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Summary

Free surface 
o ws are of most interest in many engineering or mathematical problems and many methods
have been developed for their numerical resolution in various �elds of the physics or the engineering. In
this work, the volume-of-
uid method is used for the numerical simulation of two-phase free surface 
o ws
involving an incompressible liquid and a compressiblegasand taking into account the surfacetension e�ects.
The incompressible Navier-Stokesequations are assumedto hold in the liquid domain, while the dynamical
e�ects in the ideal gas are disregarded. A time splitting scheme is used together with a two-grids method
for the spacediscretization. An original algorithm is intro duced to track the bubbles of gas trapp ed in the
liquid. Numerical results are presented in the frame of mold �lling and bubbles and droplets 
o ws. Some
theoretical results concerning free boundary problems are also summarized.

1 INTR ODUCTION

Free surface 
o ws appear nowadays in many engineering or mathematical problems. In
the last years, many models and many numerical methods have been developed for the
simulation of free surface
o ws in di�eren t areas.

On one hand, processessuch as casting, injection or mold �lling involve complex free
surface phenomenawith topology changesand turbulence e�ects that can be nowadays
solved numerically using commercial softwares. On the other hand, many processessuch
as ink �lling or vaporization involve the formation of small bubblesor droplets and require
a very accurate approximation of the interfaces.

Complex 
o ws with liquid-gas free surfaceshave already beenconsideredin the litera-
ture. In most of the numerical models [17, 27, 34, 35, 42, 66, 94, 148, 149, 150, 156, 157], it
hasbeenassumedthat the behavior of the liquid-gas mixture wasthat of an incompressible
two-phase
o w. Compressibility e�ects in two-phase
o ws have also been consideredin
[2, 3, 85, 108, 138, 139], while methods mixing an incompressibleliquid and a compressible
gashave beenproposedin [23, 47].

Many numerical methods have beenproposedto solve two-phase
o ws in various frame-
works. Lagrangian methods have been used mainly when the deformation of the liquid
domain is not too large and when this domain does not su�er from topology changes.
Arbitrary-Lagrangian-Eulerian methodsarewidely usedfor instancein 
uid-structure prob-
lems, when the liquid domain slightly changes. In the general case,Eulerian methods are
the most used methods, since they permits to take into account large topology changes
and discontin uities. In Eulerian methods, two classesof methods can be distinguished: the
methods basedon the interface tracking, such as the particles methods or MAC methods
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and the methods basedon the volume tracking. In this last category, the level sets meth-
ods and the volume-of-
uid methods can be cited, seee.g. [4, 74, 83, 130, 132, 145, 163].
Generally two-phase
o w models are computationally expensive, especially in three space
dimensions,since both velocity and pressuremust be computed at each grid point of the
whole liquid-gas domain by solving either incompressibleof compressibleequations.

One of our goalsin this paper is to present a numerical model in three spacedimensions
which allows the velocity �eld to becomputedonly in the incompressibleliquid, but without
neglecting compressibility e�ects of the gasonto the liquid.

The model is as follows. The velocity in the gas is disregardedand the compressibility
e�ects of the gas are taken into account by computing a constant pressure inside each
connectedcomponent of the gas domain. The gas is assumedto be an ideal gas and the
ideal gas law is used to compute the pressure. Given the gas pressureonto the liquid-gas
free surface,a volume-of-
uid method is used to track the liquid domain and to compute
the velocity and pressure�elds in the liquid. Then the connectedcomponents of the gas
domain are found by using an original numbering algorithm. Surface tension e�ects are
also added. Finally, at given time t, the gaspressureis updated from the ideal gas law.

An implicit time splitting algorithm is applied to decoupleall the physical phenomena,
seee.g. [59, 60, 97]. Advection phenomena(including the motion of the volume fraction of
liquid and the prediction of the liquid velocity) are solved �rst. Then, the bubbles of gas
are tracked and the pressureinside each bubble of gasis computed using the ideal gaslaw.
Finally a generalizedStokesproblem is solved in order to update the velocity in the liquid.
Surfacetension e�ects are computed on the liquid-gas interface.

Numerical results in two and three spacedimensions are presented to illustrate the
in
uence of the gason the liquid, as well as that of the surfacetension e�ects.

This paper has various objectives. The �rst goal is to review someof the numerical
methods existing in the literature for the simulation of free boundary problems. Some
methods available in the literature to investigate free surface
o ws problemsare mentioned
here,with special emphasison the Eulerian methods, which are well adapted to mold �lling
problems. This is described in Section 2. The secondgoal is to present our numerical
method to solve free boundary problems. Thus, in Section 3, our model of two-phase
o ws
is proposedand governing equations are given. In Section 4, the time splitting algorithm
is presented and a two-grids method for the spacediscretization is proposedin Section 5.
Finally, numerical results in two and three spacedimensionsare presented in Section 6 in
the frame of mold �lling or bubbles and droplets simulations. A short overview of some
theoretical aspectsof freeboundary problemsand someexistenceresults are alsomentioned
in Appendix A.

2 STATE OF THE AR T

2.1 Various Mo dels

Numerical methods for solving free surface problems are nowadays of great importance
in many engineeringapplications. But, historically, mathematical works concerning free
boundary problems have begun around 1800 with Lagrange and, then, with the works of
Stokes and St Venant. From this time, free boundaries problems have grown in various
directions, both for mathematical investigations and for numerical issues.

Free boundaries are very frequent in many di�eren t domains of the physics or engi-
neering. Problems with free surfacesappear in 
uid-structure interactions [41, 64], blood

o ws in moving arteries [121, 159], immiscible multi-
uids problems [81, 94, 153], motion
of glaciers[117], viscoelastic 
o ws [15, 128, 136], mold �lling [34, 86, 92, 100, 133], bubbles
and droplets simulations [120, 126, 165, 166], simulations for the (famous) America's cup
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[114] and many other domains. All these free surface problems come from various �elds
and then have various characteristics which will require di�eren t numerical techniques. A
large number of methods have beenintroduced in the past thirt y yearsand many of them
are reminded in the following. Neverthelessthe �eld of free boundary problems is so broad
that methods are still emergingat a frequent pace.

From the numerical point of view, methods are aiming nowadays at a better accuracy,
specially around the free surface, to describe e�cien tly the interface betweenboth media.
Another issueis obviously the computational cost of all thesemethods, sinceindustrial com-
putations are becomingvery demanding. Also the mathematical analysisof free boundary
problems still remains prett y much complicated, due to the deepnonlinear nature of these
problems. Mathematical results are then di�cult to obtain in the general cases.Someof
the current works will be discussedin Appendix A.

In the following, we focus mainly on two-phase free surface 
o ws. Without loss of
generality, a liquid and a gas are assumedto be enclosedin a bounded cavit y denoted
by �. In mold �lling problems, large modi�cations in the topology of the liquid domain
and complex geometriesmay be expected as well as large Reynoldsnumbersand turbulent

o ws. But, on the other hand, in 
uid-structure problemsor when dealing with the motion
of glaciers, the deformations may usually be small and do not induce any breakup of the
domain. In both casesit is very important to have a very accurate approximation of the
position of the interfacebetweenthe liquid and the gas,in particular for the approximation
of the surfacetension e�ects or others physical forcesapplied at the interface. Nevertheless
the di�eren t natures of the physical problemsclearly suggestdi�eren t resolution methods.

In most of the numerical methods, both media are generally assumedto be either
incompressible,asin [7, 13, 148, 150] for instance,or compressible,see[1, 2, 3, 85, 138, 139].
In the incompressiblecase,the velocity v and pressurep satisfy the incompressibleNavier-
Stokesequations in the whole liquid-gas domain and for all times in a given time interval,
that is:

�
@v
@t

+ � (v � r )v � 2div (� D (v)) + r p = f ;

div v = 0;

where D (v) =
1
2

(r v + r v T ) is the rate of deformation tensor, � the constant density and

f the external forces. The viscosity is denoted by � . In the compressiblecase,the velocity
v , the pressurep and the total energy per unit volume E satisfy the compressibleEuler
equations in the whole liquid-gas domain:

@�
@t

+ div (� v ) = 0;

@� v
@t

+ div (� vv ) + r p = 0;

@E
@t

+ div (v(E + p)) = 0;

wherethe density is denotedagain by � , but is variable. This approach permits to solve the
sameequations in the whole domain but with di�eren t physical quantities in each phase.
Various relations may be enforced at the interface. The density and the pressuremay
be discontin uous at the interface and contin uit y relations for the velocity or the normal
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component of the velocity may be enforced. Initial and boundary conditions are added to
obtain a well-posedproblem.

Even if they are lessfrequent, methods mixing an incompressibleliquid and a compress-
ible gashave also beenconsideredin the literature. For instance, a two-dimensionalmodel
involving incompressibleliquid and compressiblegashas beenpresented in [23] where the
pressureand normal velocity are imposed to be contin uous acrossthe interface (without
surface tension). In [47], a one-dimensionalmodel for a liquid drop surrounded by high
speed gas is investigated. The Navier-Stokes equations are satis�ed in the incompressible
liquid, while the Euler equations are satis�ed in the compressiblegas and chemical reac-
tions inside the gas are taken into account. However such models are expensive from a
computational point of view sincea whole set of equationsis solved in the whole liquid-gas
domain and a particular attention is required around the interface.

In the next sections, various methods are enumerated for the resolution of two-phase
free surface
o ws, independently of the compressible/incompressiblenature of the media.

2.2 Various Metho ds

Several numerical proceduresmay be used for solving free surface 
o ws, especially to de-
scribe with accuracy the motion of the free surface. Two classesof methodologies can
basically be distinguished: the Lagrangian methods and the Eulerian methods. The La-
grangian methods are basedon the displacement of a system of coordinates at each point
of the free surfaceto track the displacement of the interface betweenthe two phases,while
the Eulerian methods introduce a new variable in the model, denoted here by ' , to track
the presenceor not of one of the two phasesin the whole domain, seeFigure 1.

moving mesh

interface

�xed mesh

reconstruction of the interface

' = 0

' = 1

Figure 1. Two categories of models for the tracking of the free surface. Left:
Lagrangian methods, right: Eulerian methods

Nowadays the methods proposed in the literature are di�cult to put in one class or
the other, since most of them are a mixed compromise to use the advantages of several
approaches. Nevertheless,somevery common methods and recent developments are high-
lighted in the following. The reader may also refer to [75, 86, 132] for reviews of various
techniques.

In this section, all the methods are not treated with the sameemphasis.Someaspects



Numerical Simulation of Tw o-Phase Free Surface Flows 169

of the numerical simulation of free surface
o ws are discussed,in particular in the Eulerian
framework, while others, such as Lagrangian methods, are only sketched. Other aspects,
such as boundary integral methods or phase-�eld methods have beenomitted. Note �nally
that the content of this review re
ects only the point of view of the author on the current
state of the art.

2.3 Lagrangian Metho ds

Lagrangian methods, described for instancein [68, 69, 78], include alsofront-tracking meth-
ods [57, 65] or Arbitr ary-Lagrangian-Eulerian (ALE) methods [76, 104, 151]. A review of
Lagrangian techniques may also be found for instance in [48, 87]. They are mainly used if
the displacement of the liquid domain is small, for examplein 
uid-structure interactions or
small amplitude waves,so that a systemof coordinates may be attached to each grid point
lying on the interface without su�ering from large distortions, stretching or even breaksof
the interface and changesof topology of one of the domains.

In Lagrangian techniques,every point of the liquid domain (i.e. every particle of liquid)
is moved with the liquid velocity. The new position of the interface implies that the whole
liquid domain is stretched. Then both liquid and gas domains are remeshedat each time
step to take into account the displacement of the interface. If the deformation of the liquid
domain is large, for instancefor high Reynoldsnumbersor for 
o ws moving in cavities with
complex topological shapes, the remeshingof both domains can be di�cult and leads to
possibly degeneratedelements of the mesh. An example of stretching 
o w is illustrated in
Figure 2 for the caseof a breaking wave. Distortion may then lead to a consequent lossof
accuracyand even a breakup of the simulation when the connectivity rules of the meshare
no longer valid.

Figure 2. Lagrangian methods and moving meshes:between two time steps, the
mesh in the liquid domain may be stretched until degeneracy.

On the other hand, such moving-meshmethods may o�er a very good approximation of
the interface. The imposition of forceson the boundary is accurate since the meshalways
coincideswith the approximation of the physical interface. For instance, the imposition of
the surfacetension forces is more accurate when the real physical interface coincideswith
the numerical approximation of the interface on the mesh.

This method hasthe main advantage to follow exactly the liquid domain and its bound-
ary without any changesin the physical model. The interface is then approximated by
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a piecewiselinear curve determined by the size of the mesh and the accuracy on the nu-
merical approximation of the liquid domain boundary dependsthen only on the meshsize.
Boundary conditions may be enforcedeasily at the grid points lying on the boundary.

Unfortunately, problems may be encountered when the deformation of the domains is
largesincethe elements of the meshmay degenerate.This requiresa total or partial remesh-
ing of the domain (rezoning) and that procedure can be computationally very expensive.
Moreover the method cannot deal with changesof topology of the liquid domain (and hence
of the triangulation), without a complete re-meshingof the domain, for instance when the
liquid breaksinto several connectedcomponents or when two liquid fronts meet each other.
This drawback is crucial when dealing with mold �lling problems.

