f™ (z;) — x. Note that we do not require that ny — oo or that x # x.

Clearly Ls(z) is a closed subset of T'.
The following theorem is a special case of [6l Lemma 3.1, Theorem 3.3].

Theorem 2.5 Assume that X is a hyperbolic basic set for f : X — X, that T" is a
connected Lie group and that 5 : X — T is a Hélder cocycle that has subexponential
growth. Then

(a) Ls(x) is a closed semigroup of I' for each x € X.
(b) B is a transitive cocycle if and only if there exists a point xy € X such that
Eﬁ(ﬂfo) =1TI.

Denote by W#*(xz) (Wg.(x)) and W*(x) (W.(x)) the (local) stable and (local)
unstable leaves of f through z. The next lemma is a consequence of [11l, Appendix A].

Lemma 2.6 Assume that X is a hyperbolic basic set for f : X — X, that T is a
connected Lie group and that 3 : X — I is an a-Holder cocycle that has subexponential
growth. Then the I'-extension fz : X xI' — X xI' admits stable and unstable foliations
which are a-Holder and invariant under right multiplication by elements of I'. The
stable and unstable leaves of fg through (x,er) € X xI" are the graphs of the functions

Yo W) =T, 2;(y) = lim B(n, 2)B(n,y) ",
Ve W) =T, () = lim B(=n, z)B(—n,y)""

These functions are a-Holder and vary continuously with the cocycle 3 in the following
sense: if B — [ in CY-topology and By, remains C“-bounded, then Viw = Vo ON
Wi o(x) and v, — vi on Wik (x) in C-topology.
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We call the values of the functions 73, ~v¥ holonomies along stable/unstable leaves.
The following lemma is a special case of [6], Lemma 2.2].

Lemma 2.7 Assume that X is a hyperbolic basic set for f : X — X, that ' is a
connected Lie group and that 3 : X — T is an a-Holder cocycle that has subexponential
growth. Then there is a constant C' > 0 with the following property.

Given € > 0 sufficiently small and n > 1, assume that there are two trajectories
xr = (o), yx = f*(yo), such that dy(zp, yp) < € for 0 <k <n—1. Then

d(B(n, xo), B(n, o)) < C([|Ad(B(n, zo))|| + 1) (2.1)

3 R’%valued cocycles and periodic data

In this section, we review and extend results on R%extensions. As always, X C M
is a hyperbolic basic set for f : M — M. Let S"(X,R%) be the set of C" cocycles
B : X — R? that are not cohomologous to a cocycle with values in a half-space in
R?. More generally, if K is a connected compact Lie group, denote by S™(X,R¢ x K)
the C"-cocycles 3 : X — RY x K whose R%component is not cohomologous to a
cocycle with values in a half-space in R?. A necessary condition for transitivity is
that 8 € S"(X,R? x K).
First we recall a result of [10, 2, [7].

Theorem 3.1 There is an open and dense setUd C S"(X,R%x K) such that if 3 € U,
then B : X — R? x K is transitive.

Next, we prove that one can prescribe periodic data for Holder R%cocycles. This
is needed in the proof of Theorem [1.4]

Proposition 3.2 Suppose that 3 : X — R? is a transitive Holder cocycle and U C X
1S an open set.

(a) The periodic data of 3 on orbits that intersect U is dense in RY.

(b) Assuming that 3 is C", given any € > 0 and a € RY, there exists a C" cocycle
B X — R e-close to 3 in the C"-topology, such that B and 3 differ only on
U and a is the periodic data of ' on a periodic orbit intersecting U.

Proof (a) Pick an open set V C U with V C U. Let a € R and 6§ > 0. By the tran-
sitivity of 3, there is a point 2y € V and an orbit segment g, f(zo), ..., f~ (o) such
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that dys (o, fN (7)) < & and ||3(N,xo) —a| < §. Anosov’s Closing Lemma [3] implies
that there is a periodic orbit yo, f(v0), - - -, ™ (y0) = yo such that dp(f* (o), f*(yo)) <
Cd for 0 <k < N — 1, where C depends only on f. The estimate shows then
that 5(V,yo) is within C’'d* of a, where C’ depends only on f and ||a||. If ¢ is small
enough then yy € U, and the conclusion follows.

