Homework 07. Due Tuesday, April 03

Exercise 1. Let A and B be two nonempty sets. What is a binary relation
from A to B? Give several examples of binary relations.

Exercise 2. List the ordered pairs in the relation R from A =10,1,2,3,4g
to B =10,1,2,3g, where (a,b) 2 R il

a) a=b
b) a+b=4;
c) a>b;
d) a divides b;

e) b does not divide a;

f) ged(a,b) = 1.

Display each of these relations graphically and in a tabular form (See Figure 1
on the top of page 520).
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R = 1(1,0),(2,0),(2,1),(3,0),(3,1),(3,2),(4,0), (4,1),(4,2),(4,3)9
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e)
R = 1(1,0),(1,1),(1,2),(1,3),(2,0),(2,2),(3,0),(3,3), (4,0)g
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f)
R = £(0,0),(1,0),(1,2),(1,3),(2,0),(23),(3,0),(3,2), (4,0), (4,3)g

0O @ 0
0:1:2: 3
T 1 e 1
O X
lixi b XiX 2 2
2] X X
R R R A 3 3
3 Xi X
4 X X 4




Exercise 3. Let A be a nonempty set. Give the definitions of reflexive,
symmetric, antisymmetric, and transitive relations R on A.

Exercise 4. Determine whether relation R on the set of all web pages is
reflexive, symmetric, antisymmetric, or transitive, where (a,b) 2 R i[]

a) Everyone who has visited web page a has also visited web page b;
b) There are no common links found on both web page a and web page b;
c) There is at least one common link on web page a and web page b;

d) there is a web page that includes links to both web page a and web
page b.

a) Let us denote by V (x,a) the statement “person x visited web page a”.
Then (a,b) 2 R ilthe proposition 8x(V (x,a) ! V(x,b)) has the truth
value T. In other words, if by X,, we denote the set of people who visited
page w, we obtain that (a,b) 2 R iCX, X,.

Let a be a web page. Since X; X, we get (a,a) 2 R, i.e R is reflexive.

Let (a,b) 2 Rthen X; X, Theinclusion X, X, generally speaking,
does not hold. We can build a counterexample as follows. Let the set of
web pages W = f a, bg consists of two elements, and the set of Internet users
also consists of two elements, namely, X = fx,yg. We assume that person x
visited both pages a and b, and the person y visited only the page b. Then,
Xa = fxg and X, = fx,yg. Therefore, (a,b) 2 R but (b,a) 62R, i.e. R is
not symmetric.

Let (a,b) 2 R and (b,a) 2 R. Then, X; = X,. Generally speaking, it
means that the same people visited both page a and page b but it does not
mean that a = b. We build a counterexample as follows. Let the set of
web pages W = fa, bg consists of two diLerknt pages a and b and the set of
Internet users X = f xg consist of the only one person x. We assume that x
visited both pages a and b. Then, we get (a,b) 2 R and (b,a) 2 R but a & h.
Therefore, R is not antisymmetric.



Let (a,b) 2 R and (b,¢) 2 R, then X; X, and X, X.. Therefore,
Xa X le. (8,¢) 2 R. Thus, R is transitive.

b) Let L(I,w) mean “l is a link on the web page w”. Let us denote by L,,
the set of all links on web page w. Then (a,b) 2 R i[O\ L, =;.

Let a be a web page which has at least one link. Then L, =L,\ L, &,
i.e. (a,a) 62R. So, R is not reflexive.

Let (a,b) 2 R, then Ly\ Ly =L,\ L, =;,1e (b,a) 2 R. Thus, R is
symmetric.

Relation R, generally speaking, is not antisymmetric. To prove this, we
build a counterexample as follows. Let set of web pages W consist of two
di Lerknt elements, W = fa, bg and we assume that there are no links at all,
i.e. both a and b have no links. Then, (a,b) 2 R and (b,a) 2 R but b & a.