2.4 Arbitrary Lagrangian Eulerian Metho ds

Also in order to deal with small deformations, the Arbitr ary Lagrangian Eulerian method
has been introduced in [73] and developed since the beginning of the eighties [77]. Fluid-
structure interactions are consideredfor instance, seee.g. [49, 54]. Structure dynamics are
typically described in a Lagrangian frame of reference,while 
uid equationscan be written
in Eulerian coordinates. The moving domain is denoted by 
 t and given by the structure
dynamics. It is mapped at each time t into a referencedomain, denoted by 
 0, by an
arbitrary mapping

A t : 
 0 ! 
 t ; where x = A(� ; t); � 2 
 0: (2.1)

Introducing the notion of domain velocity w =
@A t

@t
(also called mesh velocity), a generic

advection equation or conservation law in the moving frame of reference,for instance

@u
@t

+ r x F (u) = 0; (2.2)

de�ned on 
 t , can be written under an ALE form, that is

@u
@t

�
�
�
�
�

� w r x u + r x F (u) = 0 (2.3)

thanks to the relation

@u
@t

�
�
�
�
�

=
@u
@t

�
�
�
�
x

+ wr x u: (2.4)

The equations are then written on a �xed referencedomain. The large deformations of
the moving domain are not taken completely into account and only a subsetof the points
lying on the boundary of the liquid domain are moving. The meshvelocity is then given by
the domain velocity and is distinguished from the motion of the liquid particles. A careful
choice of this velocity may prevent the elements of the mesh to becomesingular. On the
other hand, the governing equationsare modi�ed sincerewritten in the referenceframe and
an advection term (2.4) is added to counterbalance this mapping. Figure 3 illustrates the
ALE method in the caseof 
uid-structure problems; the moving domain permits to take
into account the 
exibilit y of the structure of the artery without following every particle of
liquid going through the sectionof it. The thicknessof the artery variesbut the in
o w and
out
o w sectionsare �xed.

ALE methods are widely used in the modeling of blood 
o ws [49, 55, 159] or motions
of glacier [117], i.e. for problems with small or slow deformation. In these cases,the
triangulation is stretched and modi�ed with its own velocity, independently of the velocity
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Figure 3. Arbitrary Lagrangian Eulerian methods. In full line: deformed domain,
in dashed line: referencedomain.

of the liquid. For instance, in [117], the meshis moved at each time step to be adjusted to
the height of the glacier, but the projection of the meshon the horizontal baseon which the
ice is lying is unchanged. Again changesof topology of the liquid domain cannot be dealt
with, but must be avoided by restraining the computation on a certain part of the domain.

ALE schemeshave beenwidely usedfor compressible
uid dynamicsand aero-elasticity.
Numerical instabilities and oscillations were noted due to computational errors on some
geometric quantities. For this reason,many stabilit y analysis have been investigated, see
for instance [14, 49] and the ALE method has been linked to the so-calledgeometric con-
servation laws, see[45] for instance, which expresstheoretical conditions for the stabilit y
of the method.

For ALE methods applied to compressible
o ws, one can refer to [140]. The coupling
of free surface
o ws with Maxwell equationsmay be found in [54], where the ALE method
is used to describe the surface of the 
uid in an aluminum cell during the production of
aluminum. This magneto-hydrodynamic problem providesnumerousdi�culties such asthe
computation of the surfacetensione�ects or the formation of bubblesof gasin the aluminum
bath (seealso [84, 131] for this last part). Notice �nally that a space-timeGalerkin method
hasbeenintroducedin [102], which is a generalizationof both the Lagrangian and the ALE
approaches.

Nevertheless,the moving-meshmethods are not very well-�tted to mold �lling problems
mainly becauseof the many possiblechangesof topology of the liquid domain during the
�lling of a cavit y. Then Eulerian approachesare preferred, but beforedescribing them, let
us say a few words about mesh-freemethods called particles methods.

2.5 Particles Metho ds

The particles methods are mesh-freemethods to track the motion of the liquid domain.
The �rst occurrenceof these methods is the particle in cell method (PIC) introduced in
the sixties [70]. Then the front-tracking methods (or surface tracking methods in two
dimensions, seefor instance [91, 155]) have been derived from the original PIC method.
They aim at capturing the interface between the two media by using mass-freeparticles
which are moving with the liquid velocity, independently of any mesh. The volume markers
and the surfacemarkers have to be distinguished here. The �rst classintroducesmarkers
in the whole liquid domain, while the secondone introducesmarkers only on the interface
betweenthe liquid and the gas,as illustrated in Figure 4.

The volume markersmethod hasbeeninitiated in the sixties [71]. Mass-freeparticles in
the whole liquid domain are transported with the liquid velocity and track the presenceor
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not of liquid in each cell of the triangulation, seeFigure 4 (left). The position x j of every
marker j satis�es a Lagrangian equation:

dx j

dt
= v(x j );

wherev is the liquid velocity. A cell �lled with volume markers is a liquid cell, while an cell
empty of markers belongsto the gasdomain. The most famousvolume markers method is
the markers and cells (MA C) method [71]. Several other methods have beeninspired from
the MAC method, see[105] for a review.

Figure 4. Mark ers methods. Left: markers method, the liquid domain is given
by masslessparticles; right: surface markers: masslessparticles are
transported only on the free surface.

On the other side, surface markers methods have been introduced, see for instance
[87, 132]. In order to describe the position of the domain at each time, thesemethods focus
on the description of the interface between the two media. The interface is de�ned by a
set of points (or particles) embeddedwithin the computational grid and only thesemarkers
lying on the interface are tracked, seeFigure 4 (right). Examples may be found in [5, 28].

In [120], the surfacemarkersare coupledwith an accuratereconstruction of the interface
with emphasison the computation of surfacetension forces. For instance, the coupling of
markersand micro-cell method with rigid bodieshasbeendonein [11] for the simulation of
Tsunami phenomenaand the coupling with k � " turbulence models may be found in [164].

Notice that thesemethods to track the interfaceare generally conjugated with Eulerian
methods, for instance volume-of-
uid methods, to have a more accurate approximations of
the interface, seee.g. [17, 18, 82, 83]. Repetitions of merging and breakup of the liquid
domain are highlighted in [137]. In particular, the coupling betweenparticles and Eulerian
methods permits to capture details of the liquid front on scales�ner than the size of the
�xed mesh,while keepingthe advantagesof the Eulerian approaches(seebelow). Markers
have been also thoroughly studied in [57, 65]. More recently an higher order method has
even beenproposedin [58]. In general,surfacemarkersare more usedthan volume markers
sincethey allow to track exactly the location of the interface with a smaller computational
cost.

On the other hand, Eulerian methods introduce an additional unknown in the whole
cavit y in order to track the presenceof liquid or gas. An additional equation for this addi-
tional unknown is introduced in order to guarantee the well-posednessof the problem. The
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pseudo-concentration methods, seee.g. [35, 42, 93, 106, 152, 156], the level setsmethods,
see[27, 34, 111, 112, 147], or the volume-of-
uid (VOF) methods, see[74, 101, 130, 163],
are the most-usedEulerian methods and are described in the following sections.

Let us introduce here some notations. Let T > 0 denote a �nite time. The liquid
domain 
 t , t 2 (0; T), is assumedto be contained in a bounded cavit y �. The gasdomain
is de�ned by � n�
 t and the liquid-gas interface is denotedby � t . The velocity and pressure
are denotedby v and p. The additional unknown usedto track the presenceor not of liquid
is de�ned on � � (0; T) and is called ' .

2.6 Lev el Sets Metho ds

In the level setsmethods, the freeboundary is de�ned by the level line of a smooth function
' , i.e.

� t = @
 t = f x : ' (x ; t) = 0g; t 2 (0; T);

seeFigure 5 for an illustration.


 t � t

' = 0

' = 1' = 2

' = � 1

Figure 5. Level setsmethods. The interface betweenthe liquid and the gas is the
zero level line of the function ' . The level lines corresponding to the
negative values of ' are in the gas domain.

The level set function is assumedto be positive in the liquid, negative in the gasand at
least twice contin uously di�eren tiable. Therefore this function satis�es:

' (x ; t) =

8
<

:

> 0; if x 2 
 t
< 0; if x =2 �
 t
= 0; if x 2 @
 t = � t

The motion is analyzedby advecting the valuesof ' with velocity �eld v , i.e. the variable
' satis�es

@'
@t

+ v � r ' = 0: (2.5)

This equation is deducted from the assumption that each particle of liquid moves with
the liquid velocity along the characteristic curves. In the level sets approach, (2.5) is

transformed by setting v N = v
r '

jjr ' jj
to obtain an Hamilton-Jacobi equation:
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@'
@t

+ vN jjr ' jj = 0: (2.6)

The quantit y vN denotesthe normal velocity along the gradient of ' . The resolution of
this equation, seefor instance [8, 63, 79] needsonly the normal component of the velocity
in a neighborhood of the interface.

The numerical resolution of the Hamilton-Jacobi equation is a real challenge for com-
putational mathematics, particularly to obtain stable numerical solutions. Many numerical
algorithms to solve (2.6) can be found in the literature, especially high order algorithms.
The ENO (essentially non-oscillatory) initially introduced by [113] and followed by the
WENO (weighted essentially non-oscillatory) schemes, see for instance [37, 79], are the
most-used algorithms in the level sets communit y. They are based on high order �nite
di�erences approximations of each of the derivativesappearing in (2.6).

The resolution of the stationary Hamilton-Jacobi is also studied since it is naturally
obtained with a time discretization of (2.6). Notice that the stationary case is closely
related to the Eikonal equation; it consistsin �nding v satisfying

jjr v (x)jj = F (x); x 2 
 ; (2.7)

with corresponding Dirichlet boundary conditions. In [135], numerical methods to solve
(2.7) called fast marching methods are extensively reviewed in the framework of the level
sets approach. These methods are based on upwind schemes and yield consistent and
accurate algorithms, but they are designedfor problems in which the speedfunction never
changessign, so that the front is always moving forward or backward.

A well-known drawback of the level sets approach is the degeneration of ' . When the
gradient of ' vanishesin the neighborhood of the freesurface,that is the function ' becomes

at, the accuracy on the approximation of the interface decreasesdramatically. Then the
function may be rescaled,see[115] for instance, so that it remains a distance function, i.e.
the additional function ' (x; t) represents the distance between a point x of the domain
and the interface at each time step. Several techniques to re-build a function with such
properties may be found in the literature, seefor instance [38, 63]. In most of the cases,
the stretched level setsfunction is updated when the distortion is too large and reinitialized
with a distance function.

Notice that, with the level sets approach, the conservation of the massof liquid is not
automatically guaranteed, specially when ' is arti�cially rescaled.

The level sets method is widely used in the scienti�c communit y. In [29], the level
setsmethod is usedand the �nite element spaceis enriched with additional basisfunctions
around the interfaceto take into account the discontin uities appearing near the freesurface.
Curvature-driven 
o ws are treated with a level setsmethod in [30], while the computation
of dendritic growth (which is usually treated with phase�eld methods) is investigatedwith
the level setsapproach in [56]. In this latter case,the temperature and normal velocity of
the interface are modeled, while the level sets are used to compute the normal vector and
curvature of the interface. Due to the sharp interface,emphasisis laid on the reinitialization
of the level setsfunction to keepa distance function. In [110], the level setsmethod is used
for the simulation of optical waveswith re
ections.

As a compromise between level sets methods and interface tracking methods, [154]
introducesa method calledsegment projection method which splits the interfaceinto several
segments and moveseach of them independently.

In [37], the level setsmethod is used to track the free surfacein a parallelized Navier-
Stokessolver with free surfaces.The parallelization is basedon classicaldomain decompo-
sition method and madewith MPI. Note �nally that the regularity of the level setsfunction
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allows the level setsmethod to be usedfor digital imaging problems,seein particular [112],
becauseof its abilit y to compute the motion of smooth surfaces.

2.7 Pseudo-Concen trations Metho ds

In the pseudo-concentration method, the free boundary is also de�ned by a level set of a
smooth function in the neighborhood of the interface. Generally, the pseudo-concentration
function has one �xed value in one media and another in the other media and is smoothed
in a neighborhood of the interface. For instance, a contin uous regularization may be:

' (x ; t) =

8
<

:


 ; if d(x) > 

� 
 ; if d(x) < � 

d(x) if jd(x)j < 


; (2.8)

where d(x) is the signed distance between x and the interface and 
 is a �xed threshold.
Various de�nitions of pseudo-concentration functions may be found in [35, 152, 156]. By
opposition to the level setsmethod, this tracking function generally satis�es the advection
equation (2.5), seee.g. [106]. This formulation is easily compatible with geometric consid-
erations, seee.g. [25] when the pseudo-concentration function is nothing else than (2.8).

In both the level sets methods and the pseudo-concentration methods, ' is smooth
around the interface. This is useful for instance for the computation of the surfacetension
e�ects, sincethe normal vector n and the curvature � of the interface may be expressedby

n = �
r '

jjr ' jj
; � (x ; t) = �r �

r '
jj r ' jj

; (2.9)

seefor instance [112, 134]. Notice that, for mold �lling processes,the e�ects of surface
tension can generally be neglectedsince the Capillary number is much smaller than the
Reynolds number. If this is not the case, surface tension e�ects becomedominant, for
instance in bubbly 
o ws [65, 80] and viscoelastic 
o ws [128, 136].

2.8 Volume-of-Fluid Metho ds

In the volume-of-
uid method (VOF), the 
uid domain is tracked by its characteristic
function, that is

' (x ; t) =
�

1; if x 2 
 t ;
0; else. (2.10)

This function jumps over the interface. In most of the VOF methods, it satis�es the
advection equation (2.5), seefor instance [88, 129, 130]. The mass of 
uid is rigorously
conserved as long as the numerical scheme is a discrete form of a conservative advection
equation. For this reason,the volume-of-
uid method is alsocalledvolumetrackingmethod,
sinceit is able to capture rather than follow the volume of liquid or its interface. Moreover,
like the level sets methods, the VOF method implicitly takes into account the possible
changesof topology of the liquid domain. Finally, the extensionfrom two spacedimensions
to the three-dimensionalcaseis straightforward.

On the other hand, the computation of the curvature for instance is di�cult since it
involvesthe derivativesat the interfaceof the non-smooth function ' . Methods arespecially
dedicated to the improvement of the VOF method for the computation of the surface
tension terms. Most of the techniques tend to regularize the volume fraction of liquid in
order to estimate its derivatives. In [16, 20], the smoothing of the volume fraction of liquid
with di�eren t kernel functions is discussed. In [38], three approaches are compared: the
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smoothing with kernel functions, the interpolation of the interface with a height function
and an estimation via the reconstruction of a distance function, similar to the level sets
approach. Most of the time, an accurate reconstruction of the interface is needed,as we
will also seelater on.

Keeping in mind that our interest is in mold �lling problems,the volume-of-
uid method
permits to track the changesin the topology of the domain, seee.g. [66, 83], while conserving
the massof liquid injected in the mold.

