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Abstract

A numerical model for the simulation of three-dimensional liquid-gas flows with
free surfaces and surface tension is presented. The incompressible Navier-Stokes
equations are assumed to hold in the liquid domain, while the gas pressure is as-
sumed to be constant in each connected component of the gas domain and to follow
the ideal gas law. The surface tension effects are imposed as a normal force on the
interface.

An implicit splitting scheme is used to decouple the physical phenomena. Given
the curvature of the liquid-gas interface, the method described in [5] is used to
track the liquid domain and compute the velocity and pressure in the liquid and
the pressure in the gas domain. Then the surface tension effects are added. A vari-
ational method for the computation of the curvature is presented by smoothing the
characteristic function of the liquid domain and using a finite element unstructured
mesh.

The model is validated and numerical results in two and three space dimensions
are presented in the frame of bubbles and/or droplets flows.
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1 Introduction

Free surface flows appear in many physical situations. Surface tension effects
are not always relevant, especially when the Reynolds number is large, but

∗ Corresponding author: Phone: +1 713 743 3491 / Fax : +1 713 743 3505
Email address: caboussat@math.uh.edu (Alexandre Caboussat).

1 Supported by the Swiss National Science Foundation, Grant PBEL2-103152

Preprint submitted to Elsevier Science 26 May 2005



they become very important when we deal with quasi-stationary bubbles or
droplets, see e.g. [30], crashing droplets of water [10,11,28], rising bubbles [31],
viscoelastic flows [26] or wave propagation [9].

In this article, we focus on the simulation of two-phase flows, namely an incom-
pressible liquid and a compressible gas. The velocity and pressure are modeled
in the liquid, while only the pressure is considered in the gas domain. The aim
of this article is to extend the model proposed in [5] by adding the surface
tension effects.

Many methods exist for the modeling of surface tension effects on the liquid-
gas interface (see [3,23] for instance for a review). The continuum surface
force model (CSF) [3,7,22,32] is used here. Contact angles (i.e. triple-points
for instance) are not modeled. The surface tension effects are expressed by
a normal force on the free surface, so that the equilibrium relation on the
liquid-gas interface is

−pn + 2µD(v)n = −Pn + σκn ,

where κ is the curvature of the liquid-gas interface, n is the normal vector to
the interface (oriented towards the gas domain) and σ is a constant coefficient
which depends on the physical properties of both, the liquid and the gas. The
pressure in the liquid is here denoted by p, while P denotes the pressure in the
gas. The velocity of the liquid is denoted by v and D(v) is the rate of stress
tensor. Dynamical effects in the gas domain are neglected.

The characteristic function of the liquid domain is considered and a volume-of-
fluid method is used. An implicit time splitting scheme extracted from [5,13,14]
permits to decouple the various physical phenomena. Two advection problems
are first solved on a structured grid and then the gas pressure, the surface
tension effects and a diffusion problem are solved on an unstructured finite
element mesh. We focus here on the computation of the surface tension effects.
The curvature can be computed by approximating the second derivatives of
the volume fraction of liquid [19], by computing the volume fraction of a sphere
which lies on one side of the interface [4], or with geometric considerations [18].
Generally the computation of the curvature is carried out on a structured grid
and need a very accurate reconstruction of the interface [1,21]. A method for
the computation of surface tension effects is proposed here on an unstructured
finite element mesh, independently of the space dimension (see also [27] for a
similar approach).

The curvature κ is defined by the divergence of the normal vector to the
interface [17,25]

κ = divn .
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The very well-known drawback of the volume-of-fluid method is the lack of
regularity of the characteristic function of the liquid domain ϕ across the
interface. In order to compute its derivatives, ϕ is first convoluted with a
smooth kernel [21,32]. An artificial curvature is then obtained at each grid
point of the unstructured mesh by computing the projection of the divergence
of the normal vector in the L2-sense on the piecewise linear finite element space
based on an unstructured mesh. The surface tension force is then applied at the
grid points lying on the numerical approximation of the liquid-gas interface.

