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1. (25 points) Fourier series. Consider the function f(z) = |sin(z/2)| on z € [—m, 7).

(a) (10 points) Is the Fourier series of f pointwise convergent to f(z) at each x in the
interval [—m,7)? Quote conditions from an appropriate theorem to justify your
answer.

(b) (5 points) Sketch three periods of the function to which the Fourier series con-
verges.
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(¢) (10 points) Find all the Fourier coefficients a,, and b,, (real form of the Fourier
series) for f.
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2. Let f(x) = e7lol,

(a) (5 points) State Plancherel’s theorem.

(b) (5 points) Compute the Fourier transform, f, of f.
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(¢) (5 points) Use Plancherel’s theorem to compute the value

& 1
A= /OO —(1+w2)2dw.
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3. (35 points) Fourier transform and filters. You are given two (causal) Butterworth
filters Ly and Lo, with impulse responses h(t) = 3e~" and hy(t) = 2¢7 for ¢t > 0 and
hi(t) = ha(t) = 0 for t < 0, respectively. By chaining them together, you obtain a
filter L which has impulse response hq * hs.

(a) (10 points) Compute h(t) = (hy * ho)(t). Distinguish cases, if necessary. Is L a
causal filter?
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(b) (15 points) Compute the system function m of L. You may use properties of the
Fourier transform on page 13 in your calculation.

(c¢) (10 points) State the properties that a system function m of a low-pass filter
satisfies. Is L a low-pass filter?
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4. (20 points) Norm and sampling theorem.

(a) (5 points) State a theorem relating the norm of f € L*(R) to that of its Fourier
transform f.

(b) (5 points) State a theorem relating the norm of a function g € L*([—,7]) and
the norm of its (complex) Fourier coefficients {ay }rez in (2(Z).
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(¢) (10 points) Let f be a w-bandlimited (2 = ), continuous square-integrable func-
tion with sample values

[ VE 0<k<100
f(k) = { 0, else
Recall that the Fourier transform f of such a function satisfies f(w) = > cpe™

when w € [—7, 7], with ¢ = \/%f(—k:) . Use the preceding parts of this problem
to calculate the squared norm || f]|2.
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5. (25 points) The Haar wavelet. Let f be the piecewise defined function in L*(R),

f(x):{ vz, 0<1<1

0, else

Let ¢ be the Haar scaling function, ¢(z) = 1 when z € [0,1) and ¢(z) = 0 otherwise,

and let
1, 0<xz<1/2
P(r)=1¢ -1, 1/2<z<1
0, else

(a) (5 points) State a (general) formula for f3, the orthogonal projection of f onto
V3, in terms of the orthonormal basis vectors ¢p(x) = ¢(z — k) and w,g])(x) =
21/24)(27z — k) for suitable values of j and k.
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(b) (5 points) At x = 0, the wavelet decomposition results in f3(0) = fo(0) +
S22 ,w;(0), with fo € Vp and w; € W, = Vi-N Vi Compute fo(0) and

]:
w;(0),0 <7 <2,
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(c) (10 points) Each function in V; is determined by its function values { f(27%k) }rez,
similar to the sampling theorem for band-limited functions. Find an expression
for f(t), t € R, in terms of {f(272k)}xez. Distinguish cases. You may use a
suitable orthonormal basis for V5 to obtain your answer.

(d) (5 points) Check your answer for part (b) of this problem with the sampling
theorem for V5 from part (c).
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Essentials of the Fourier Transform

CFN =FIN = g [7 fe)em™ da

@) = F @) = g [ fe dA

Trigonometric formulas
. sin(a &+ ) = sina cos # %+ cos asin 3,

. cos(av £ ) = cosavcos B Fsinasin 3.
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