Math 4397/6397, Fall 2009
Problem Set 2, due Thursday, Sep 10

Solutions

Problem. 1. We compute

Var(z) = E[(X —p)?]

- E[X2—2Xu+u]

= B[X?| - 2uB[X] + B[]
= E[Xz]—2u + 12

= E[

>S,

Problem 2. Given

for some constant k£ > 0.

a. We know ¢ > 0 because f(z) > 0. To determine ¢ we integrate
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For a probability density this should be one and we must therefore have ¢ = kE+1.

b. Integrating as above gives F(z) = z*™! + C for z € [0, 1] with a C we have to
determine. Since f vanishes outside of this interval, F' is constant on z > 1 and
z < 0. This implies F(1) = F(co) =1+ C, which gives C = 0.

. F(z,) = (z,)F = p gives z, = p!/*+D),
d. Using the CDF, we obtain Pla<X <b)y=F(b)— F(a) — Rl _ gkt
e. The mean is
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and the variance
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This simplifies to
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Problem 3.

Problem 4.

Problem 5.

Since s and 1 — s are both non-negative, sf — 1(z) + (1 — s)f2(z) = 0 for all
z € R. By the linearity of the integral, we have [ (sfi(z) + (1 — s)fo(z))dz =
s [2 fi(z)dz + (L —s) [ fa(z)dz = s 4+ (1 — s) = 1. The expected value is

Bx) = [ 2fsh)+ - ) h)s

-0

= s/_fol(x)—i-(1—3)/fo2(x)dcc

= spp+ (1 —s)uz

To solve the variance we first calculate E[X?]

E[X?] = /oo 2 {sf1(z) + (1 — s) fo(z) }dz

= s—/ojz 22 fi1(z) + (1 —s) /_C: 2% fo(x)dz

= s(0} +p3) + (1 — s)(03 + 3)
Therefore the variance is

E[X?] - (Ela])* = s(0} + 1) + (1 = 8)(03 + 413) — {11 + (1 — s)ua}”.

a. Denote X; the earnings in the ith round, then the total earnings are 3_1°, X;. For
each round, assuming the coin is unbiased, we have P(X; =1) = P(X; = -1) =
1/2, and thus we get the expected value E[X;] = (1)(1/2) + (-1)(1/2) = 0.
Using linearity of expected values, ‘

10 10
E[Z X;] = Z E[X]=0.

b. The variance for one coin flip is Var(X;) = E[X?] — (E[X;])? = 1—0, so for 10
flips, assuming independence gives Var(3 10, X;) = S°.°. Var(X;) = 10.

c. Now we have E[X;] = (~1)(0.6)+(1)(0.4) = —0.2, so E[>;2; X;] = 10E[X;] =
—2. The variance for one flip is Var(X;) = E[X?] — u®> = 1 — 0.04 = 0.96, so
again by independence Var(3;2; X;) = 10Var(X;) = 9.6.

The easiest way to do this calculation is to calculate the probability that a person
remains infection free after n swims. Assuming that infections occur independently
for each swim we have

n
P(Infection free after n swims) = <§%§> .

An hence the probability of getting infected is
1 — (499/500)".

Setting this equal to .5 and solving for n yields n = log(.5)/log(499/500) which
is 346.23. Therefore 346 acts yields a probability just under .5 and 347 yields a
probability just over .5 so the answer is 347.