Naturally , many methods have been developed from the volume-of-
uid method and
numerous examplesof volume-of-
uid methods may be found in the literature. In [124],
the caseof two immiscible incompressibleliquids is discussed,with emphasiswhen the two
liquids are moving past each other to form �ngers or instabilities. The coupling of the
interface tracking with averagedequations over the two phasesis discussedin [26]. The
volume-of-
uid method may also be mixed with somefront tracking methods to obtain a
more accurate approximation of the interface, seefor instance [106].

The mixing of VOF and level setsmethods is useful to conjugate the advantagesof both
methods, seee.g. [149, 157, 158]. It permits to conservethe massof liquid and keepa smooth
approximation around the interface, but needsa method to let both approximated function
communicate. In [157, 158], a level setsfunction is reconstructedfrom the advectedvolume
fraction of liquid with a one-to-onerelation. In [149], the axisymmetric caseis treated and
the one-to-one mapping between the level sets function ' and the volume of the liquid
domain F is the natural mapping

F (C; t) =
1

jCj

Z

C
H (' (x; t))dx;

whereC denotesany subdomain of � (for instancea cell of somemesh),H is the Heavyside
function (H (y) = 1 if y > 0 and 0 elsewhere)and jCj is the volume of the domain C.

2.9 Reconstruction of the In terface

The question of the reconstruction of the interface from the valuesof the volume fraction
of liquid is of great interest, especially for VOF methods. In general, the advection of the
characteristic function introducesnumerical di�usion on the chosenmesh,seeFigure 6.
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Figure 6. Volume-of-Fluid method: Numerical di�usion of the volume fraction of
liquid for a simple caseof the advection of ' without any reconstruction
of the interface.

The numerical di�usion inducesa signi�cant lossof accuracy around the interface and
then somegeometry-basedtechniques have beeninvestigated to obtain a more preciseap-
proximation. The most simple algorithm to reduce the numerical di�usion is the SLIC
algorithm (Simple Line Interface Calculation), developed �rst in [109] and then adapted to
the combustion problems in [31]. If a structured grid of small cells is considered,the value
of the volumefraction of liquid in onecell is strictly betweenzeroand onein a neighborhood
of the interface. In order to avoid the di�usion of the front, the SLIC algorithm reconstructs
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Figure 7. Volume-of-Fluid method: Numerical di�usion of the volume fraction of
liquid for a simple caseof the advection of ' with SLIC method.

the liquid front by de�ning simples lines inside the cells, as illustrated in Figure 7. These
straight lines are parallel to oneof the coordinate directions and their direction and position
are deducedfrom the valuesof the volume fraction of liquid in the cells in a certain neigh-
borhood of the cell considered,seee.g. [74, 98]. For instance in [98, 99], only the valuesof
' in the adjacent cells may be used to de�ne the straight line crossingone cell. The main
disadvantage is that the SLIC algorithm is only a �rst order algorithm with respect to the
meshsize.

The PLIC algorithm (Piecewiselinear interface calculation) is also geometric in nature
and hasbeenintroducedto increasethe order of convergenceof SLIC for the reconstruction
algorithm of the interface,see[4, 39, 130, 132] and referencestherein. The PLIC methodsare
secondorder algorithms. The principle is the following: insteadof constructing the interface
by simple lines only along the coordinates directions, all the directions are allowed for one
line in one cell. The interface is not de�ned by a chain of joined piecewiselinear segments,
but rather by a discontin uous chain of segments, with asymptotic small discontin uities,
seeFigure 8. The method works well when the curvature of the interface is small with
respect to the meshsizeand stays robust when the curvature is large comparedto the size
of the mesh. The key point in the algorithm is the determination of the direction of each
segment of the reconstructed interface, which corresponds basically to the characterization
of its normal vector. Again the values of the volume fraction of liquid in the cells in a
neighborhood are taken into account (seefor instance [132] for an example). High order
reconstruction algorithms are currently developed, seefor instance [40] for the coupling of
interface tracking with �nite volumes/�nite di�erences schemes.

Others reconstructions of the interface are also detailed in the literature. For instance,
the aim of the methodspresented in [120, 127] is to increasethe accuracyon the computation
of the curvature; in [127], the interface is reconstructed locally with a smooth parabolic
function, result of a least-squaresminimization. This method givesparticular good results in
terms of spuriouscurrents, which areparasitic velocities inducedby the numerical algorithm
(seealso Section 6). Such a reconstruction of the interface has been recently extended to
viscoelastic 
o ws [128], since surface tension is very relevant for such phenomena,and to
droplets fragmentation [125]. In [120] cubic polynomials are used to interpolate smoothly
locally the interface and the computation of surfacetension e�ects is highlighted.
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Figure 8. Volume-of-Fluid method: reconstruction of the interface with SLIC and
PLIC algorithms. Left: the SLIC algorithm reconstructs the interface
as a set of horizontal or vertical segments. Right: the PLIC algorithm
allows the segments to be oriented indi�eren tly . In both cases, the
reconstructed interface is piecewiselinear and discontin uous.

2.10 Other Metho ds

Many other methods exist in the literature for the simulation of two-phase
o ws. Three of
them are mentioned here. The �rst classof methods we want to mention is the immersed
boundary methods, originally developed in [116] for cardiovascular 
o ws. In this approach,
the incompressible/compressibleequationsare solved in the whole domain in Eulerian vari-
ables,while a Lagrangian point of view is used for the simulation of an embedded
exible
structure. The points located on the 
exible structure are assumedto move along the char-
acteristics. Several examplesmay be found in [13, 36, 51, 52, 90] for instance. Let us also
mention the ghost-
uid method, seee.g. [23, 46]. This method aims to increasethe accu-
racy around the interface by introducing auxiliary cells, called ghost cells on each side of
the interface. A Riemann solver is usedto take into account the discontin uities around the
free surface. Finally, the �ctitious domain methods, seefor instance [61, 62, 131], permits
to model the motion of bodies in an incompressible
o w. The rigid or deformable bodies
are �lled with liquid but their motion is imposed via a Lagrange multiplier. Finally, in
[131], the �ctitious domain method is usedfor the simulation of incompressiblebubbles of
air, immersedin a liquid.

In this article, the model involves an incompressibleliquid and a compressiblegas, as
it can be the casein mold �lling problems. Given that we are interested in problems with
changesof topology, an Eulerian method has beenchosenand the useof the characteristic
function of the liquid domain allows us to conserve a priori the mass of liquid. In the
remaining part of this paper, our method for the numerical simulation of freesurface
o ws is
proposedand its abilit y to solvevarious freesurfaceproblemsis demonstratedvia numerical
results.

3 MA THEMA TICAL MODEL

3.1 Governing Equations in the Liquid

The model presented in this section is extracted from [19, 20, 21]. Let � be a cavit y of
Rd, d = 2; 3 in which the 
uid must be con�ned, and let T > 0 be the �nal time of
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Figure 9. Computational domain for the �lling of an S-shaped channel. At initial
time, the channel � is empty. Then water enters from the bottom and
�lls the channel.

simulation. For any given time t, let 
 t be the domain occupied by the 
uid, let � t be the
free surfacede�ned by @
 tn@� and let QT be the space-timedomain containing the liquid,
i.e. QT = f (x; t) : x 2 
 t ; 0 < t < Tg.

Someof the notations are reported in Figure 9 in the frame of a two-dimensional sit-
uation, namely the �lling of an S-shaped channel. This situation corresponds to water
entering a thin S-shaped channel lying between two horizontal planes thus gravit y can be
neglected. A valve is located at the end of the channel so that gasmay escape.

In the liquid region, the velocity �eld v : QT ! Rd and the pressure�eld p : QT ! R
are assumedto satisfy the time-dependent, incompressibleNavier-Stokesequations, that is

�
@v
@t

+ � (v � r )v � 2div (� D (v)) + r p = f in QT ; (3.1)

div v = 0 in QT : (3.2)

Here D (v) =
1
2

(r v + r v T ) is the rate of deformation tensor, � the constant density and f

the external forces. In order to take into account turbulence e�ects, a simpli�ed algebraic
model is chosen[146]. The viscosity � is de�ned by � = � L + � T , where � L is the laminar,
constant, viscosity and � T = � T (v ) is the additional turbulent viscosity, de�ned by

� T (v ) = � T �
p

2D (v) : D (v) (3.3)

where� T is a parameter to bechosen,seeSection6.3below. The useof a turbulent viscosity
is unavoidable in order to obtain numerical results that comparewell to experiments, since
large Reynolds numbers and thin boundary layers are involved. However, the goal of this
work not being to discussthe in
uence of the turbulence model, a simple model is chosen
here.

Let ' : � � (0; T) ! R be the characteristic function of the liquid domain QT . The
function ' equalsoneif liquid is present, zeroif it is not. In order to describe the kinematics
of the free surface,' must satisfy (in a weak sense):
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@'
@t

+ v � r ' = 0 in QT : (3.4)

The initial conditions are the following. At initial time, the characteristic function of the
liquid domain ' is given, which de�nes the liquid region at initial time:


 0 = f x 2 � : ' (x; 0) = 1g :

The initial velocity �eld v is then prescribed in 
 0.
The boundary conditions for the velocity �eld are the following. On the boundary of the

liquid region being in contact with the walls (that is to say the boundary of �, seeFigure 9),
in
o w, slip or Signorini boundary conditions are enforced,see[98, 99]. The reasonfor using
slip instead of noslip boundary conditions along the walls is due to the fact that, sincelarge
Reynoldsnumbersare involved, noslip boundary conditions would induce strong boundary
layers along the walls, which would require �ne layered meshes.

On the free surface � t , tangential and capillary forces are neglectedhere, so that the
forces acting on the free surface are the normal forces due to the gas pressureand the
normal forces due to the surface tension e�ects. At given time t, let � (x; t) be the local
curvature of the interface � t at point x. The following equilibrium relation is then satis�ed
on the liquid-gas interface:

� pn + 2� D (v)n = � Pn + � � n on � t ; t 2 (0; T) ; (3.5)

where n is the unit normal of the liquid-gas free surfaceoriented toward the gas, P is the
pressurein the gas, � is the local curvature (or mean curvature in the three-dimensional
case)of the interface and � is a constant surfacetension coe�cien t which dependson both
media on each sideof the interface (namely the liquid and the gas). The continuum surface
force (CSF) model (seee.g. [16, 43, 53, 130, 162]) is consideredfor the modeling of surface
tension e�ects. By de�nition, the curvature � (x; t) is supposedto be negative if the center
of the osculating circle of the interface at point x is on the liquid side of the interface (see
for instance [32] for a similar convention). Note that the dynamical e�ects inside the gas
domain are neglected.

For example,considerthe situation of Figure 10, namely the �lling of a two-dimensional
S-shaped cavit y (the numerical experiment is described in Section 6). When the cavit y is
being �lled with liquid, the gasbetweenthe valve and the liquid can escape, thus P = Patmo
is the atmosphericpressureon the upper part of the liquid-gas interface. However, a fraction
of gas is trapped by the liquid and cannot escape. A resulting force acts on the liquid-gas
interface which prevents the bubbles from vanishing during experiment. The contribution
to the normal force which comesfrom the surfacetension e�ects and is also exerted on the
whole liquid-gas interface.

3.2 Governing Equations in the Gas

Consider again the caseof Figure 10. Somegas is trapped by the 
uid and is compressed.
In our model, the velocity in the gas is disregarded,sincemodeling the gasvelocity would
require solving the Euler compressibleequations,which is CPU time expensive.

The pressureP in the gas is assumedto be constant in each bubble of gas, that is to
say in each connectedcomponent of the gas domain. Let k(t) be the number of bubbles
of gas at time t and let B i (t) denote the domain occupied by the bubble number i (the
i -th connectedcomponent). Let Pi (t) be the pressurein B i (t). The pressurein the gas
P : � n
 t ! R is then de�ned by:

P(x; t) = Pi (t); if x 2 B i (t) :
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Figure 10. Filling of a S-shaped cavit y. The gas in the upper part of the cavit y is
free to escape through the valve. The gas trapp ed by the liquid may
exert a force on the liquid. Surface tension forces are exerted on the
liquid-gas interface for each bubble of gas.

Moreover, the gasis assumedto be an ideal gas. Let Vi (t) be the volume of B i (t). At initial
time, all the gas bubbles have given pressure. At time t, the pressurein each bubble is
computed by using the ideal gas law:

Pi (t)Vi (t) = constant i = 1; : : : ; k(t) ; (3.6)

with constant temperature. It is assumedin the following that the total fraction number
of moleculesinside the set of bubbles which are not in contact with a valve, seeFigure 10,
is conserved between two time steps. Notice that this total fraction number of molecules
in one bubble is proportional to the product of the pressureof the bubble times its volume
sincethe temperature is assumedto be constant. Thus, the number of moleculesof trapped
gasis conserved betweentime t and t + � .

The caseof a single bubble is �rst discussed.The situation of Figure 11 is considered.
Assumethat the pressureP(t) in the bubble at time t and the volumesV(t) and V(t + � )
are known. The fraction number of moleculesinside the bubble is conserved, so that the
gaspressureat time t + � is computed from the relation

P(t + � )V (t + � ) = P(t)V (t) :

The casewhen bubblesof gasare created is now discussed.The situations of Figures 12
and 13 are considered. In Figure 12, the broken dam problem in a con�ned domain is
described. A water column is kept in the left side of a cavit y by a �ctitious dam. The dam
is removed at time t = 0. At time t, the bubble number 2 is createdwith volume V2(t) and
atmospheric pressurePatmo . If the volume V2(t + � ) of this bubble is known at time t + � ,
then the gaspressureat time t + � is computed from the relation

P2(t + � )V2(t + � ) = P2(t)V2(t) = Patmo V2(t) :

The situation of Figure 13 correspondsto the merging of two bubbles. The pressureat time
t + � is computed by taking into account the conservation of number of moleculesin the
bubbles which yields P1(t + � )V1(t + � ) = P1(t)V1(t) + P2(t)V2(t).
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Figure 11. One single bubble is 
oating in the liquid. The product PV remains
constant betweentime t and time t + � , i.e. P (t + � )V (t + � ) = P (t)V (t).
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Figure 12. Broken dam in a con�ned domain, creation of a bubble. At time t, gas
is trapp ed by the liquid and the pressure equals atmospheric pressure
P1(t ) = Patmo , P2(t ) = Patmo . At time t + � , the pressure in bubble
2 is computed from the relation P2(t + � )V2(t + � ) = P2(t )V2(t ) =
Patmo V2(t ).
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Figure 13. Merging of two bubbles betweentime t and time t + � . The pressurein
bubble 1 at time t + � is computed from the relation P1(t + � )V1(t + � ) =
P1(t )V1(t ) + P2(t )V2(t ).
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Figure 14. Splitting of one bubble into two bubbles. Each molecule in the bubble
number 1 at time t appears in one of the bubbles at time t + � .
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Figure 15. Splitting and merging of bubbles at the sametime. Two bubbles at time
t lead to two other bubbles at time t + � after merging and splitting.