The structure of this article is as follows. In Sect. 2, the numerical model for
the simulation of a two-phase flow involving an incompressible liquid and a
compressible gas is described. In Sect. 3, a time splitting scheme is presented,
which permits to decouple the computation of the surface tension effects from
the other physical phenomena. The space discretization is detailed in Sect. 4.
Finally, in Sect. 5, convergence results are obtained for the approximation
of the curvature and numerical simulations are presented in two and three
dimensions to illustrate the efficiency of our approach in various situations.

2 The Mathematical Model

The numerical simulation of this liquid-gas free surface flow without taking
into account the surface tension effects has been described in [5,13,14]. The
model presented in this section is an extension of the one described in [5]
in which the surface tension effects are taken here into account by adding a
normal force on the liquid-gas interface.

Let Λ be a cavity of R
d, d = 2, 3 in which the fluid must be confined, and

let T > 0 be the final time of simulation. For any given time t, let Ωt be
the domain occupied by the liquid and let Γt be the free surface defined by
∂Ωt\∂Λ. The notations are reported in Fig. 1 in the frame of a two-dimensional
situation, namely the rising of an air bubble in water under gravity forces.

Let QT denote the space-time domain containing the liquid, that is QT =
{(x, t) : x ∈ Ωt, 0 < t < T}. In the liquid region, the velocity field v : QT → R

d

and the pressure field p : QT → R are assumed to satisfy the time-dependent,
incompressible Navier-Stokes equations, that is

ρ
∂v

∂t
+ ρ(v · ∇)v − 2div (µD(v)) + ∇p = f in QT , (1)

div v = 0 in QT . (2)

Here D(v) = 1

2
(∇v + ∇vT ) is the rate of deformation tensor, ρ the constant

density, µ the viscosity and f denotes the external forces.
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Let ϕ : Λ × (0, T ) → R be the characteristic function of the liquid domain
QT . The function ϕ equals one if liquid is present, zero if it is not. In order to
describe the kinematics of the free surface, ϕ must satisfy (in a weak sense):

∂ϕ

∂t
+ v · ∇ϕ = 0 in QT . (3)

In the gas region, the velocity is disregarded, so that the only unknown is the
pressure. At each time t, the pressure P (t) : Λ\Ωt → R in the gas is assumed
to be piecewise constant in each bubble of gas, that is in each connected
component of the gas domain. The gas is supposed to be an ideal gas at
constant temperature. Let us denote by k(t) the total number of bubbles of
gas at time t ∈ (0, T ) and by Bi(t) the bubble number i. The law of ideal
gases is assumed to hold in each bubble, which implies

Pi(t)Vi(t) = constant in bubble number i , (4)

The velocity in the gas is thus disregarded and the connected components
of the gas domain have to be tracked at each time step. In most situations
and when the time step is small enough, three situations may appear between
two time steps at different locations in the process: first, a single bubble may
stay a single bubble; then a bubble may split into two bubbles and, finally,
two bubbles may merge into one. In these three cases, the pressure at time
t+ τ may be computed by taking into account the conservation of number of
molecules in the bubbles between the time t and t + τ . A detailed discussion
may be found in [5].

The initial conditions are the following. At initial time, the characteristic
function of the liquid domain ϕ is given, which defines the initial liquid region
Ω0 = {x ∈ Λ : ϕ(x, 0) = 1}. The initial velocity field v is then prescribed in
Ω0. The initial gas pressure field is prescribed in Λ\Ω0 and is assumed to be
constant in each bubble of gas existing at initial time.

The boundary conditions for the velocity field are the following. On the bound-
ary of the liquid region being in contact with the walls (that is to say the
boundary of Λ, see Fig. 1), Dirichlet or slip boundary conditions are enforced,
see [13,14]. On the free surface Γt, tangential and capillary forces are neglected
in this article, since creeping flows at very low Reynolds number are not con-
sidered here. Thus the forces acting on the free surface are the normal forces
due to the gas pressure and the surface tension effects. At given time t, let
κ(x, t) be the curvature of the interface Γt at point x. The following equilib-
rium relation is then satisfied on the liquid-gas interface:

−pn + 2µD(v)n = −Pn + σκn on Γt, t ∈ (0, T ) , (5)
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where n is the unit normal of the liquid-gas free surface oriented toward the
gas domain, P is the pressure in the gas, κ is the local curvature of the interface
and σ is a constant surface tension coefficient which depends on both media
on each side of the interface (namely the liquid and the gas). By definition,
the curvature κ(x, t) is supposed to be negative if the center of the osculating
circle of the interface at point x is on the liquid side of the interface (see [6]
for a similar convention).