For part (b), fix a C* bump function g : X — [0, 1] supported in U such that
gly =1 for an open set V. .C U. Let M = ||g||c-. By part (a), there exists a periodic
orbit P intersecting V' with height 5(P) = b such that |[ja—b|| < /M. Let ¢ = g(P) be
the height of g on P. Since P intersects V', we have ¢ > 1. Define ' = f+ (a—b)g/c.
Then ||5" — Bller < [la = b|||lgllcr < &, and B'(P) = B(P) + (a — b) = a as required.

4 Open and dense transitivity (compact commu-
tator subgroup)

In this section we prove Theorem We start with a preliminary result that is of
independent interest.

Proposition 4.1 Let I" be a connected finite dimensional Lie group. Suppose that

(a) N is a compact normal subgroup of I' with quotient group H and natural pro-
gection m: ' — H.

(b) The only closed connected subgroup I" C ' satisfying 7(I") = H is I" =T.

Assume that the cocycle 8 : X — I has subexponential growth, and let By : X — H
be the cocycle obtained after quotienting by N.
Then (B : X — I is transitive if and only if By : X — H is transitive.

Proof We begin with the observation:
(*) Suppose that (i) I' is a closed semigroup in I' and (ii) 7#(I'") = H. Then I" =T

For suppose that v € I". By (ii), there exists n € N such that v~'n € I’. Hence
n € I". But n lies in the compact group NN, so the closed semigroup generated by n
is a group. In particular n=! € IV and so y~! € I". Combined with (i), this shows
that [ is a closed subgroup of I'. By (ii), 7(I'") = H. By hypothesis (b), [ =T as
required.



Choose 29 € X. By Theorem [2.5(b), it suffices to show that Ls(z) = T' if and
only if L, (x¢) = H. Clearly, if Lz(zo) =T, then Lg,, (z9) = H. It remains to prove
the converse.

So, suppose that Lg,, (x¢) = H. We show that I'' = Lz(z() satisfies the hypotheses
of (*), and so Ls(x) = I as required. Now (i) is immediate by Theorem [2.5(a). Let
v € I'. Then YN € H and there exists z;, € X and my > 0 such that f™ux, — x
and By (zx, mi) — vN. Hence [(xy, my) = ying where v, — v and ny, € N. Since N
is compact, we can pass to a subsequence so that np — n € N. Hence yn € ﬁg(xo).
Thus (ii) is satisfied. |

Remark 4.2 If A C G is a subgroup of a nilpotent group, then A[G, G] = G implies
that A = G (see [4, Theorem 16.2.5]).

Proof of Theorem Since I is nilpotent, cocycles 5 : X — I' automatically have
subexponential growth. By Remark [4.2] T and its compact commutator subgroup
N = [I',T] satisfy the hypotheses of Proposition (This is not so hard to check
directly for I' = 'H,,/7Z.)

Let 8 € 8"(X,T'). So the quotient cocycle B : X — R% is not cohomologous to a
cocycle with values in a half-space in R?, where I'/[I", '] & R® x T’. By Theorem ,
there is an open and dense set Y C 8" (X, T") such that if 5 € U, then B : X =T/, T]
is transitive. By Proposition .1}, §: X — T is also transitive. |

5 Elements of Lj

In this section we recall a method to obtain elements of £ introduced in [§]. Through-
out, (M, dy) is a Riemannian manifold, X C M a hyperbolic basic set for f : X — X,
[' a connected Lie group and § : X — I' a Holder cocycle that has subexponential
growth.

Definition 5.1 By a periodic heteroclinic cycle we mean a cycle consisting of points
p1,- .., pr that are periodic for the map f, have disjoint trajectories, and such that
p; is transverse heteroclinic to pj4q through a point (; € W*(p;) N W¥(p;41), for
j=1,... k (where pri1 = p1).

Let P,..., P, be the corresponding periodic orbits and denote the periods by
Wi, ..., wy. Denote by O, the heteroclinic trajectory from p; to p,;+1 (of the point ¢
chosen above), and by H; the holonomy along this heteroclinic connection (that is,
along W*(p,) from p; to ¢; and then along W*(p;;;) from {; to pji1).
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Replace the heteroclinic orbit O; from p; to p;41 by the trajectory @); of length
wjM; + wji1M;, that spends time w;M; in the first half of O; and time w; i M;44
in the second half of Oj; that is, Q; = {f™({;) | —w;M; <n <0}U{f"((;) |0<n<
wjt1M;+1}). For the trajectory connecting py to pii1, we allow My and My, to be
distinct. The positive integers M; will be chosen later.