The casewhen one bubble splits into two bubbles is now discussed,seeFigure 14. The
number of moleculesinside the gas domain is conserved between time steps t and t + � ,
that is

P1(t + � )V1(t + � ) + P2(t + � )V2(t + � ) = P1(t)V1(t) :

In this case,if the volumes V1(t + � ); V2(t + � ) and V1(t) are known and if we know the
relative fraction of moleculesin the bubble 1 at time t which is in bubble 1 (respectively
2) at time t + � , the pressuresP1(t + � ) and P2(t + � ) at time t + � can be computed in
two steps. The relative fraction of moleculesin the bubble 1 at time t which is in bubble 1
(respectively 2) at time t + � is �rst determined from the computation of the sub-volumes
of the bubble 1 at the exact time of splitting, i.e. a time between t and t + � . Then the
pressuresP1(t + � ) and P2(t + � ) at time t + � can be computed by taking into account the
agglomeration of the bubbles and the compression/decompressionof each bubble.

In most casesand if the time step � is small enough, one bubble either remains one
bubble as in Figure 11 or may be split into two bubbles, as in Figures 12 or 14, or two
bubbles may mergeinto one, as in Figure 13. Exceptionally, more complex situations may
happen as illustrated for instance in Figure 15. The numerical processingof all thesecases
will be discussedin Section 4.3.

The mathematical description of our model is now completed. The model unknowns are
the characteristic function ' in the whole cavit y, the velocity v and pressurep in the liquid
domain. Additional unknowns are the bubblesof gas,i.e. the connectedcomponents of the
gas domain, the constant pressurePi in each bubble of gas and the curvature � and the
normal vector n on the liquid-gas interface Theseunknowns satisfy equations (3.1), (3.2),
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(3.4) and (3.6) with the boundary condition (3.5) on the free surface� t .

4 TIME SPLITTING SCHEME

An implicit splitting algorithm is proposedto solve (3.1)-(3.5) when the pressurein the gas,
P, is computed with (3.6) and when the surfacetension e�ects are taken into account.

Let 0 = t0 < t1 < t2 < : : : < tN = T be a subdivision of the time interval [0; T], de�ne
� n = tn � tn� 1 the n-th time step, n = 1; 2; : : : ; N , � the largest time step.

Let ' n , vn , 
 n , kn , Pn , B n
i , i = 1; 2; : : : ; kn and � n , nn be approximations of ' , v , 
,

k, P, B i , i = 1; 2; : : : ; k (pleaseremember that k is the number of bubbles in the gas at
given time) and � , n respectively at time tn . Then the approximations ' n+1 , vn+1 , 
 n+1 ,
kn+1 , Pn+1 , B n+1

i , i = 1; 2; : : : ; kn+1 and � n+1 , nn+1 at time tn+1 are computed by means
of an implicit splitting algorithm, as illustrated in Figure 16 for the caseof a rising bubble
of gas in a domain �lled with liquid.

First two advection problems are solved, leading to a prediction of the new velocity
vn+1 =2 together with the new approximation of the characteristic function ' n+1 at time
tn+1 , which allows to determine the new 
uid domain 
 n+1 , the new gasdomain � n�
 n+1

and the new liquid-gas interface � n+1 . Then, the connectedcomponents of gas (bubbles)
B n+1

i , i = 1; : : : ; kn+1 are tracked with a procedure explained in the following and the
pressureP n+1

i in each bubble B n+1
i is computed. Then an approximation of the curvature

� n+1 is obtained on the interface � n+1 together with a normal vector nn+1 . Finally, a
generalizedStokesproblem is solved on 
 n+1 with boundary condition (3.5) on the liquid-
gas interface, Dirichlet, slip or Signorini-type conditions on the boundary of the cavit y �
and the velocity v n+1 and pressurepn+1 in the liquid are obtained.

This time splitting algorithm introducesan additional error on the velocities and pres-
sureswhich is of order O(� 2) at each time step or equivalently of order O(� ) on the whole
simulation, seee.g. [96]. On the other hand, the introduction of this splitting algorithm
permits to decouplethe motion of the free surfacefrom the di�usion step and to solve the
Stokesproblem in a �xed domain. In the light of this remark, let us focus on the di�eren t
stepsof the splitting algorithm in the following.

4.1 Adv ection Step

Solve betweenthe times tn and tn+1 the two advection problems:

@v
@t

+ (v � r )v = 0 ; (4.1)

@'
@t

+ v � r ' = 0 ; (4.2)

with initial conditions given by the values of the functions v and ' at time t n . This step
is solved exactly by the method of characteristics [103, 118, 119, 122, 161] and yields a
prediction of the velocity v n+1 =2 and the approximation of the characteristic function of
the liquid domain ' n+1 at time tn+1 , that is:

vn+1 =2(x + � nvn (x)) = v n (x);

' n+1 (x + � nvn (x)) = ' n (x);

for all x belonging to 
 n . The domain 
 n+1 is then de�ned as the set of points such that
' n equalsone and � n+1 = @
 n+1 n@� is the free surface.
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Figure 16. The splitting algorithm (from left to right, top to bottom). Two ad-
vection problems are solved to determine the new approximation of the
characteristic function ' n +1 , the new liquid domain 
 n +1 and the pre-
dicted velocity v n +1 =2 . Then a constant pressureP n +1

i is computed in
each bubble B n +1

i . The curvature � n +1 and the normal vector nn +1 are
then obtained on the liquid-gas interface. Finally , a generalizedStokes
problem is solved to obtain the velocity v n +1 and the pressure pn +1

in the new liquid domain 
 n +1 , taking into account the pressureP n +1

and curvature � n +1 on the liquid-gas interface.
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4.2 Num bering of the Bubbles of gas

Given the new liquid domain 
 n+1 , the �rst task consistsin �nding the gasbubbles B n+1
i ,

i = 1; : : : ; kn+1 . Then the pressureinside each bubble is computed.
The key point is to �nd the number of bubbles kn+1 (that is to say the number of

connectedcomponents) and the bubblesB n+1
i , i = 1; : : : ; kn+1 . The algorithm for detecting

a connectedcomponent in the gasdomain is the following. At each time step, given a point
P in the gas domain � n
 n+1 , we �rst search for a function u such that � � u = � P in
� n
 n+1 , with u = 0 on 
 n+1 and u contin uous. Since the solution u to this problem is
strictly positive in the connectedcomponent containing point P and vanishesoutside, the
�rst bubble is found. The physical interpretation in two spacedimensionsis the following.
An elastic membrane is placedover the cavit y �, deformation being impossiblein the liquid
domain, a point force being applied at point P.

The above procedure is then repeated to recognizeone connectedcomponent after the
other, seeFigure 17. This procedure is called the numbering algorithm and is detailed
hereafter.

Recall that k(t) is the number of connectedcomponents of the gas domain at time t
and B i (t) is the i -th connectedcomponent (i.e. bubble number i ). Let � (t) be the bubble
numbering function, negative in the liquid region 
 t and equal to i in bubble B i (t). At each
time step the approximations kn+1 , � n+1 , B n+1

i of k(tn+1 ), � (tn+1 ), B i (tn+1 ) are computed
as follows.

The algorithm is initialized by setting the number of bubbles kn+1 to 0. Also, the
function � n+1 is set to 0 in the whole gasdomain � n
 n+1 and to � 1 in the liquid domain

 n+1 . The goal is to assignto each point x in the gas an integer value � n+1 (x) 6= 0, the
so-calledbubblenumber. The algorithm is illustrated in Figure 17 and is the following. Set

� n+1 =
�

x 2 � : � n+1 (x) = 0
	

;

While � n+1 6= ; , do :

1. Choosea point P in � n+1 ;

2. Solve the following problem: Find u : � ! R which satis�es:
8
<

:

� � u = � P ; in � n+1 ;
u = 0; in � n� n+1 ;
[u] = 0; on @� n+1 ;

(4.3)

where � P is Dirac delta function at point P and [u] is the jump of u through
@� n+1 ;

3. Increasethe number of bubbles kn+1 at time tn+1 , kn+1 = kn+1 + 1;

4. De�ne the bubble of gasnumber kn+1 : B n+1
kn +1 =

�
x 2 � n+1 : u(x) 6= 0

	
;

5. Update the bubble numbering function � n+1 (x) = kn+1 , 8x 2 B n+1
kn +1 ;

6. Update � n+1 for the next iteration,

� n+1 =
�

x 2 � : � n+1 (x) = 0
	

:

The cost of this original numbering algorithm is bounded by the cost of solving kn+1

times a Poissonproblem in the gasdomain. In the numerical experiments detailed hereafter
the corresponding CPU time used to solve the Poissonproblems was always lessthan 10
percent of the total CPU time.
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 n+1 (liquid)

� n+1
� P

� n+1 � n+1


 n+1

� n+1

� n+1 = 1

� P
� n+1


 n+1

� n+1� P

� n+1 = 1

� n+1 = 2


 n+1

� n+1 = 1

� n+1 = 2� n+1 = 3

Figure 17. Numbering algorithm of the gas bubbles. Initially the function � n +1

equals zero everywhere in the gas domain. The domain � n +1 cor-
responds to the set of points in the gas region that have no bubble
number (� n +1 (x) = 0, shaded region). At each iteration of the algo-
rithm a point P is chosen in � n +1 . Problem (4.3) is solved and a new
bubble is numbered. Then, domain � n +1 is updated and another point
P 2 � n +1 is chosen. The algorithm stops when � n +1 = ; .
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4.3 Computation of the Pressure in the Gas

Once the connectedcomponents of gasare numbered,an approximation P n+1
i of the pres-

sure in bubble i at time tn+1 is computed following the description of Section 3.2. The
pressureis constant inside each bubble of gasand is computed with the ideal gaslaw (3.6),
except for bubbles in contact with a valve which have atmospheric pressure,seeFigure 10.

In the caseof a single bubble traveling in the liquid, seeFigure 11, the law of ideal gas
yields:

Pn+1 V n+1 = PnV n ;

which meansthat the number of moleculesinside the bubble is conserved betweentime t n

and tn+1 . In the caseof the merging of two bubbles, seeFigure 13, this relation becomes:

Pn+1
1 V n+1

1 = Pn
1 V n

1 + Pn
2 V n

2 ;

which expressagain conservation of the number of moleculesbetweent n and tn+1 . These
are the two simplest situations and more complex pictures can be seenin the frame of free
surface
o ws in complex geometriessincebubbles may mergeand divide at the sametime
and the topology of the gasdomain may change.

The general caseof splitting and merging of bubbles (seeFigures 14, 15) is described
in the following. Let B n

i , Pn
i , V n

i , i = 0; : : : ; kn be the connectedcomponents of gas and
their related pressureand volume at time tn and B n+1

i , Pn+1
i , V n+1

i i = 0; : : : ; kn+1 the
samevariables at time tn+1 . The bubble B n

i may split in di�eren t parts between time tn

and time tn+1 . Each of theseparts contributes to a bubble B n+1
j at time tn+1 . The volume

fraction of bubble B n
i which contributes to bubble B n+1

j is noted V n+1 =2
i;j . The computation

of the pressure is then decomposed in two steps, as illustrated in Figure 18. First the
volume fraction contributions V n+1 =2

i;j are computed. Then the pressurein the bubble B n+1
j

is computed by addition of the contributions of the di�eren t bubbles at time t n :

Pn+1
j =

1

V n+1
j

knX

i =0

Pn
i V n+1 =2

i;j : (4.4)

In practice, the most frequent casesencountered in the simulations are i) a singlebubble
staying alone, seeFigure 11, ii) the merging of two bubbles into one, seeFigure 13, or iii)
the splitting of onebubble into two, seeFigures 12 and 14. However, thesesplitting and/or
merging of bubblesmay happen anywhere in the cavit y, this being the casein the examples
of Section6. The aboveprocedureallows all possiblecasesto beconsideredwhile conserving
the number of gasmoleculestrapped by the liquid.

4.4 Computation of the Curv ature

Then the curvature of the free surface � n+1 and the normal vector nn+1 are computed.
Sincethe characteristic function ' n+1 is not regular, it is �rst molli�ed, see[162], in order
to obtain a smooth function ~' n+1 such that the liquid-gas interface is given by the level line
f x 2 � : ~' n+1 (x) = 1=2g, with ~' n+1 < 1=2 in the gasdomain and ~' n+1 > 1=2 in the liquid
domain. At each time step, the normal vector nn+1 , directed outside the liquid domain
towards the gas domain, is given by the normalized gradient of ~' n+1 and the curvature
� n+1 on the liquid-gas interface is then given by (seee.g. [111, 134]):

nn+1 = �
r ~' n+1

jj r ~' n+1 jj
; � n+1 = divnn+1 = � div

r ~' n+1

jjr ~' n+1 jj
; (4.5)
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Pn
1 ; V n

1

B n
1 B n

2
Pn

2 ; V n
2

Pn
1 ; V n+1 =2

1;1 Pn
2 ; V n+1 =2

2;1 Pn
2 ; V n+1 =2

2;2

B n+1
1 ; Pn+1

1 ; V n+1
1 B n+1

2 ; Pn+1
2 ; V n+1

2

t = tn

t = tn+1

Figure 18. At each time step, the merging/division of bubbles is split in two parts.
First V n +1 =2

i;j , the volume fraction of bubble B n
i that contributes to

bubble B n +1
j is computed. Then the pressure P n +1

i is computed from
conservation of the number of molecules.

where jj�j j denotesthe Euclidean norm in Rd, d = 2; 3.
Let us turn to the smoothing of the characteristic function ' n+1 . Let K " (x) be a kernel

function with the following properties: the function K " (x) has a compact support and is
radially-symmetric, monotonically decreasingwith respect to r = jjxjj and is normalized.
The convolution of ' n+1 with K " leadsto a smoothed volumefraction of liquid ~' n+1 de�ned
by:

~' n+1 (x) =
Z

�
' n+1 (y)K " (x � y)dy; 8x 2 � : (4.6)

The kernel usedin our algorithm has beenproposedin [162] and is given by:

K " (x) =

8
><

>:
C

 

1 �
�

jjxjj
"

� 2
! 4

; if jj xjj � " ;

0; else

(4.7)

where C is a normalization coe�cien t. Hence the normal vector n n+1 and the curvature
� n+1 are approximated by (4.5).