For example, consider the situation of Fig. 1, namely the rising of a single
bubble of air initially at the bottom of a glass of water (the numerical exper-
iment is described in Sect. 5). When the bubble rises, a force (5) is exerted
on the interface; the first contribution of this force is a normal force induced
by the pressure of the trapped gas which prevents the bubble from collapsing,
while the second contribution is due to the surface tension effects.

The mathematical description of our model is now completed. The model
unknowns are the characteristic function ϕ in the whole cavity, the velocity
v and pressure p in the liquid domain, the connected components of the gas
domain (bubbles), the pressure P in the gas domain and the curvature κ
and the normal vector n on the liquid-gas interface. These unknowns satisfy
equations (1), (2), (3) and (4) with the boundary condition (5) on the free
surface Γt.

3 A Time Splitting Algorithm

In [13,14], an implicit, order one splitting algorithm was used to solve the
problem (1)-(5), with P = 0 and σ = 0, by decoupling the advection phenom-
ena from the diffusion phenomena. In [5], the splitting algorithm has been
extended by taking into account the gas pressure P with (4). In this paper,
an extended splitting algorithm is proposed to aggregate the surface tension
effects in (5).

Let 0 = t0 < t1 < t2 < . . . < tN = T be a subdivision of the time interval
[0, T ] and τn = tn+1 − tn the n-th time step, n = 1, 2, . . . , N , τ the largest
time step.

Let ϕn, vn, Ωn, kn, P n, Bn
i , i = 1, 2, . . . , kn and κn, nn be approximations

of ϕ, v, Ω, k, P , Bi, i = 1, 2, . . . , k and κ, n respectively at time tn. Then
the approximations ϕn+1, vn+1, Ωn+1, kn+1, P n+1, Bn+1

i , i = 1, 2, . . . , kn+1

and κn+1, nn+1 at time tn+1 are computed by means of an implicit splitting
algorithm, as illustrated in Fig. 2.

First two advection problems are solved, leading to a prediction of the new
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velocity vn+1/2 together with the new approximation of the characteristic func-
tion of the liquid domain ϕn+1. This allows to determine the new liquid domain
Ωn+1, the new gas domain Λ\Ωn+1 and the new liquid-gas interface Γn+1. Then
the connected components of gas (bubbles) Bn+1

i , i = 1, . . . , kn+1 are tracked
with a procedure we sketch in the following and the constant pressure P n+1

i

in each bubble Bn+1
i is computed. Then an approximation of the curvature

κn+1 is obtained on the interface Γn+1 together with the normal vector nn+1.
Finally, a generalized Stokes problem is solved on Ωn+1 with boundary condi-
tion (5) on Γn+1 and Dirichlet or slip conditions on the boundary of the cavity
Λ and the correction of the velocity vn+1 and the pressure pn+1 in the liquid
are obtained.

The advection step consists in solving between the times tn and tn+1 the two
advection problems:

∂v

∂t
+ (v · ∇)v = 0 , (6)

∂ϕ

∂t
+ v · ∇ϕ = 0 , (7)

with initial conditions given by the values of the functions v and ϕ at time tn.
This step is solved with a forward characteristics method, i.e. the prediction
of the velocity and the new approximation of the characteristic function are
given by vn+1/2(x+ τnvn(x)) = vn(x) and ϕn+1(x+ τnvn(x)) = ϕn(x), for all
x ∈ Ωn. The domain Ωn+1 is then defined as the set of points such that ϕn+1

equals one.

Given the liquid domain Ωn+1, the bubbles of gas Bn+1
i are then recognized

with a numbering algorithm. This step is widely detailed in [5]. The key point
is to find the bubbles number kn+1 and the bubbles Bn+1

i , i = 1, . . . , kn+1.
The algorithm for detecting a connected component of the gas domain is the
following. At each time step, given a point P outside the liquid domain Ωn+1,
we first search for a function u such that −∆u = δP in the domain Θn+1

initially defined by Λ\Ωn+1, with u = 0 on Λ\Θn+1 and u continuous, i.e.:
find u : Λ → R which satisfies:



























−∆u = δP , in Θn+1 ,

u = 0, in Λ\Θn+1 ,

[u] = 0, on ∂Θn+1 ,

(8)

Since the solution u to this problem is strictly positive in the connected com-
ponent of Θn+1 containing the point P and is vanishing outside, the first
bubble is found. The procedure is then repeated to recognize one connected
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component after the other by removing the previous connected component
from Θn+1 and choosing another point P . Details may be found in [5].