Consider the heights 3(F;) and (5(();) over the periodic orbits P; and trajectories

Q; (see Definition [2.1)).
Lemma 5.2 For j=1,...,k, the limit

lim  B(P) ™ B(Q))B(Pj) i+ = Hj

Mj,Mjq1—00
exists and is the product of the holonomies along the unstable and stable leaves of O,

from p; to pji1.

Proof This follows from Lemma 2.6l [

Definition 5.3 Consider a sequence of vectors N(1), N(2)... € N¥! whose entries
are positive integers. Write N (i) = (M (i), ..., My+1(2)). The sequence is admissible
if there is a constant Cy > 1 such that M,(i)/M,(i) < Cy for all p,g =1....k+1
and all 7 > 1.

If N = (M,..., M) is a sequence of vectors, we write N — oo if M, — oo for
eachp=1,...,k+ 1. (For an admissible sequence, this is equivalent to M, — oo for
at least one value of p.)

The following result is [8, Theorem 3.4].

Theorem 5.4 Let N = (M, ..., My,1) € N1 Define
A(N) = B(P)M Hy (Py)* Hy - - - B(Py)*"* Hy, B(Py) M.

If the limit A = limy_o, A(N) exists along an admissible sequence N (1), N(2),...,
then A € Ls(p1).
6 Transitivity for [' = H,

In this section we prove our main result Theorem [I.4] about cocycles with values
in the Heisenberg group I' = H,,. By Remark it is enough to show that the
transitive cocycles are dense in C.
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_ We use the notations introduced earlier: p; is a point on the periodic orbit F; and
B : X — R?" is the projection of 8 : X — H,,.

Let 3: X — H, be a C" cocycle. In view of Theorem [3.1] and Proposition [3.2|b),
we can assume without loss of generality that the following holds for § and some
periodic orbit P: [

~

[ is stably transitive in C"
3(P) = (0,0) € R*™.
We will make a finite number of arbitrarily small, localized, changes to the cocycle.

At each step of this process, the property (6.1) will be preserved. The main step is
the following:

(6.1)

Lemma 6.1 Let § € S"(X,H,) satisfying (6.1) and ¢ > 0. For any U C X open
and nonempty, and any vectors e, f € R™ there exists (' : X — H,, e-close to 3 in
the C" topology and h,k € R™ and ¢ € R with the properties:

(a) for all u,v € Z there exists ¢ € R such that (h+ue,k+vf,{+c) € L (p1);
(b) B satisfies (1);

(c) the vector (h, k) € R* is the sum of holonomies for B\’ along a heteroclinic cycle;
therefore, it can be modified by localized changes of the cocycle, while preserving
properties (a) and (b) above;

(d) the value ¢ € R is the sum of the central components of the holonomies of [,
and c does not depend on these central values;

(e) (' differs from 3 only on U.
Proof We consider a concatenation of six periodic orbits:
A(N) = B(P)"™ Hy B(Py)" H, ... B(Ps)" He B(P1)", (6.2)

where P; is the orbit used in (6.1]), P, ..., Ps are distinct orbits intersecting U that
will be determined by applying Proposition , and N = (M, ..., M;) € N".

’By B stably transitive in C" we mean that there is a C"-neighborhood of B that consists of
transitive cocycles.
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Using the notation in ([1.1)), write 5(P;) = (a;, b, ¢;), H; = (hi, ki, ), i =1,...,6,
and denote

h=hi+-+hg k=k+---+ks =0+ +FL.
It is convenient to write (ar, b7, ¢7) = (a1, b1,¢1). Then

Using (6.2)) and (6.3)), we compute that A(N) = (Z1, Zs, Z3) where

7 7
i=1 =1
and Z3 is a quadratic polynomial in M, ..., M; with leading terms
7
3> (@ b)M;+ > (alby)M; M,
j=1 1<i<j<7
7 o, T
i=1 j=1 1<i<j<7