Note that an exact expressionfor the �rst derivativesof ~' n+1 is

@~' n+1

@x i
(x) =

Z

�
' n+1 (y)

@K "

@x i
(x � y)dy; i = 1; : : : ; d : (4.8)

4.5 Di�usion Step

The di�usion stepconsistsin solvinga generalizedStokesproblem on the domain 
 n+1 using
the predicted velocity v n+1 =2 and the boundary condition (3.5). The following backward
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Euler schemeis used:

�
vn+1 � vn+1 =2

� n � 2div
�
� D (vn+1 )

�
+ r pn+1 = f in 
 n+1 ; (4.9)

div vn+1 = 0 in 
 n+1 ; (4.10)

wherev n+1 =2 is the prediction of the velocity obtained after the advection step. The bound-
ary conditions on the freesurfacebetweenthe 
uid and the bubble number i depend on the
gas pressureP n+1

i and the curvature � n+1 and are given by (3.5). The weak formulation
corresponding to (4.9) (4.10) and (3.5) therefore consists in �nding v n+1 and pn+1 such
that vn+1 satis�es the essential boundary conditions on the boundary of the cavit y � and

Z


 n +1

vn+1 � vn+1 =2

� n � wdx + 2�
Z


 n +1
D(vn+1 ) : D (w)dx

�
Z


 n +1
pn+1 div wdx �

Z


 n +1
f � wdx �

Z


 n +1
q div vn+1 dx (4.11)

+
kn +1X

i =1

Z

@
 n +1 \ @B n +1
i

(Pn+1
i � � � n+1 )nn+1 � wdS = 0 ;

for all test functions (w; q) such that w vanisheson the boundary of the cavit y where
essential boundary conditions are enforced.

5 SPA CE DISCRETIZA TION: A TW O-GRIDS METHOD

Advection and di�usion phenomenabeing now decoupled,Equations (4.1) (4.2) are �rst
solved using the method of characteristics on a structured mesh of small cells in order to
reduce numerical di�usion and have an accurate approximation of the liquid region, see
Figure 19.

Assume that the grid is made out of cubic cells of size h, each cell being labeled by
indices (ij k). Let ' n

ij k and vn
ij k be the approximate value of ' and v at the center of cell

number (ij k) at time tn . The unknown ' n
ij k is the volume fraction of liquid in the cell ij k,

see[4], and is the numerical approximation of the characteristic function ' at time t n which
is piecewiseconstant on each cell of the structured grid. The advection step on cell number
(ij k) consists in advecting ' n

ij k and vn
ij k by � nvn

ij k and then projecting the values on the
structured grid. An example of cell advection and projection is presented in Figure 20 in
two spacedimensions.

In order to enhancethe quality of the volume fraction of liquid, post-processingproce-
dures have been implemented. We refer to [98, 99] for a detailed description in two and
three spacedimensions. The �rst procedurereducesnumerical di�usion and is a simpli�ed
implementation of the SLIC (Simple Linear Interface Calculation) algorithm [109].

Considercell number (ij k) being partially �lled with liquid (this results from numerical
di�usion), let ' n

ij k be the corresponding volume fraction of liquid, this value being lessthan
one. Instead of advecting ' n

ij k and then projecting on the grid, the liquid is �rst pushed
on the sidesof the cell, then it is advected and projected on the grid. A two-dimensional
example is reported in Figure 21.

The critical point is then to decidehow to push the volume fraction of liquid in a given
cell along the sidesof this cell. For a given cell, the choice dependson the volume fraction
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Figure 19. Two-grids method, two-dimensional representation. Adv ection step is
solved on a structured mesh of small cubic cells (righ t), while di�usion
step and bubbles treatment are solved on a �nite element unstructured
mesh (righ t).

index j

index i

' n
ij

� nvn
ij

' n
ij

16 3
' n

ij
16

9
' n

ij
163

' n
ij

16

Figure 20. An example of two dimensional advection of ' n
ij by � n v n

ij , and projec-
tion on the grid. The advected cell is represented by the dashed lines.
The four cells containing the advected cell receive a fraction of ' n

ij ,
according to the position of the advected cell.
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' n
ij = 1

4

1
16

1
4

3
16

1
4

9
16

1
4

3
16

1
4

1

0 0

01
41

Figure 21. E�ect of the SLIC algorithm on numerical di�usion. An example of
two dimensional advection and projection when the volume fraction of
liquid in the cell is ' n

ij = 1
4 . Left : without SLIC, the volume fraction of

liquid is advected and projected on four cells, with contributions (from
the top left cell to the bottom right cell) 3

16
1
4 , 1

16
1
4 , 9

16
1
4 , 3

16
1
4 . Right :

with SLIC, the volume fraction of liquid is pushed at one corner, then
it is advected and projected on one cell only, with contribution 1

4 .

of liquid of the neighbor cells. Precise examples are given in [98, 99] for the two- and
three-dimensionalcases.

The secondprocedureallows to guarantee the conservation of the massof liquid. When
the computed values ' n+1

ij k are greater than one, a fraction of the liquid contained in the
cavit y is lost. The aim of the decompressionalgorithm is to produce new values ' n+1

ij k
which are between zero and one. The algorithm is as follows. At each time step, all the
cells having values ' n+1

ij k greater than one (strictly), or betweenzero and one (strictly) are
sorted according to their values ' n+1

ij k . This can be done in an e�cien t way using quick

sort algorithms. The cells having values ' n+1
ij k greater than one are called the dealer cells,

whereasthe cellshaving values' n+1
ij k betweenzeroand oneare called the receiver cells. The

algorithm then consistsin moving the fraction of liquid in excessin the dealer cells to the
receiver cells.

Once values ' n+1
ij k and vn+1 =2

ij k have been computed on the cells, values of the fraction

of liquid ' n+1
P and of the velocity �eld v

n+ 1
2

P are computed at the nodes P of the �nite
element meshby multigrids restriction methods (seee.g. [67]): for any vertex P of the �nite
element mesh let  P be the corresponding basis function (i.e. the contin uous, piecewise
linear function having value one at P, zero at the other vertices). All the tetrahedrons K
containing vertex P and all the cells (ij k) having center of massCij k contained in these
tetrahedrons are considered. Then, ' n+1

P , the volume fraction of liquid at vertex P and
time tn+1 is computed using the following formula:

' n+1
P =

X

K
P 2 K

X

ij k
C ij k 2 K

 P (Cij k )' n+1
ij k

X

K
P 2 K

X

ij k
C ij k 2 K

 P (Cij k)
:
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The samekind of formula is used to obtain the predicted velocity v n+ 1
2 at the vertices of

the �nite element mesh. When thesevaluesare available at the verticesof the �nite element
mesh, the liquid region is de�ned as follows. An element of the meshis said to be liquid if
(at least) one of its vertices P has a value ' n+1

P > 0:5. The computational domain 
 n+1

usedfor solving (4.11) is then de�ned to be the union of all liquid elements.
Numerical experiments reported in [98, 99] have shown that choosing the size of the

cells of the structured meshapproximately 5 to 10 times smaller than the sizeof the �nite
elements is a good choice to reducenumerical di�usion. Furthermore, sincethe character-
istics method is used,the time step is not restricted by the CFL number (which is the ratio
betweenthe time step times the maximal velocity divided by the meshsize). Numerical re-
sults in [98, 99] have shown that a good choicegenerally consistsin choosingCFL numbers
ranging from 1 to 5.

In number of industrial mold �lling applications, the shape of the cavit y containing
the liquid (the mold, an engine carter for instance) is complex. Therefore, a special data
structure hasbeenimplemented in the three-dimensionalcasein order to reducethe memory
requirements used to store the cell data, see[99]. An example is proposed in Figure 22.
The cavit y containing the liquid is meshedinto tetrahedrons. Without any particular cells
data structure, a great number of cells would be stored in the memory without being never
used. The data structure that hasbeenadopted usesthree levels to de�ne the cells. At the
coarsestlevel, the so-calledwindow level, the cavit y is meshedinto blocks, which are glued
together. Each window is then subdivided into cubes, this intermediate level is called the
block level. Finally, each block is cut into smaller cubes,namely the cells (ij k).

When a block is free of liquid (empty), it is switched o�, that is to say the memory
corresponding to the cells is not allocated. When liquid enters a block, the block is switched
on, that is to say the memory corresponding to the cells is allocated. This data structure
was already used in industrial applications pertaining to dendritic solidi�cation [123].
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Figure 22. The hierarchical Window-block-Cell data structure used to implement
the cells advection.

The numbering of the bubblesof gasrequiresto solving several Poissonproblems (4.3).
An element of the meshbelongsto the gasdomain if (at least) one of its vertices P has a
value ' n+1

P < 0:5. The computational domain � n+1 usedfor solving (4.11) is then de�ned
to be the union of all elements in the gas domain for the �rst iteration. These Poisson
problems are solved on the �nite element unstructured mesh, using piecewiselinear �nite
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B n+1
1B n

1

liquid

B n+1
1B n

1

liquid

Figure 23. Computation of the pressure. Two casescan occur. Left : the bubble at
time tn +1 intersectsoneof the previous bubbles at time t n , the pressure
can be computed with (4.4). Right : the bubble at time t n +1 does not
intersect any bubble at previous time; the pressure is then computed
with (5.1).

elements.
The pressureinside each bubble of gas is computed with (4.4) and the approximations

of the fractions of volumesV n+1 =2
i;j are computedon the �nite element mesh. Two situations

may occur, as illustrated in Figure 23. When bubble j at time t n+1 intersectsat least one
bubble of time tn , that is when there is at least one index i such that V n+1 =2

i;j 6= 0, then the
pressureP n+1

j is computed with (4.4) becauseit is assumedthat a part of bubble j at time
tn+1 is made by bubble i at time tn .

On the other hand, if the time step � is too large (that is if V n+1 =2
i;j = 0, for all i =

0; : : : ; kn ), the bubble B n+1
j may not intersect any bubble of time tn , seeFigure 23 (right).

In this case,the origin of bubble number j is unknown. Relation (4.4) is uselessand then
the pressureP n+1

j is computed by dividing the remaining number of moleculesat time t n

by the remaining volume at time tn+1 :

Pn+1
j =

�
PnV n+1 =2

�
r

(V n+1 )r
; (5.1)

where

�
PnV n+1 =2

�

r
=

knX

i =0

0

@Pn
i V n+1

i �
kn +1X

j =0

Pn
i V n+1 =2

i;j

1

A ;

(V n+1 )r =
kn +1X

j =0

 

V n+1
j �

knX

i =0

V n+1 =2
i;j

!

:

This latter caseappearsgenerally when the time step is too large comparedto the size
of the bubble. This procedurethen permits to conserve the massof gas in any situations.

An approximation of the curvature of the interfacecould be computed on the structured
grid of small cellswith �nite di�erences schemesfor instance. Several methods may befound
in [80, 130] for instance. Nevertheless,thesemethods needa very accurate reconstruction
of the interface with sophisticated algorithms such as PLIC schemesfor instance, seee.g.
[4]. On the other hand, the method proposed in the following usesa formulation on the
�nite element unstructured mesh.



Numerical Simulation of Tw o-Phase Free Surface Flows 195

Let Th be the triangulation of the cavit y � and 
 n+1
h be the approximation of the liquid

domain composedby elements K in Th and � n+1
h the approximation of � n+1 . Let  Pj be

the basis functions of the piecewiselinear �nite element spaceassociated to each node Pj ,
j = 1; : : : ; N in the cavit y. Finally, let the piecewiselinear �nite elements spacebe denoted
by X 1

h (�).
The approximation of (4.6) is obtained by numerical integration. Let ~' n+1

h ; ' n+1
h be the

approximations of ~' n+1 ; ' n+1 in X 1
h (�). The numerical integration of (4.6) can either be

madeon the regular grid of small cellsor on the �nite element mesh. For memory purposes,
the approximation of (4.6) is computed using the �nite element mesh, that is:

~' n+1
h (Pi ) =

X

K 2T h

1
d + 1

jK j
X

Pj 2 K

' n+1
h (Pj )K " (Pj � Pi ); i = 1; : : : ; N ; (5.2)

where jK j denotes the surface (resp. volume) of element K . This permits to obtain an
approximation of the smoothed volume fraction of liquid for each grid point Pi of Th.

The approximation of the curvature (4.5) is computed on the �nite element meshgrid
points. The proceduredetailed hereafter givesa natural expressionof the curvature in the
frame of �nite elements and is not CPU time consuming.

The normal vector nn+1
h is given by (4.5) (4.8) (with ' n+1 replaced by ' n+1

h ) at each
grid point Pj . The curvature � n+1 in (4.5) is approximated by its L 2-projection on X 1

h (�)
with mass lumping, denoted by � n+1

h . Let us denote by Rh the Lagrange interpolant on
X 1

h (�). After integration by parts, this projection leadsto the relation:

Z

�
Rh

�
� n+1

h  Pj

�
dx =

Z

�
� div

r ~' n+1
h�

�
�
�r ~' n+1

h

�
�
�
�  Pj dx; 8j = 1; : : : ; N : (5.3)

Relationship (5.3) leadsto:

� n+1
h (Pj ) =

d + 1
j
 j j

2

4
X

K 2T h

jK j

0

@ 1
d + 1

X

Pi 2 K

r ~' n+1
h (Pi )�

�
�
�r ~' n+1

h

�
�
�
�

1

A r  Pj

�
�
K

�
X

@K � @�
Pj 2 K

1
d

r ~' n+1
h (Pj )

�
�
�
�r ~' n+1

h

�
�
�
� n � ;h(Pj ) j@K j

3

7
7
5 ; (5.4)

for all j in 1; : : : ; N , where j
 j j =
P

K ;Pj 2 K jK j and n � ;h denotesthe approximation of the
external normal vector to the cavit y �.