Then the curvature of the free surface Γn+1 and the normal vector nn+1 are
computed. Since the characteristic function ϕn+1 is not regular across the
interface, it is first mollified in order to obtain a smooth function ϕ̃n+1 such
that the liquid-gas interface is given by the level line {x ∈ Λ : ϕ̃n+1(x) = 1/2},
with ϕ̃n+1 < 1/2 in the gas domain and ϕ̃n+1 > 1/2 in the liquid domain. At
each time step, the normal vector nn+1 directed outside the liquid domain
towards the gas domain and the curvature κn+1 on the liquid-gas interface are
then given by:

nn+1 = − ∇ϕ̃n+1

||∇ϕ̃n+1|| , κn+1 = divnn+1 = −div
∇ϕ̃n+1

||∇ϕ̃n+1|| , (9)

where ||·|| denotes the Euclidean norm in R
d, d = 2, 3, see e.g. [17,25].

Let us turn first to the smoothing of the characteristic function ϕn+1. Let
Kε(x) be a kernel function, i.e. which has a compact support and is radially-
symmetric, monotonically decreasing with respect to r = ||x|| and normalized.
The convolution of ϕn+1 with Kε leads to a smoothed volume fraction of liquid
ϕ̃n+1 defined by:

ϕ̃n+1(x) =
∫

Λ

ϕn+1(y)Kε(x− y)dy, ∀x ∈ Λ . (10)

The kernel used in our algorithm has been proposed in [32] and is given by:

Kε(x) =























C



1 −
(

||x||
ε

)2




4

, if ||x|| ≤ ε ,

0, otherwise

(11)

where C is a normalization coefficient, depending on the space dimension.
Hence the normal vector nn+1 and the curvature κn+1 can be approximated
by (9). Observe that the first derivatives of ϕ̃n+1 may even be obtained with
an exact expression:

∂ϕ̃n+1

∂xi
(x) =

∫

Λ

ϕn+1(y)
∂Kε

∂xi
(x− y)dy, i = 1, . . . , d . (12)

where d = 2, 3 is the space dimension of the problem.
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Finally, the diffusion step consists in solving a generalized Stokes problem
on the domain Ωn+1 using the predicted velocity vn+1/2 and the boundary
condition (5). The following implicit Euler scheme is used:

ρ
vn+1 − vn+1/2

τn
− 2div

(

µD(vn+1)
)

+ ∇pn+1 = f in Ωn+1, (13)

div vn+1 = 0 in Ωn+1, (14)

The boundary conditions on the free surface between the liquid and the bubble
number i are given by (5). The weak formulation corresponding to (13) (14)
and (5) therefore consists in finding vn+1 and pn+1 such that vn+1 satisfies the
essential boundary conditions on the boundary of the cavity Λ and

∫

Ωn+1

vn+1 − vn+1/2

τn
wdx+ 2µ

∫

Ωn+1

D(vn+1) : D(w)dx

−
∫

Ωn+1

pn+1 div wdx−
∫

Ωn+1

fwdx−
∫

Ωn+1

div vn+1qdx (15)

+
∫

Γn+1

(

P n+1 − σκn+1
)

nn+1wdS = 0 ,

for all (w, q) compatible with the essential boundary conditions on the bound-
ary of Ωn+1.

4 The Space Discretization

A two-grids method is used for the spatial discretization, see Fig. 3. In partic-
ular, a regular grid of small cells is used to solve the advection step, while the
computations of the gas pressure, surface tension effects and diffusion step are
performed on an unstructured finite element mesh.