Let set of web pages W = fa, b, cg consist of three di [erknt elements and
set of all links is L = W. Let us construct the web page - link correspondence
as follows. L, =fbg, L, =fag, and L, =fbg. Then, Lo\ Ly=Ly\ L=,
i.e. (a,b) 2 Rand (b,c) 2 R. But L\ L. = fbg & ;, i.e. (a,c) 62R.
Therefore, the relation R, in general, is not transitive.

c) Let L(I,w) denotes “l is a link on the web page w”. Let us denote by L,,
the set of all links on web page w. Then (a,b) 2 R i[O\ L, & ;.

Let a be a web page which has no links. Then L, = La\ Ly =, i.e.
(a,a) 62R. So, R is not reflexive.

Let (a,b) 2 R, then Ly\ Ly =L,\ Ly & ;,ie (b,a) 2 R. Thus, R is
symmetric.

R is not antisymmetric. We consider the set W = fa,b,cg and assume
that L, =fcgand L, = fcg. The web pages a and b are diLerent but both
pairs (a,b) and (b,a) are in R.



R is not transitive. We consider L, = fcg, L, = fa,cg, and L. = fag.
Then, L\ L,y=fcg&;,L,\ Lc=fag&; but L,\ L. = ;. In other words,
(a,b) 2 R, (b,¢) 2 R but (a,c) 62R.

d) Let L(I,w) denote “l is a link on the web page w”. Let us denote by L,,
the set of all links on web page w. Then (a,b) 2 R ilC9%(fa,bg L.).

Let a be a web page such that no web page has a link to a. Then,
(a,a) 62R. So, R is not reflexive.

Let (a,b) 2 R then we can find ¢ s.t. fa,bg L.. Therefore, fb,ag =
fa,bg L. for the same web page c. So, R is symmetric.

R is not antisymmetric. Let a and b are dilerknt web pages and we
assume that c is a web page which has links to both aand b. Then, (a,b) 2 R,
(b,a) 2 R but b & a.

R is not transitive. Let W =L =fa,b,cg with L, = fb,cg, L, = fag,
and L. =fa,bg. Then, (a,b) 2 R because both a and b are links on page c.
Also, (b,c) 2 R, because b and c are links on page a. But there is no web
page which includes both a and c. So, (a,c) 62R.

Exercise 5. Let R be a relation from A to B and S be a relation from B
to C. What is the composite relation S R?



Exercise 6. Let A =11, 2, 3,49, R be the relation f (1, 2), (1, 3), (2,3),(2,4), (3, 1)g
ans S be the relationf (2,1), (3,1), (3,2), (4,2)gon A. Find the relations S R
and R S.

S R=1(@11),012),(2,1),(2,2)g

and

R S =1(2,2),(23),(,2),(3,3),(3,4),(4,3),4,4)0

Exercise 7. Find the Boolean product of matrices

0 1 0101
1 001 01
=@0 10 1A %1 1§
1111 10
0 1
10
A B=0O@1 1A
11
0 1
1 00
Exercise 8. Let A=@1 0 1A, Find
010
a) Al
c) A A2 ABl
Solution.
0 1 0 1
1 00 1 00
Al = @1 1 0A and A =@1 0 1A,
1 01 110



0 1
100

A AR AR = @1 1 1A,
111

Exercise 9. Let A and B be two finite sets, JAj = m and jBj = n, and R
be a relation from A to B. Define the matrix Mg representing this relation.
Which size does it have?

Exercise 10. Let A be a finite set with JAj = n and R be a relation from A to
itself. What can you say about the matrix and about the digraph presenting
R if

a) R is reflexive; Matrix: all diagonal entries are equal to 1, digraph: for

any point a there is a loop froma to a;

b) R is antisymmetric;Matrix: if 1 & j and the entrym; is equal to1l,
then the symmetrically located entryn;; has to be equal t®, digraph:
there are no two-way connections between di erent nodes;

¢) R issymmetric; Matrix has to be symmetric, i.e. for any pair of indexes
(i, J) we must haven; = my;;, digraph: all existing connections between
di erent nodes are two-way

Exercise 11. Represent each of these relations on A = f1,2,3,4g with a
matrix and with a digraph. Determine if the relation is symmetric, antisym-
metric, and/or reflexive. Explain.