One arti�cial value of the curvature is then given in the whole cavit y by the piecewise
linear function � n+1

h de�ned by (5.4), that is for each level line of the smoothed volume
fraction of liquid ~' n+1

h . The restriction of � n+1
h to the nodesPj lying on � n+1

h is then used
to compute (3.5).

Finally the di�usion step consistsin solving the Stokesproblem (4.11). Let v n+1
h (resp.

pn+1
h ) be the piecewiselinear approximation of v n+1 (resp. pn+1 ). The Stokes problem is

solved with stabilized P1 � P1 �nite elements (Galerkin Least Squares,see[50]) and consists
in �nding the velocity v n+1

h and pressurepn+1
h such that:
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Z


 n +1
h

vn+1
h � vn+1 =2

h

� n wdx + 2�
Z


 n +1
h

D(vn+1
h ) : D (w)dx

�
Z


 n +1
h

fw dx �
Z


 n +1
h

pn+1
h div wdx �

Z


 n +1
h

div vn+1
h qdx (5.5)

+
Z

� n +1
h

(Pn+1 � � � n+1
h )nn+1

h wdS

�
X
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for all w and q the velocity and pressure test functions, compatible with the boundary
conditions on the boundary of the cavit y �.

The restriction of the contin uous piecewiselinear approximation v n+1
h at the center

of each cells Cij k permits to obtain a value of the velocity v n+1
ij k on each cell ij k of the

structured grid for the next time step.

6 NUMERICAL RESUL TS

Numerical results in two and three spacedimensionsare presented to validate our model,
both in the frame of mold �lling and in the frame of bubbles and droplets simulations.
All the computations were performed on computers with single processorPentium Xeon
2.8 GHz CPU, 3 Gb Memory and running under Linux operating system. The results are
post-processedwith CalcosoftT M , EnsightT M or XD3DT M softwares.

6.1 Con vergence of the Volume Fraction of Liquid Giv en a Prescrib ed Velocit y.

The goal of this section is to validate the computation of the volume fraction of liquid using
the algorithm described in Section 5. Standard two-dimensional test casesare taken from
[4, 130]. Surfacetension e�ects are not taken into account in this section. The translation
and rotation of a massof 
uid are presented, as well as stretching 
o ws examples.

The �rst situation is the translation of a circle of liquid, with given velocity and without
external forces. The cavit y domain is the 0:1 � 0:1 square and the center of a circle of
radius 0:015 is initially located at (0:02; 0:05). The advection velocity is horizontal and
equalsto 1. Three di�eren t meshesare used. The coarse�nite element meshis constituted
by 40� 40 squares,each divided in 4 triangles, the middle meshis divided in 80� 80, while
the �ner meshis composedby 120� 120 squares.The underlying regular grid is composed
respectively by 120� 120 cells, 240� 240 cells and 360� 360 cells.

Figure 24 illustrates the position of the interface at times t = 0 and t = 0:06. The time
step is equal to � = 0:002. The total volume of liquid is conserved as well as the massof
liquid.

In the secondsituation,the samecircle of liquid is rotated with given velocity, following
the situation described in [4]. The advection velocity is given by v(x; y) = 25(0:05� y; x �
0:05). The meshesand time step are the sameasthe onesusedfor the translation test case.
Figure 25 illustrates the position of the interface at times t = 0 and t = 0:126, i.e. after a
half rotation.

The last test casedealswith stretching 
o ws. A classicaltest casewidely treated in the
literature is considered,seee.g. [4, 130] which is the "vortex-in-a-box" test case.The initial
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Figure 24. Translation of a circle of liquid, representation of the computed interface
at initial time and after t = 0:06. Left: coarse mesh, middle: middle
mesh, right: �ne mesh.

Figure 25. Rotation of a circle of liquid, representation of the computed interface
at initial time and after t = 0:126. Left: coarsemesh, middle: middle
mesh, right: �ne mesh.
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Figure 26. Single vortex test case, representation of the computed interface at
times t = 1 (maximal deformation) and t = 2 (return to initial shape).
Left: coarsemesh, middle: middle mesh, right: �ne mesh.
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Figure 27. Linear �lling of a three-dimensional channel : two-dimensional cut. The
interface moves with constant velocity v m/s.

liquid domain is a circle of radius 0:015 with its center located in (0:05; 0:075). The given
velocity is given by the stream function:

 (x; y) = 0:01� sin2(� x=0:1) sin2(� y=0:1) cos(� t=2) ;

which stretchesthe initial circle of liquid with a given velocity. This velocity is periodic in
time, so that the initial liquid domain is reached after a time T = 2. Figure 26 illustrates
the liquid-gas interface for the three meshes. The interface with maximum deformation
and the interface after one period of time are represented and numerical results show the
e�ciency of the method.

6.2 Linear Filling.

Water enters a rectilinear three-dimensionalchanneland compressesthe gascontained inside
the channel. Surfacetension e�ects are not taken into account sincewe want to study more
precisely the computation of the gas pressure. The dimensionsof the channel are 0:5 m
� 0:08 m � 0:1 m and water is injected at horizontal speed4:2 m/s. At time T = 0:5=4:2 s,
the channel is �lled. Figure 27 shows a two-dimensionalcut of the channel. Slip boundary
conditions are enforcedon the lateral sidesof the cavit y. The meshis a regular grid of 5049
nodesand 24000tetrahedrons.

For this simple test case,the exact volume of gasis given by 0:08� 0:1 � (0:5 � 4:2 � t)
m3, so that the exact volume and pressurecan be computed with the ideal gas law. Three
di�eren t regular meshesare considered,a coarsemeshwith 1380nodesand 6000elements,
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a middle meshwith 9449nodesand 48000elements and a �ner meshwith 69657nodesand
384000elements. Final time is T = 0:120 s and the time step is respectively � = 0:002 s,
� = 0:001s and � = 0:0005s. The total CPU time is respectively 5 minutes, 92 minutes and
25 hours and is multiplied approximately by 24 = 16 each time that the meshsizeand time
step are divided by 2. The number of operations is thus of order O(N 4), where N is the
number of discretization points alongeach axis. This is the sameorder of the computational
cost required to solving a Laplace problem with the conjugate gradient algorithm without
preconditioning (seefor instance[6]). Figure 28 shows that the computation of the pressure
in the gas convergeswhen the mesh size h tends to zero, the rate of convergencebeing
approximately O(h1=4).

6.3 S-shap ed Channel.

An S-shaped channel lying betweentwo horizontal plates is �lled. Results in two and three
spacedimensionsare comparedwith experiment [133]. The channel is contained in a 0:17
m� 0:24 m rectangle. In the three-dimensionalcase,the distancebetweenthe two horizontal
plates is 0:008 m. Water is injected with constant velocity 8:7 m/s which corresponds to
the experimental value reported in [133]. Due to the large velocities involved, the surface
tension e�ects are not taken into account for this test case. A valve is located at the top
of the channel, as in Figure 10, allowing gas to escape. Density and viscosity are taken to
be respectively � = 1000 kg/m 3 and � = 0:01 kg/(ms) and initial pressurein the gas is
Patmo = 101300:0 Pa.

Several meshesare considered.In two dimensions,the coarsermeshhas3483nodesand
6418elements; the middle meshhas 8249nodesand 15654elements while the �ne meshis
madeout of 14550nodesand 27972elements, seeFigure 29. The three-dimensionalmeshes
are constructed using 5, respectively 8 and 10 layers of the 2D mesh.

When comparing numerical results to experimental ones, we have observed that the
liquid goesfaster in the simulations than in the experiments. This is probably dueto inexact
slip boundary conditions. On the other hand, due to large Reynolds numbers (Re ' 106),
noslip boundary conditions are not conceivable since they would require extremely �ne
layered meshesalong the boundary of the cavit y. As a remedy, slip boundary conditions
are enforced, but a turbulent viscosity is added, Equation (3.3), the coe�cien t � T being
proportional to h2, as proposed in [146]. Since the ratio between Capillary number and
Reynolds number is very small (Ca ' 1:5), surfacetension e�ects can be neglected.

Numerical results are �rst presented with the coarsermesh and � T = 4h2. The �nal
time is T = 0:00532s and the time step is � = 0:0001 s. In Figure 30, the experiment is
compared to 2D and 3D computations when the in
uence of the surrounding gas is taken
into account and to 2D computations without the in
uence of gas. When the gas is not
taken into account, numerical results show that the bubble of trapped gas at the bottom
of the cavit y vanishesrapidly. On the other side, when the e�ects of the surrounding gas
onto the liquid are taken into account, numerical results are much closer to experiment.
The CPU time for the simulations in two spacedimensions is approximately 14 minutes
without the bubblescomputations and 15 minutes with the bubblescomputations. In three
spacedimensions, these CPU times become319 minutes without taking into account the
gase�ect and 344 minutes with the bubbles computations. Most of the CPU time is spent
to solve Stokesproblem.

The in
uence of the mesh size is reported in Figure 31 and 32. The time steps are
� = 0:0001 s for the coarsemesh, � = 0:00008s for the middle mesh and � = 0:00005s
for the �ne mesh. The size of the cells of the structured mesh used for advection step
is approximately 5 to 10 times smaller than the size of the �nite elements, see[98, 99].
Numerical results show that the behavior of bubbles is well simulated even though the 
uid
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Figure 28. Filling of a rectilinear channel with compression of gas. Comparisons
between three di�eren t mesh sizes. Top: pressure in the gas function
of time, bottom: error function of the mesh size on a log-log scale.
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Figure 29. Meshes used for the computations of the S-shape channel: left: 2D
coarse mesh, right: 3D mesh extracted with �v e layers of 2D coarse
mesh.


o w is slightly too fast. The total CPU time for 3D computations to reach �nal time is
approximately 29 hours for the middle meshand 110 hours for the �ner mesh.

Numerical results are presented for several coe�cien ts � T in Figure 33 and show in
particular that the 
uid velocity decreaseswhen � T increases.

6.4 Filling of a 3D Mold With Four Arms

A mold with four arms is considered,seeFigure 34. Water enters from the top of the
mold with velocity 4:2 m/s. Two arms are closed, while there is a valve at the end of
the other arms so that gas can escape. Viscosity is � = 0:01 kg/(ms), while density is
� = 1000 kg/m 3. Initial pressurein the gas is Patmo = 1010300:0 Pa. Gravit y forcesand
surfacetension e�ects are neglectedand � T = 0 (no turbulence modeling). The meshhas
31961vertices and 1680000 elements and the cells grid contains approximately 5000000000
cells. The �nal time of simulation is 0:5 s with time step � = 0:001 s. The CPU time is
approximately 24 hours. For this test case,the goal is to seethe in
uence of gas on the
�lling of each arm. Figures 35 and 36 show that if a valve is located at the end of an arm,
the arm is �lled signi�cantly faster.

6.5 Filling of a Circular 3D Mold

A circular mold is now considered. Water enters from the top of the mold with velocity
8:7 m/s. This is an axisymmetric case, but the computations are made for the three-
dimensional case. There is a valve at the bottom of the mold so that gas can escape.
Viscosity is � = 0:01 kg/(ms), while density is � = 1000 kg/m 3. Initial pressurein the
gas is Patmo = 101300:0 Pa. Gravit y forces and surface tension e�ects are neglectedand
� T = 0 (no turbulence modeling). The �nite element meshis madeout of 47137nodesand
37152tetrahedrons. The structured grid is made out of 102000000 cells. The �nal time of
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Figure 30. S-shaped channel : in
uence of gasbubbles. Computations with coarse
mesh and � T = 4h2 in (3.3). Column one: 2D results without bubbles,
column two: 2D results with bubbles, column three: 3D results with
bubbles in the middle plane, and column four: experimental results
[133]. First row: time equals 7:15 ms, secondrow: 25:3 ms, third row:
39:3 ms and fourth row: 53:6 ms.
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coarsemesh middle mesh �ne mesh

Figure 31. S-shaped channel : convergencewith mesh size. Computations with
gas bubbles, � T = 4h2 in (3.3), 2D results. Left: coarsemesh, middle:
middle mesh, right: �ne mesh and extreme right: experimental results
[133]. First row: time equals 25:3 ms and secondrow: 39:3 ms.
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coarsemesh middle mesh �ne mesh

Figure 32. S-shaped channel : convergencewith mesh size. Computations with
gas bubbles, � T = 4h2 in (3.3), 3D results. Left: coarsemesh, middle:
middle mesh, right: �ne mesh and extreme right: experimental results
[133]. First row: time equals 25:3 ms and secondrow: 39:3 ms.
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� T = 0 � T = 2h2 � T = 4h2 � T = 6h2

Figure 33. S-shaped channel : in
uence of the coe�cien t � T in (3.3). Computa-
tions with gasbubbles, 3D results, middle mesh. First row: time equals
25:3 ms, secondrow: time equals 39:3 ms.
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Figure 34. 3D mold �lling : Finite element mesh.
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Figure 35. 3D mold �lling. Liquid region: from top to bottom, left to right at
times 0:05, 0:10, 0:15 and 0:20 s.



208 Alexandre Caboussat

Figure 36. 3D mold �lling (contin ued). Volume fraction of liquid: from top to
bottom, left to right at times 0:25, 0:30, 0:35 and 0:40 s.
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simulation is 4:0 s with time step � = 0:001 s. The CPU time is approximately 35 hours.
Figure 37 illustrates the position of the liquid domain at di�eren t times of the simulation.
Numerical results show that the symmetry is conserved, but numerical di�usion is large
due to the coarsemesh.

6.6 Con vergence Results for the Computation of the Curv ature

Test casesin two spacedimensionsare consideredhere to validate the computation of the
surfacetension e�ects and convergenceresults are obtained.

The test caseof a stationary circular droplet of water lying in a squarein the absence
of gravit y �eld is considered. The radius of the droplet is

p
0:001 and the size of the

square is 0:1 � 0:1. Theoretical signed curvature is constant and equal to � 31:62 on the
boundary of the liquid domain. Several �nite element meshesareconsidered,namely regular
structured grids of squares,each squarebeing divided in four triangles and unstructured
(isotropic) meshes. An optimal value of the smoothing parameter " appearing in (4.7) is
�rst to determine. Table 1 shows the relative error (in percent) for several meshsizesh and
smoothing parameters" .