The advection step is solved on the fine structured grid of small cells with
a forward characteristics method. Assume that the grid is made out of cubic
cells of size h, each cell being labeled by indices (ijk). Let ϕn

ijk and vn
ijk be the

approximate value of ϕ and v at the center of cell number (ijk) at time tn.
The unknown ϕn

ijk is the so-called volume fraction of liquid in the cell (ijk),
see [1]. This numerical approximation of the characteristic function ϕ at time
tn is then piecewise constant on each cell of the structured grid. The advection
step in the cell (ijk) consists in advecting ϕn

ijk and vn
ijk by τnvn

ijk and then
projecting the values on the structured grid. An example of cell advection and
projection is presented in Fig. 4 in two space dimensions.
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In order to enhance the quality of the volume fraction of liquid, post-processing
procedures have been implemented. In particular, a variation of the SLIC
algorithm [16] allows to reduce the numerical diffusion on the regular grid of
small cells by pushing the liquid on the sides of the cell before advecting it and
projecting on the grid. Precise examples and detailed description are given in
[13,14] for the two- and three-dimensional cases. A post-processing technique
which allows to produce new values ϕn+1

ijk which are between zero and one is
also implemented and detailed in [5], where the efficiency of these procedures
for stretching flows with prescribed velocity is also shown.

Once values ϕn+1
ijk and v

n+1/2

ijk have been computed on the cells, values of the

fraction of liquid ϕn+1
P and of the velocity field v

n+1/2

P are computed at the
nodes P of the finite element mesh by multi-grids restriction methods: for
any vertex P of the finite element mesh let ψP be the corresponding basis
function (i.e. the continuous, piecewise linear function having value one at
P , zero at the other vertices of the finite element mesh). We consider all the
tetrahedrons K containing vertex P and all the cells (ijk) having center of
mass Cijk contained in these tetrahedrons. Then, ϕn+1

P , the volume fraction
of liquid at vertex P and time tn+1 is computed using the following weighted
sum:

ϕn+1
P =

∑

K
P∈K

∑

ijk
Cijk∈K

ψP (Cijk)ϕ
n+1
ijk

∑

K
P∈K

∑

ijk
Cijk∈K

ψP (Cijk)
.

The same kind of formula is used to obtain the predicted velocity vn+1/2 at
the vertices of the finite element mesh. When these values are available at the
vertices of the finite element mesh, the liquid region is defined as follows. An
element of the finite element mesh is said to be liquid if (at least) one of its
vertices P has a value ϕn+1

P > 0.5. The computational domain used for solving
(15) is then defined to be the union of all liquid elements.

The numbering of the bubbles of gas requires to solving Poisson problems (8).
The Poisson problems are solved on the finite element unstructured mesh,
using piecewise linear finite elements. Once the connected components of the
gas domain are recognized, a constant pressure is computed by using the law
of ideal gases (4). The volume of each bubble of gas is computed by the sum
of the volumes of the elements of the finite element mesh belonging to the
bubble, weighted by the mean volume fraction of liquid. Details may be found
in [5].

An approximation of the curvature of the interface can be computed on the
structured grid of small cells with finite differences schemes for instance. Sev-
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eral methods may be found in [10,22] for instance. Nevertheless, these methods
need a very accurate reconstruction of the interface with sophisticated algo-
rithms such as PLIC schemes for instance [1]. On the other hand the method
proposed here uses a formulation on the finite element unstructured mesh.

Let Th be the triangulation of the cavity Λ, Ωn+1
h be the approximation of the

liquid domain composed by elements K in Th and Γn+1
h the approximation

of Γn+1. Let ψPj
be the basis functions of the piecewise linear finite element

space associated to each node Pj, j = 1, . . . , N in the cavity. Finally, let the
piecewise linear finite elements space be denoted by X1

h(Λ).

Let ϕ̃n+1
h , ϕn+1

h be the approximations of ϕ̃n+1, ϕn+1 in X1
h(Λ). The numerical

integration of (10) can either be made on the regular grid of small cells or on
the finite element mesh; for memory purposes, it is performed on the finite
element mesh, that is:

ϕ̃n+1
h (Pi) =

∑

K∈Th

1

d+ 1
|K|

∑

Pj∈K

ϕn+1
h (Pj)Kε(Pj − Pi), i = 1, . . . , N, (16)

where d = 2, 3 is the space dimension of the problem and |K| denotes the
surface (resp. volume) of the element K. This leads to an approximation of
the smoothed volume fraction of liquid for each grid point Pi of Th.