2) £(1,2),(1,3),(1,4).(2,3),(2,4), B, H)g;
b) £(1,2),(1,3),(1,4),(2.1),(2,3),(2.4).(3,1),(3,2), (3,4), (4,1), (4. 2), (4, 3)g;
c) f(2,4),(3,1),(3,2), (3,40



Exercise 12. How many nonzero entries does the matrix representing the
relation R from A =1f1,2,...,1000g to itself have if R is

a) f(a,b): a Dg;

b) f(a,b): a=b 1_a=hb+1g;
c) f(a,b) : a+b=1000g;

d) f(a,b): a+b 1001g.

a). The matrix has ones on and above the main diagonal, the entries which
lie strictly below main diagonal are equal to zero. The total number of
entries in a n  n matrix is equal to n?, the number of the diagonal entries
is n. Therefore, the number of elements strictly above the main diagonal is
(n?2  n)/2. The upper triangular part, including main diagonal, has (n? +
n)/2 = n(n + 1)/2 entries. For our case, we plug n = 1000 and obtain
1001 1000/2 = 500500 entries which are equal to one;

b). The matrix has ones on a diagonal below the main diagonal (for entries
m;; 1) and above the main diagonal (for entries m;;.; ). All other entries are
equal to zero. The number of ones is equal to 2(1000 1) = 1998.

c). This relation is the set f(1,999), (2,998),...,(998, 2), (999, 1)g. It has
999 elements, therefore, the matrix has exactly 999 entries which are equal
to one.

d). The pairs which correspond to the equation a +b = 1001 give us the
fO”OWing identities M1:1000 = 1, Mo.999 = 1, ..., Mgggr = 1, and Mioog1 =
1. This entries lie on the diagonal, connecting the bottom-left and top-
right corners of the matrix. The ones entries, which correspond to the strict
inequality a +b < 1001 lie above this diagonal. Therefore, the number of
ones in the matrix is equal to 500500 ( compare this result with the answer

in a)).
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Exercise 13. Let R; and R, be relations on a set A presented by the
matrices

2 3 2 3
010 010
Mg, =41 115 and Mg, =401 15,
100 111

respectively. Find the matrices which represent relations R; [ R,, R1\ Ry,
R: Ry, and R, R;.

This relations are represented by the matrices Mg, _ Mgr,, M;, * Mg,, Mg,

Mg,, and Mg, Mg,, respectively.

Exercise 14. Let R be a relation on A with jAj = n. Give the definitions
of the reflexive, symmetric, and transitive closures of R. How can you find
the matrices representing each of these closures if the matrix Mg is known?

Exercise 15. Find the reflexive, symmetric, and transitive closures of the
relations in Exercise 11.

Exercise 16. Find the smallest relation containing the relation
R=1(1,2),(1,4),(3,3),(4,1)g

that is

a) both reflexive and transitive;
b) symmetric and transitive;

c) reflexive, symmetric, and transitive.

a). First, we add diagonal elements to obtain the reflexive closure

R, = f(1,1),(1,2),(1,4),(2,2),(3,3),(4,1), (4,40
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Since R is transitive, it solves the problem.

b). First, we find the symmetric closure by adding the pair (2,1), and get
the set

R, = f(1,2),(1,4),(2,1),(3,3),(4,1)g
Since there exist the path 1,2, 1 from 1 to 1, the path 2,1, 2 from 2 to 2, and

the path 4,1,4 from 4 to 4, we add the pairs (1,1), (2,2), and (4,4) to R,
and get the transitive closure of R, as

R = f(1,1),(1,2),(1,4),(2,1),(2,2),(3,3),(4,1), (4,40
Since it is both symmetric and transitive, it is the solution of the problem.

¢). The smallest symmetric and transitive set which contains R is the set R;
in the previous problem. Since it is reflexive, it gives us the solution.
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