By and Proposition [3.2(b), we can prescribe the (a;,b;) components of the
periodic data of some convenient P, P, Py, P5, Ps by making arbitrarily C"-small
perturbations of (3 localized in U. Recall that a; = a; =0, by = b; = 0. We arrange
the perturbation so that

(a27 as, aq, as, a’G) = (67 07 _8€a 26a 6)7 (b27 b37 b47 b57 bG) = (07 .fa _fa f7 O)

We claim that with this choice of a;,b; € R", for any u,v € Z there is an admissible
sequence (M, ..., M;) € N7 that yields A(N) = (Zy, Zy, Z3) = (h + ue, k +vf, Z3)
with Z3 bounded. Passing to a subsequence, we obtain that A(N) — (h + ue, k +
vf,c+ {) for some c so that (d) above is satisfied.

It remains to verify the claim. First set

M1:M7:M4, M2:4M4—M5+u, M3:M4—M5+U, M6:4M4—M5. (66)

In particular, > a;M; = ue and > b;M; = vf, hence Z; and Z, take the required
values Z1 = h+wue, Zy =k +vf.
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Substituting into ([6.5)) gives a quadratic polynomial in My, Ms. We compute
(see Remark |6.2] below) that

Zy = Q(My, Ms) = (eTf)(4M} — 8MyMs + M2) + D1 My + DyMs + E + £, (6.7)

where Dy, Do, E are real coefficients depending on a;, b;, ¢;, h;, ki, u,v.

The discriminant of Q(My, Ms) is positive. Moreover the roots of 4z? — 8z + 1 are
1+ %\/5 which are positive and irrational. We take 6§ = 1 + %\/3 By Corollary
we obtain an infinite sequence (My, Ms) € N? such that Z3 = Q(My, Ms) is bounded
as required and moreover that

M, ~ 0Ms. (6.8)

Since 6 > 1, it follows from and that the integers My, ..., M7 are eventually
positive (for u and v fixed) and the sequence (M, ..., M;) is admissible. |

Remark 6.2 The computation required to go from (/6.5 and to (6.7 is routine
but a little tedious. It is convenient to organise the calculation as follows.

(i) The first term in (6.5) reduces to suv(ef) and hence contributes only to the
constant term E in (6.7)).

(11) Since ay = bl = a7 = b7 = O, a9 = AQag, bg = b6 and M2 —M6 = u, it is
easily verified that the second term in (6.5 contributes to the quadratic part
only 2{(albs — afbs)MsMy + (a3bs — albs)MsMs + (albs — alby)MyMs} or
(eTF)(4Ms My — MsMs — 3M,Ms).

(iii) Substituting Ms = M, — M; gives the required result.

Remark 6.3 We note certain properties of the perturbations in Lemma |6.1, There
was an initial global perturbation which ensures that the quotient cocycle § : X —
R2" is stably transitive. All further perturbations preserve this property. The next
perturbation is localized on the set U and specifies the heights of 3 at P, ..., Ps. The
values of h, k, ¢ can then be adjusted by a further perturbation local to the heteroclinic
cycle but not affecting the heights at Py, ..., FPs.

Evidently, we may repeat the construction in Lemma[6.1]for any number of hetero-
clinic cycles at p; with localised and hence independent perturbations. In particular,
for any s > 1 and any e;, f; € R", ¢ = 1,...,s, there exists ' : X — H,, e-close to 3
in the C” topology, and (h;, k;) € R*", i =1,...,s, given by the holonomies of each
cycle, with the property:
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For allt=1,...,s, and all u,v € Z, there exists ¢ € R such that
(hi +ue;, ki +vfi,c) € Lo(pr).

Moreover, the central ¢; components of the holonomies can also be perturbed (in-
dependently of the (h;, k;) and of the heights 5(F;)) so that the values of ¢ can be
modified as necessary.