The procedure detailed hereafter gives a natural expression of the curvature
(9) on the finite element mesh grid points in a variational framework and is
not CPU time consuming.

The normal vector nn+1
h is given by (9) (12) (with ϕn+1 replaced by ϕn+1

h ) at
each grid point Pj. The approximation of the curvature κn+1 in (9) is denoted
by κn+1

h and computed by the L2-projection on X1
h(Λ) of the divergence of

nn+1
h with mass lumping. The projection reads:

∫

Λ

Rh

(

κn+1
h ψPj

)

dx =
∫

Λ

−div
∇ϕ̃n+1

h
∣

∣

∣

∣

∣

∣∇ϕ̃n+1
h

∣

∣

∣

∣

∣

∣

ψPj
dx, ∀j = 1, . . . , N . (17)

where Rh denotes the Lagrange interpolant on X1
h(Λ). Relationship (17) leads

to:

κn+1
h (Pj)=

d+ 1

|Ωj|





∑

K∈Th

|K|




1

d+ 1

∑

Pi∈K

∇ϕ̃n+1
h (Pi)

∣

∣

∣

∣

∣

∣∇ϕ̃n+1
h

∣

∣

∣

∣

∣

∣



 ∇ψPj

∣

∣

∣

K

−
∑

∂K⊂∂Λ

Pj∈K

1

d

∇ϕ̃n+1
h (Pj)

∣

∣

∣

∣

∣

∣∇ϕ̃n+1
h

∣

∣

∣

∣

∣

∣

nΛ,h(Pj) |∂K|









, (18)
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where |Ωj| =
∑

K,Pj∈K |K| and nΛ,h denotes the approximation of the external
normal vector to the cavity Λ.

One artificial value of the curvature is thus given by the piecewise linear func-
tion κn+1

h defined by (18) in the whole cavity, that is for each level line of the
smoothed volume fraction of liquid ϕ̃n+1

h . The restriction of κn+1
h to the nodes

Pj lying on Γn+1
h is used in (5).

Finally the diffusion step consists in solving the Stokes problem (15). Let vn+1
h

(resp. pn+1
h ) be the piecewise linear approximation of vn+1 (resp. pn+1). The

Stokes problem is solved with stabilized P1−P1 finite elements (Galerkin Least
Squares method) and consists in finding the velocity vn+1

h and pressure pn+1
h

such that:

∫

Ω
n+1

h

vn+1
h − v

n+1/2

h

τn
wdx+ 2µ

∫

Ω
n+1

h

D(vn+1
h ) : D(w)dx−

∫

Ω
n+1

h

fwdx

−
∫

Ω
n+1

h

pn+1
h div wdx+

∫

Γ
n+1

h

(P n+1 − σκn+1
h )nn+1

h wdS −
∫

Ω
n+1

h

div vn+1
h qdx

−
∑

K⊂Ω
n+1

h

αK

∫

K





vn+1
h − v

n+1/2

h

τn
+ ∇pn+1

h − f



 · ∇qdx = 0 , (19)

for all w and q the velocity and pressure test functions, compatible with the
boundary conditions on ∂Λ.

The restriction of the continuous piecewise linear approximation of the velocity
vn+1

h at the center of each cells Cijk permits to obtain the values vn+1
ijk on the

structured grid for the next time step.

5 Numerical Results

Numerical results in the frame of mold filling have been presented in [5,13,14].
Here simulations involving surface tension effects are presented to validate
the improvement of our model. The results are presented for a wide range of

Reynolds and Capillary numbers, defined by Re =
h |v| ρ
µ

and Ca =
µ |v|
σ

,

where ρ is the density of the liquid, µ is the viscosity, |v| is the norm of the
typical velocity, σ is the surface tension coefficient and h denotes the char-
acteristic local distance, typically given by the mesh size. In the following
simulations the ranges for the Reynolds and Capillary numbers are approx-
imately Re ' 100 − 104 and Ca ' 10−3 − 100. Results for higher Reynolds
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numbers (Re ' 103 − 106) and without surface tension have been presented
in [5].

All the computations were performed on a computer with single processor Pen-
tium Xeon 2.8 GHz CPU, 3 Gb Memory and running under Linux operating
system.