H H H H H"
h

0.0025 0.0016 0.00125 0.001 0.0008

0.5 3.85 1.51 1.45 1.10 0.85
0.1 3.85 1.42 1.49 1.10 0.85
0.05 3.82 1.42 1.42 1.10 0.85
0.01 4.14 1.48 1.45 1.12 0.89
0.005 8.03 1.67 1.49 1.15 1.04

Table 1. Circular droplet case: smoothing of volume fraction of liquid for projec-
tion method. Values of the maximal relativ e error (in percent) on the
curvature of the circular droplet function of parameter " and of mesh
size h.

If " ! 0, the derivativesbecomedi�cult to approximate sincethe characteristic function
is discontin uous. On the other hand, taking a large value of " leads to an inaccurate
approximation of the curvature (numerical di�usion). We look for a constant minimal
value of the smoothing parameter " . According to Tab. 1, " can be chosenapproximately
by 0:05, independently of the meshsize. This value ensuresapproximately one percent of
error on the computation of the curvature for reasonablemeshsizesh.

For �xed smoothing parameter " , the convergenceof the approximation of the curvature
is discussed.Structured �nite element meshesof squaresare considered�rst from 40� 40
squaresto 400� 400squares,each squarebeingdivided in four triangles. The sizeof the cells
of the structured meshusedfor advection step is approximately 5 to 10 times smaller than
the size of the �nite elements. Figure 38 illustrates the convergenceof the approximation
of the curvature when the mesh size tends to zero for " = 0:05. The convergenceorder
is O(h). Similar results are obtained with unstructured (isotropic) meshes,with the same
order of convergencefor the approximation of the curvature.

Sincethe time splitting algorithm presented in Section 4 is an order one algorithm (see
also [98, 99] for a numerical veri�cation without taking into account the compressiblegas)
an order onealgorithm for the computation of the curvature is su�cien t. The choiceof the
smoothing parameter " in function of h would permit to obtain a better convergenceorder,
see[162] for instance.

In the case of this stationary droplet, the numerical simulation introduces spurious
velocities around the interfacedueto the imposition of surfacetensionforces. In the physical
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Figure 37. Circular 3D mold �lling. Liquid region at times 0:5, 1:5, 2:5 and 3:5
(left to right, top to bottom).
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Figure 38. Circular droplet test case: convergenceerror for the approximation of
the curvature.

h jv jmax
0.0025 0.0041
0.00125 0.0084

Table 2. Value of the maximal amplitude of spurious currents in function of the
mesh size.

situation the velocity is identically zero. Hence these velocities are often called spurious
currents and their amplitude is widely discussedin the literature, seefor instance[16, 127].
The amplitude dependsnumerically on the ratio betweensurfacetension forces,i.e. � � , and
the viscosity of the 
uid, i.e. � , seefor instance[132]. In Table 2, the maximal amplitude of
the spurious currents is given after �v e time steps(� = 0:001) for di�eren t meshsizes.The
ratio betweensurfacetension forcesand the viscosity is � �=� = 31:6 � 0:0738=0:01 ' 233:3.
Resultscomparewell for instancewith [162] but arenot asgood asmethodswhich emphasize
a very accurate reconstruction of the interface, see[127].

6.7 Bubbles and Droplets Sim ulations

Deformed droplets have been widely treated in the literature [16, 107, 132, 155]. Here an
initially oval droplet of liquid in the absenceof gravit y forcesis considered�rst. Sincethe
surfacetension forcesare more important in the extremities where the curvature is larger,
the shapeof the droplet tends to becomea circle. In our case,the viscosity is given by � = 1
kg/(ms), while the density is � = 1000kg/m 3. The surfacetension coe�cien t is � = 7:038
N/m. The external pressureof the surrounding gas is neglected.The initial liquid domain
is given by


 0 =

(

(x; y) 2 R2 :
�

x � 4
2

� 2

+
�

y � 4
3

� 2

� 1

)

:
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A coarsestructured mesh is made out of 20 � 20 squares,each divided in 4 triangles. A
middle mesh(40 � 40 squares)and a �ne mesh(80 � 80 squares)are also considered.The
regular grid of small cellsis constituted respectively by 500� 500,1000� 1000and 2000� 2000
cells. The time step is � = 0:1, 0:05 and 0:025 s respectively. Sinceour advection scheme
usesthe characteristics method, which is known to be dissipative, the oval droplet becomes
a circle after someoscillations. According to [89] and as reported in [155], the period � of
the �rst mode of oscillations of a droplet of water into the vacuum is given by:

� 2 =
6�
�a 3 ; (6.1)

wherea is the radius of the circle in equilibrium. For a = 2:45, � = 1000and � = 7:038, the
theoretical value of the time required to make one complete oscillation is 2� =� = 0:117254
s, while the observed corresponding value in the simulation are respectively 0:13 s. for the
coarsermesh,0:122s. for the middle meshand 0:115s. for the �ner mesh. This shows that
the di�usion of the algorithm decreaseswith the mesh size, with order one, as illustrated
in Figure 39.

Same results may be obtained in the three dimensional case. For instance let 
 0 =�
(x; y; z) 2 R3 :

� x� 0:05
0:8

� 2
+

�
y� 0:05

1:8

� 2
+

� z� 0:05
0:8

� 2
� (0:025)2

�
. Figure 40 illustrates the

position of the liquid-gas interface at di�eren t times for a coarse�nite element meshmade
out of 960000 tetrahedrons. The CPU time used for this computation is approximately 10
hours to achieve 400 time steps.

Let us consider �nally the rising of a bubble. Consider a bubble of air initially at the
bottom of a cylinder �lled with water. Under gravit y forces,the bubble risesuntil reaching
the top of the cylinder. Consider �rst the two-dimensional case. Three structured �nite
element meshesare considered. The coarsemesh is made out of 2576 nodes and 5000
elements, the middle mesh is made out of 10151nodes and 20000elements and the �ne
meshis madeout of 22726nodesand 45000elements. The sizeof the cellsof the structured
mesh used for advection step is approximately 5 to 10 times smaller than the size of the
�nite elements and the time step is chosensuch that the CFL number is approximately one.
Smoothing parameter is " = 0:005. Figure 41 illustrates the liquid-gas interfaceat di�eren t
times for di�eren t meshsizes. The convergencewhen the meshsizeand time step tend to
zero appearsclearly thanks to surfacetension e�ects.

Similar resultsmay beobtained in three spacedimensionsand areillustrated in Figure 42
for a mesh made out of 1150200 tetrahedrons. The CPU time for this computation is
approximately 20 hours to achieve 1000time steps. Most of the CPU time is usedto solve
the Stokesproblem in the liquid domain.

7 CONCLUDING REMARKS

A numerical model hasbeenpresented for the simulation of two-phasesfreesurface
o ws. In
order to simulate mold �lling problems,an incompressibleliquid and a compressiblegashave
beenconsidered. This problem highlights many di�culties that appears in the framework
of free surface 
o ws such as topology changesof the liquid domain, complex geometries,
turbulent 
o ws or the approximation of the interfaceand its numerical reconstruction. The
algorithm is basedon an order onetime splitting schemeand a two-grids method. The time
splitting schemeallows us to consideronly lesscomplicated subproblemsoneafter the other
and well-adapted methods have been chosento the resolution of each of thesesteps. The
two-grids method permits to use a structured grid and the characteristic method for the
advection and a �nite element mesh for the resolution of a Stokes problem. Compared to
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Figure 39. Oscillating droplet: Log-scale plot of the relativ e error on the time
period for the �rst oscillation of the droplet.

Figure 40. Three-dimensional oval droplet. Representation of the liquid-gas in-
terface at various times (from left to right, top to bottom t =
0:15; 0:30; 0:44; 0:74; 1:2 and 1:5 s.)
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coarsemesh middle mesh �ne mesh

t = 0:20

t = 0:45

Figure 41. Rising Bubble: results for � = 0:0738 Nm � 1 and several mesh sizes.
Position of the free surface at times t = 0:2 s (�rst row) and t = 0:45 s
(second row). Left: coarsemesh, middle: middle mesh and right: �ne
mesh.
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Figure 42. Rising Bubble: three-dimensional results for � = 0:0738 Nm � 1 . Rep-
resentation of the gas domain at times t = 0:0; 0:25; 0:5; 0:75 and 1 s.
(left to right, top to bottom)
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the many methods existing in the literature, our approach doesnot require a very accurate
approximation of the interface sinceall the boundary terms on the interface are computed
with variational techniques. Moreover, the method has beenproved to be computationally
e�cien t and robust, the main advantage being that the full Navier-Stokes equations are
solved only in the liquid domain. The computation method for the gas pressureand the
surfacetensione�ects and the hierarchical data structure areall ingredients to obtain �nally
a very e�cien t method. The robustnessof this method allows us to extend its capabilities in
di�eren t ways. The simulation of viscoelastic 
o ws has already beeninvestigated, see[15].
The next step would naturally to extend it to mold �lling with solidi�cation, by coupling
the 
o w equationswith the heat equation.
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A SOME THEORETICAL CONSIDERA TIONS ON
FREE BOUND AR Y PR OBLEMS

In tro duction

Theoretical questionsabout free surfacesoften appear in the frame of 
uid 
o w problems,
seee.g. [141], or 
uid-structure interaction problems, see[64]. The aim of this section is
to summarize the results obtained in [19] concerningtwo free boundary problems. First a
one-dimensionalfree surfaceproblem is presented, which consists in the motion of a 
uid
of particles on a space interval with one free extremity. It consists of viscous Burgers'
equation. The extremity of the interval is unknown and moves in time. A zero force
boundary condition is thus enforced on the free extremity of the interval. This problem
is an example of non-cylindrical space-timedomain problems [95]. Similar problems have
already been treated in the literature, for instance for an Arbitrary-Lagrangian-Eulerian
formulation in [44], for a two-
uids problem in [10] or for a given moving boundary in [12].

The model involvesthe velocity u of the liquid and the position s of the free right end
side of the spaceinterval. The velocity is assumedto satisfy the viscousBurgers equation
on the free space interval, while the position of the free extremity is determined by an
ordinary di�eren tial equation depending on u.

Results about this one-dimensionalfree surfaceproblem are summarized here and ex-
tracted from [22]. The well-posednessof the problem is proved and error estimatesfor the
semi-discretization in spaceare obtained, following [24, 72] for the a priori error analysis
and [160] for a posteriori error estimates. Werefer to [19, 22] for details and demonstrations.

Then the method is extended to the two-dimensionalcaseof a Navier-Stokes problem
with a free surface. Neumann boundary conditions are imposedon the whole boundary
of the domain. The free surface is assumedto be the whole boundary. Existence and
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uniquenessof a solution are proved for small times, with the samemethodology as for the
one-dimensionalproblem. In [141, 143], the existenceof the same problem is proved by
using Lagrangecoordinates and a �xed point theorem for the velocity �eld. In [142, 144],
existenceresults are obtained for the sameproblem, but in di�eren t function spaces. In
[64], the problem with Dirichlet boundary conditions is consideredand in [9] the domain is
assumedto be an in�nite horizontal layer domain and mixed Dirichlet-Neumann boundary
conditions are enforced.

The methodology for the proof of the existenceof a solution to the freesurfaceproblems
is the following. In both cases,the 
uid 
o w is considered�rst. For each time t, the domain
is mapped into a referencedomain by a given mapping which is �rst assumedto be known.
A modi�ed problem is thus obtained in the referencedomain. Two successive �xed point
theorems are used, together with a Faedo-Galerkin method, to obtain the existenceof a
solution to the 
uid 
o w problem with given moving boundary. Finally, the equation for
the mapping is consideredand another �xed point theorem is usedto obtain the existence
and uniquenessof a solution to the free surfaceproblem for small times.

Analysis of a One-Dimensional Problem

The problem consisting in the Burgers equation with an additional di�usion term on a
spaceinterval with one free extremity is investigated here. Let T > 0 be the �nal time of
the simulation. Let s : (0; T) ! R be an unknown positive function de�ned on the interval
(0; T) and let the space-timedomain QT be de�ned by:

QT = f (y; t) : y 2 (0; s(t)) ; t 2 (0; T)g :

Given the real positive numbers s0, � and " and the functions �f : R � (0; T) ! R and
�u0 : (0; s0) ! R, our problem is to �nd s : (0; T) ! R and �u : QT ! R satisfying:

@�u
@t

+ � �u
@�u
@y

� "
@2 �u
@y2 = �f ; (y; t) 2 QT ; (A.1)

�u(y; 0) = �u0(y); y 2 (0; s0); (A.2)
�u(0; t) = 0; t 2 (0; T); (A.3)

@�u
@y

(s(t); t) = 0; t 2 (0; T); (A.4)

_s(t) = �u(s(t); t); t 2 (0; T); (A.5)
s(0) = s0; (A.6)

where _s(t) = ds(t)=dt. Equations (A.1)-(A.4) are the Burgersequationwith mixed Dirichlet-
Neumann boundary conditions. Equations (A.5)-(A.6) are the coupling equations, neces-
sary to determine the freesurfaces(t) and to ensurethe well-posednessof the mathematical
problem.

The problem (A.1)-(A.6) in the non-cylindrical domain QT is turned into a problem in a
cylindrical domain, namely UT = (0; 1) � (0; T) by using the changeof variablesx = y=s(t)
or y = s(t)x. The functions f , u0 and u are de�ned respectively by f (x; t) = �f (s(t)x; t),
u0(x) = �u0(s0x) and u(x; t) = �u(s(t)x; t), 0 < x < 1, 0 < t < T. The problem of interest is
then to �nd s : (0; T) ! R and u : UT ! R satisfying:
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@u
@t

+
�

s(t)
u

@u
@x

�
"

s(t)2

@2u
@x2 �

_s(t)
s(t)

x
@u
@x

= f ; (x; t) 2 UT ; (A.7)

u(x; 0) = u0(x); x 2 (0; 1); (A.8)
u(0; t) = 0; t 2 (0; T); (A.9)

@u
@x

(1; t) = 0; t 2 (0; T); (A.10)

_s(t) = u(1; t); t 2 (0; T); (A.11)
s(0) = s0: (A.12)

The function s is �rst supposed to be given in the set S(T) of acceptableboundary
functions de�ned by:

S(T) =
�

s 2 W 1;1 (0; T) : � 1 � s(t) � � 2; 8t 2 [0; T];
s(0) = s0 and j _s(t)j � K ; a:e: t 2 [0; T]g : (A.13)

The �rst result is a result local in time concerningthe given boundary problem, i.e. Equa-
tions (A.7)-(A.10) with given s.