Proof of Theorem [1.4] By Remark , we can choose (2n + 1) pairs (e;, f;) € R*"
that do not lie in a half-space, and by Lemma we obtain elements (h; + u;e;, k; +
vifi,ci) € Lg(p1) with u;, v; € Z arbitrary. In particular, we can choose u;, v; large
and positive so that the vectors y; = (h; + w;e;, k; + v, f;) do not lie in a half-space
in R?*". We can make a further perturbation (along the heteroclinic connections) to
adjust the values of h;, k; so that the vectors yi, ..., Y1 generate R* as a closed
group and hence (e.g., by [10, Lemma 5] or [7, Lemma 2.12]) as a closed semigroup.
Let z* € R™ — {0}; for definiteness we take z* = (1,0,...,0). By Remark [6.3]
we can repeat Lemma for another heteroclinic cycle; using the density of the
semigroup generated by the y;’s, we can make an arbitrarily small perturbation to
the holonomy of the new cycle to arrange that (z*,2*,¢1) € Lg(p1) for some ¢; € R.
Repeat the above step three more times to obtain in L5(p;) four elements

g1 = (.Z'*,I'*,Cl), g2 = (l’*, —37*,02), g3 = (-.1'*,1'*,03), g4 = (_:E*a _$*764>7

where ¢; e Rforv=1,...,4.
Let ¢ = ¢; + ¢o + ¢35 + ¢4. A calculation shows that

g gy gt gyt = (0,0,me —2m?),  gy'g gy gi" = (0,0, me + 2m?).

For m large enough, this yields elements of the form (0,0, d;), (0,0,dy) with d; < 0,
dy > 0. If necessary, we can perturb c¢; (say) so that d; and dy are incommensurate.
Since Lg(p1) is a closed semigroup, we deduce that L£z(p;) contains the center R.
Next we return to the elements (y1,t1), ..., (Y2nt1, tons1) Where the vectors y; =
(hi + uiei, ki + vif;) € R*™ do not lie in a half-space and generate (as a semigroup) a
dense subset of R*". Since L5(p1) is a closed semigroup containing {0} X R, it follows
that R?™ x {0} C Ls(p1) completing the proof. n
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A Bounds for indefinite binary quadratic polyno-
mials

In this appendix, we recall classical results of Chebyshev and Minkowski that give
bounds for indefinite binary quadratic polynomials along sequences of positive inte-
gers. A proof of the next theorem, due to Chebyshev, can be found in [I2] (only a few
steps of [12] are needed to prove with 2 replaced by some bounded constant;
that is sufficient for our purposes). Corollary is a weaker form of a result that
Minkowski proved in 1901.

Theorem A.1 (Chebyshev, 1866) Let 0 be irrational and w a real number. Then
there ezist an infinite number of integer pairs (x,y), y > 0, for which the quantity
|z — Oy — w| is made arbitrarily small while

2
|z — 0y —w| < " (A.1)

Corollary A.2 Let 6 > 0 be irrational and w a real number. Then for any real
numbers By, By, Bs, there exist constants ¢ € (0,6) and M = M (B, B, 6) > 0, and

an infinite set of distinct pairs of positive integers (z,y) that satisfies

6—5<§<0—|—5 (A.2)
and
|(x — 0y — w)(Byx + Bay + Bs)| < M. (A.3)

Proof Pick a sequence of integers (x,y) given by Theorem [A.1] As 6§ > 0, we can
assume that z and y have the same signs, and thus are positive. Moreover, x and y

are arbitrarily large.
Consider now (A.1)) and divide both sides by y. One has

2
< —

x w
g = "

) Y

which implies the existence of € and (A.2)).
To prove (|A.3), use (A.1), (A.2) and take y sufficiently large so that

T B
By~ +By+ —
Y Y

|(x — 0y —w)(Byx + By + B3)| < 2

< 2|Bi|(0+¢)+2|By| +1= M.
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Corollary A.3 Let Q(x,y) = Ax*> + Bry + Cy?> + Dz + Ey + F be a quadratic
polynomial with positive discriminant B?> —4AC > 0. Suppose that there exists > 0
irrational such that A6* + BO + C = 0. Then there exist constants ¢ € (0,60), M >0
and an infinite set of positive integers (x,y) such that

«9—6<§<9+€ and |Q(z,y)| < M.

Proof Since B?> — 4AC # 0, we can write Q(z,y) = A% + Bij + Cj> + F where
F=x+4a, §g=y+banda,b, F eR. Since B> —4AC > 0, there are real roots 61, 6,
such that Az? + Bzg+ Cy* = A(Z — 6179)(Z — 6,7). Hence there exist wy,ws € R such
that .

Qz,y) = Alx — 01y — w1 )(x — by — wq) + F.

At least one of the roots, say 6;, is irrational and positive, and we set § = 6;. The
result follows from Corollary [A.2] u
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