5.1 Convergence Results

The test case of a stationary circular droplet of liquid lying in a square in
the absence of gravity field is first considered. The radius of the droplet is√

0.001 and the size of the square is 0.1× 0.1. Theoretical signed curvature is
constant and equal to −31.62 on the boundary of the liquid domain. Several
finite element meshes are considered: regular structured grids of squares, each
square being divided in four triangles and unstructured (isotropic) meshes.
Table 1 shows the relative error (in percent) on the curvature for several mesh
sizes h and smoothing parameters ε.

If ε → 0, the approximations of the derivatives of the characteristic function
are not accurate. On the other hand, taking a large value of ε leads to an
inaccurate approximation of the curvature (numerical diffusion). According to
Tab. 1, a constant minimal value ε = 0.05 can be chosen, independently of
the mesh size. This value ensures approximately one percent of error on the
computation of the curvature for reasonable mesh sizes.

The convergence of the approximation of the curvature is discussed with fixed
ε. Structured finite element meshes of squares are considered first from 40×40
squares to 400× 400 squares, each square being divided in four triangles. The
size of the cells of the structured mesh used for advection step is approximately
5 to 10 times smaller than the size of the finite elements, see [13,14]. Figure
5 illustrates the convergence of the approximation of the curvature when the
mesh size tends to zero for ε = 0.05. The convergence order is O(h). Similar
results are obtained with unstructured (isotropic) meshes, with the same order
of convergence for the approximation of the curvature.

Since the time splitting algorithm presented in Sect. 3 is an order one algo-
rithm (see also [13,14] for a numerical verification without taking into account
the compressible gas), the aim of this article is not to increase the convergence
order for the approximation of the curvature, even if the choice of the smooth-
ing parameter ε in function of h could permit to obtain a better convergence
order [32].

In the case of this stationary droplet, the numerical simulation introduces
spurious velocities around the interface due to the imposition of surface tension
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forces. Since the real physical velocity is identically zero, these velocities are
often called spurious currents and their amplitude is widely discussed in the
literature [3,21,23], in function of the ratio between the surface tension forces,
i.e. σκ, and the viscosity of the fluid, i.e. µ or in function of the Reynolds and
Capillary numbers. In Fig. 6, the maximal amplitude of the spurious currents
is given after five time steps (τ = 0.001) for different mesh sizes. The ratio
between surface tension forces and the viscosity is σκ/µ ' 233.3 and the
Reynolds and Capillary numbers are respectively Re ' 1.0 and Ca ' 0.0015.
Meshes are structured. The coarser finite element mesh is composed by 6400
elements (40× 40 squares, each divided in four triangles) with 120× 120 cells,
the middle mesh is composed by 80 × 80 squares with 240 × 240 cells, while
the finer mesh is composed by 120 × 120 squares divided in triangles with
360 × 360 cells. Results compare well for instance with [32] but are slightly
less accurate than methods that reconstruct a very fine approximation of the
interface, see e.g. [21].

In the following paragraphs, the efficiency and robustness of our method is
illustrated on various examples.

5.2 Bubbles and Droplets Simulations

Deformed droplets have been widely treated in the literature [3,15,23,29]. Here
we consider first an initially oval droplet in the absence of gravity forces. Since
the surface tension forces are more important in the extremities where the
curvature is larger, the shape of the droplet tends to become a circle. In our
case, the viscosity is given by µ = 1 kg/(ms), while the density is ρ = 1000
kg/m3. The surface tension coefficient is σ = 7.038 N/m. The external pressure
of the surrounding gas is neglected. The initial liquid domain is given by

Ω0 =

{

(x, y) ∈ R
2 :
(

x− 4

2

)2

+
(

y − 4

3

)2

≤ 1

}

.

A coarse structured mesh is made out of 20 × 20 squares, each divided in 4
triangles. A middle mesh (40× 40 squares) and a fine mesh (80× 80 squares)
are also considered. The regular grid of small cells is constituted respectively
by 500×500, 1000×1000 and 2000×2000 cells. The time step is τ = 0.1, 0.05
and 0.025 s respectively. The orders of magnitude for the Reynolds number
and Capillary number are approximately Re ' 1.0 and Ca ' 0.0029. Since
the liquid is a viscous liquid, the amplitude of the oscillations decreases with
time and the oval droplet becomes a circle after some oscillations. The period
of oscillations for droplets has been extensively discussed in the literature (see
for instance [2] and references therein). According to [8,20], the period ξ of the
first mode of oscillations of a cylindrical droplet of density ρ into the vacuum
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is given by:

ξ2 =
6σ

ρa3
, (20)

where a is the radius of the circle in equilibrium. This approximation does
not take into account the viscous effects. Nevertheless, for large droplets of
low viscosity liquids (see [2,12]) such as this case, the viscous corrections have
been proved to be negligible and (20) holds.