Theorem A.1. There exists a time 0 < ~T � T such that, for all s 2 S(T), the problem
(A.7)-(A.10) admits oneuniquesolution denoted by us. Furthermore us 2 L 2(0; ~T ; H 2(0; 1))\
H 1(0; ~T ; L 2(0; 1)) with us(0; t) = 0 and there exists a constant ~K = ~K ( ~T), independent of
s such that:

jjusjjL 2(0; ~T ;H 2(0;1)) \ H 1 (0; ~T ;L 2 (0;1)) � 2 ~K
n

jjf jjL 2(UT ) + ju0jV
o

: (A.14)

The following function may be de�ned:

~s(t) = s0 +
Z t

0
us(1; � )d� ; t 2 (0; ~T): (A.15)

TheoremA.1 and the inclusion L 2(0; T; H 2(0; 1)) \ H 1(0; T; L 2(0; 1)) ,! C0
�
UT

�
imply that

(A.15) is well-de�ned. The application 
 is then de�ned by


 : S(T) ! S(T);
s ! ~s de�ned by (A.15):

If there exists us, solution to the problem (A.7)-(A.10) associated with s, such that _s(t) =
us(1; t), the couple(us; s) is the solution to (A.7)-(A.12). The existenceof the couple(us; s)
is deducedfrom the next theorem:

Theorem A.2. There exists 0 < T̂ � T such that 
 : S(T̂ ) ! S(T̂ ) possessesa unique
�xed point s.

A semi-discretization in space is introduced using a �nite element method and the
existenceand uniquenessof the solution to the semi-discreteproblem is proved. In a second
step, a priori error estimates are obtained, as in [72] for instance. Finally an a posteriori
error analysis is investigated,as in [160] for instance.

Let V be de�ned by V = f v 2 H 1(0; 1) : v(0) = 0g. A weak form of the contin uous
problem (A.7)-(A.12) consistsin �nding (u; s) satisfying:
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Z 1

0

@u
@t

vdx +
�

s(t)

Z 1

0
u

@u
@x

vdx �
_s(t)
s(t)

Z 1

0
x

@u
@x

vdx (A.16)

+
"

s(t)2

Z 1

0

@u
@x

@v
@x

dx =
Z 1

0
f vdx; 8v 2 V; a:e: t 2 (0; T);

u(x; 0) = u0(x); x 2 (0; 1);
_s(t) = u(1; t); a:e: t 2 (0; T) with s(0) = s0:

A piecewiselinear �nite element semi-discretization in spaceof (A.16) is introduced.
Let N 2 N be a given integer and let x0 = 0 < x1 < x2 < : : : < xN +1 = 1 be the
discretization points in the interval [0; 1] with h i = jx i +1 � x i j and h = maxi hi . The space
of contin uous functions on [0; 1] which are vanishing into x = 0 and whoserestrictions on
[x i ; x i +1 ], i = 0; : : : ; N belong to P1 is denotedby Vh. Let u0;h be the interpolant of u0 2 V
in Vh, i.e. with ju0;h jV � ju0jV , and, if u0 2 H 2(0; 1), interpolation results (seefor instance
[33]) lead to jju0 � u0;h jjL 2(0;1) � Ch2 ju0jH 2 (0;1) where C is and will be in the following
a generic constant independent of h. Let sh 2 S(T) be an approximation of s 2 S(T).
The semi-discretization in spaceof (A.16) consistsin �nding uh : (0; T) ! uh(t) 2 Vh and
sh 2 S(T) satisfying (A.16) with s replacedby sh , u by uh , f by f h , v by vh and V by Vh.

The existenceof a semi-discreteapproximation (uh ; sh) is ensured,see[22], and there
exists 0 < T̂ � T (T̂ independent of h > 0) and a constant C independent of h such

that jjuh jjH 1(0;T̂ ;Vh ) � C
n�

�
�
� �f

�
�
�
�
L 2 (QT̂ ) + ju0jV

o
. A priori error estimatesare obtained in the

following theorem, whoseproof is basedon [72]:

Theorem A.3 (A priori error estimate). Assume that u0 2 H 2(0; 1) with u0 2 V
and �f 2 L 2(0; T; H 1(0; � 2)) . There exists 0 < ~T � T, independent of h, such that both
continuous and semi-discrete problemsadmit a unique solution (u; s), respectively (uh ; sh),
8h > 0 on the time interval (0; ~T), and the following error estimate holds:

jju � uh jjL 1 (0; ~T ;L 2(0;1)) \ L 2 (0; ~T ;V ) + jjs � sh jjH 1 (0; ~T ) � Ch; (A.17)

where the constant C does not depend on h.

The a posteriori error analysis is summarizedin the next theorem.

Theorem A.4 (A posteriori error estimate). Assumethat u0 2 H 2(0; 1) \ V and �f 2
L 2(0; T; H 1(0; � 2)) and set hi = jx i +1 � x i j, h = maxi hi and J i = (x i ; x i +1 ), i = 0; : : : ; N .
Then there exists 0 < ~T � T and a constant C, all independent of h > 0, such that, for all
t in (0; ~T):

jju � uh(t)jj2L 2(0;1) +
"

2� 2
2

js(t) � sh(t)j2 +
"

8� 2
2

Z t

0

�
�
�
�

�
�
�
�
@(u � uh)

@x

�
�
�
�

�
�
�
�

2

d�

� C
NX

i =0

h2
i

n
jjF (uh)jj2L 2 (0;t;L 2 (J i )) + h2

i jju0jj2
H 2(J i )

o
;

where

F (uh) = f h �
@uh

@t
�

�
sh(t)

uh
@uh

@x
+

_sh(t)
sh(t)

x
@uh

@x
: (A.18)
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Extension to the Tw o-Dimensional Problem

Let T > 0 be a �nite horizon of time. Consider a bounded moving domain 
 t � R2,
t 2 (0; T) with boundary @
 t . Note QT the space-time domain QT = f (x; t) 2 R2 �
(0; T) : x 2 
 t ; t 2 (0; T)g; its space-time free boundary is denoted by � T = f (x; t) 2
R2 � (0; T) : x 2 @
 t ; t 2 (0; T)g. The whole boundary is assumedto be the free surface.
Let � : 
 0 � (0; T) ! R2 be the mapping (a priori unknown) that transforms 
 0 into 
 t
for all times t 2 (0; T).

The velocity and the pressurein the 
uid are denoted by u and p. The problem reads:
�nd u : QT ! R2, p : QT ! R and � : 
 0 � (0; T) ! R2 satisfying:

@u
@t

� 2� r � D (u) + (u � r ) u + r p = f ; in QT ; (A.19)

r � u = 0; in QT ; (A.20)
� pn + 2�D (u)n = 0; on � T ; (A.21)

u(0) = u0; in 
 0 ; (A.22)
@�
@t

= u � � ; in 
 0 � (0; T) ; (A.23)

� (0) = I d; in 
 0 : (A.24)

Here � > 0 is a given positive constant, r �u denotesthe divergenceoperator of u and D(u)
denotes the rate of deformation tensor D(u) = 1

2

�
r u + r uT

�
. The spatial unit normal

vector is denoted by n and I d denotesthe identit y operator I d : � 2 
 0 ! � 2 
 0. The
bounded domain 
 0 is given and is assumedto be convex. The boundary @
 0 is assumed
to be su�cien tly regular (say C1 , even if this assumption could be relaxed). Finally, the
functions f and u0 are given, respectively on R2 � (0; T) and 
 0.

Here the mapping � allows to determine the domain 
 t for all times t 2 (0; T). The
domain 
 t is given by 
 t =

�
x 2 R2 : x = � (� ; t); � 2 
 0

	
.

We are interested in �nding a solution to (A.19)-(A.24) for small times. The principle
of the proof is the following. Let us �rst assumethat the domain 
 t is known for all
times t 2 (0; T) and disregard the equations (A.23)-(A.24) for the moment. The problem
(A.19)-(A.22) is transformed in order to considera cylindrical space-timedomain. Let � be
a su�cien tly regular application (not necessarilythe solution of (A.23)-(A.24)) that maps

 0 into 
 t for all t 2 (0; T):

� t : 
 0 ! 
 t ;
� ! x = � t (� ) : (A.25)

Here the notation � t (� ) is equivalent to � (� ; t). The mapping � 0 at time t = 0 is assumedto
be the identit y operator and is denotedby I d. Let usassumethat the inversetransformation
of � t exists and is also su�cien tly regular. It is de�ned 8t 2 (0; T) by:

� t : 
 t ! 
 0 ;
x ! � = � t (x) : (A.26)

The functions v : 
 0 � (0; T) ! R2 and q : 
 0 � (0; T) ! R are respectively de�ned by
v(� ; t) = u(� (� ; t); t) = u(x; t) and q(� ; t) = p(� (� ; t); t) = p(x) when x = � (� ; t). Let the
matrix A = A(x; t) be the Jacobian matrix given by (A) i;j = @(� t ) i =@x j , 1 � i; j � 2, so
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that r x = AT r � and r xu = (r � v)A, wherer x is the gradient with respect to the variable
x (respectively r � is the gradient with respect to � ). The inversematrix A � 1 = A � 1(� ; t)
is de�ned by (A � 1) i;j = @(� t ) i =@� j , 1 � i; j � 2. Let r � be denoted in the following by r
for simplicit y. The problem (A.19)-(A.22) is transformed into a problem in the cylindrical
space-timedomain 
 0 � (0; T): �nd v : 
 0 � (0; T) ! R2 and q : 
 0 � (0; T) ! R satisfying:

@v
@t

� � (AT r ) �
�
r vA + (r vA)T �

+
@�
@t

r v

+( v � AT r )v + AT r q = f � � ; in 
 0 � (0; T) ; (A.27)

(AT r ) � v = 0; in 
 0 � (0; T) ; (A.28)

� qAT N + �
�
r vA + (r vA)T �

AT N = 0; on @
 0 � (0; T) ; (A.29)
v(0) = u0 � � 0 = u0; in 
 0 ; (A.30)

where N is the external normal vector to 
 0 and � 0 is assumedto satisfy � 0 = I d. The
functions f and u0 are given respectively on R2 � (0; T) and 
 0 and are su�cien tly regular.
Let F be de�ned by F = f � � .

The function � , aswell as the coe�cien ts of A and
@�
@t

, are assumedto be known for the

moment. Regularity of � will be precisedlater. The existenceof the problem with given
mapping � is obtained in three stepsthat are detailed hereafter.

The following Stokesproblem is �rst obtained when A is replacedby the identit y matrix
in (A.27)-(A.30) and by disregardingthe nonlinear term (v �A T r )v and the advection term
@�
@t

r v : �nd v : 
 0 � (0; T) ! R2 and q : 
 0 � (0; T) ! R satisfying:

@v
@t

� � r �
�
r v + (r v)T �

+ r q = F; in 
 0 � (0; T) ; (A.31)

r � v = 0; in 
 0 � (0; T) ; (A.32)

� qN + �
�
r v + (r v)T �

N = 0; on @
 0 � (0; T) ; (A.33)
v(0) = u0; in 
 0 : (A.34)

This problem is a Stokes problem with Neumann boundary conditions. The existenceof
the velocity and pressuresatisfying (A.31)-(A.34) is given in [141] for instance. Then the
mapping � is given in a well-chosenset that is now described. Set 1 < r < 3=2. Let S1 be a
su�cien tly large constant. The mapping � is assumedto belong to the set S(T) de�ned by

S(T) =
�

� : 
 0 � (0; T) ! R2 : (A.35)

� 2 H 1(0; T; H r +2 (
 0)2) \ H 2+ r
2 (0; T; L 2(
 0)2);

jj� jj
H 1(H r +2 )\ H 2+ r

2 (L 2 )
� S1; � 0 = I d; det(r � t ) = 1; 8t 2 (0; T);

@� 0

@t
= u0; � t invertible and � t = � � 1

t 2 C1(
 t ); 8t 2 (0; T)
�

:

The following modi�ed Stokes problem is considered: �nd v : 
 0 � (0; T) ! R2 and
q : 
 0 � (0; T) ! R satisfying:
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@v
@t

� � (AT r ) �
�
r vA + (r vA)T �

+
@�
@t

r v + AT r q = F; in 
 0 � (0; T) ; (A.36)

(AT r ) � v = 0; in 
 0 � (0; T) ; (A.37)

� qAT N + �
�
r vA + (r vA)T �

AT N = 0; on @
 0 � (0; T);(A.38)
v(0) = u0; in 
 0 : (A.39)

It consists of the original problem (A.27)-(A.30) without the nonlinear term. Problem
(A.36)-(A.39) is investigatedby using a �xed point theorem to take into account the terms
involving the matrix A of @� =@t.

In a third step, the problem (A.27)-(A.30) is then investigated. A rescalingprocedure
and a �xed point theorem are usedto take the nonlinear term into account.

Finally the free surfaceproblem is considered. Equations (A.23)-(A.24) are taken into
account with a �xed point theorem. The mapping � is proved to be the �xed point of the
application 
 de�ned by:


 1 : S( ~T) ! S( ~T)
� ! ~�

;

where ~� (� ; t) = � +
Rt

0 v(� ; s)ds and v is the solution to (A.27)-(A.30) with given � .

In summary, two problems involving free surfaceshave been presented in this section.
The solvabilit y of both of them hasbeenproved with the Faedo-Galerkinmethod, together
with �xed point theorems. Observe that the solvabilit y of the corresponding problemswith
given moving boundary has also beenobtained. All the proofs that have beendisregarded
herecan be found in [22] for details concerningthe one-dimensionalproblem and in [19] for
details about the two-dimensionalproblem.
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