For a = 2.45, ρ = 1000 and σ = 7.038, the theoretical value of the time to
make one complete oscillation is 2π/ξ ' 0.1173 s. The period of the computed
droplet oscillation is determined by studying the position of one extreme point
along one axis of the droplet. The observed values for the period of oscillation
in the simulations are respectively 0.130 s. for the coarser mesh, 0.122 s. for
the middle mesh and 0.115 s. for the finer mesh. This shows that the diffusion
of the algorithm decreases with the mesh size, with order one, see Fig. 7.

Similar results may be obtained in the three dimensional case. For instance let

Ω0 =
{

(x, y, z) ∈ R
3 :
(

x−0.05
0.8

)2

+
(

y−0.05
1.8

)2

+
(

z−0.05
0.8

)2 ≤ (0.025)2

}

. Figure 8

illustrates the position of the liquid-gas interface at different times for a coarse
finite element mesh made out of 96′000 tetrahedrons. The CPU time used for
this computation is approximately 10 hours to achieve 400 time steps.

Let us consider now the rising of a bubble, see Fig. 1. Consider a bubble
of gas initially at the bottom of a cylinder filled with liquid. Under gravity
forces, the bubble rises until reaching the top of the cylinder. The physical
constants are µ = 0.01 kg/(ms), ρ = 1000 kg/m3 and σ = 0.0738 N/m.
Consider first the two-dimensional case. The dimensions of the cylinder are
0.1 m ×0.05 m. The Reynolds and Capillary numbers are respectively Re ' 80
and Ca ' 0.11. Three structured finite element meshes are considered. The
coarse mesh is made out of 2576 nodes and 5000 elements, the middle mesh
is made out of 10151 nodes and 20000 elements and the fine mesh is made
out of 22726 nodes and 45000 elements. The size of the cells of the structured
mesh used for advection step is approximately 5 to 10 times smaller than
the size of the finite elements and the time step is chosen such that the CFL
number is approximately one. The smoothing parameter is ε = 0.005. Figure 9
illustrates the liquid-gas interface at different times for different mesh sizes.
The convergence when the mesh size and time step tend to zero appears clearly
thanks to surface tension effects.

Similar results may be obtained in three space dimensions and are illustrated
in Fig. 10 for a mesh made out of 115′200 tetrahedrons. The CPU time for
this computation is approximately 20 hours to achieve 1000 time steps. Most
of the CPU time is used to solve the Stokes problem in the liquid domain.

14



5.3 Droplet splashing

The splashing of a droplet of liquid falling in the presence of gravity field onto
a thin layer of the same liquid at rest is considered in two space dimensions
(see also [10]). The cavity is the 0.1 m×0.1 m square. External forces are only
gravity forces. The droplet has initial velocity v0 = −2 m/s along vertical
axis and falls from 0.0625 m. The initial radius of the bubble is 0.007 m
and the height of the thin layer of liquid is 0.02 m. Physical parameters are
µ = 0.05 kg/(ms), ρ = 1000 kg/m3 and σ = 0.0738 Nm−1. Numerical results
are presented for a structured mesh of 80 × 80 squares and the time step is
τ = 0.001 s. The final time is T = 0.4 s. The smoothing parameter is ε = 0.05.
The Reynolds number is approximately Re ' 40 and the Capillary number is
Ca ' 1.35. Slip boundary conditions are enforced on the lateral walls, while
no slip boundary conditions are enforced at the bottom of the cavity. The
position of the free boundary is illustrated in Fig. 11 for various times and
shows the formation of small splashing droplets.

5.4 Filling of a Plate

Generally, surface tension is not the leading effect in mold filling applications,
due to high Reynolds numbers. A filling example is presented here to validate
our extended model in the framework of mold filling. Consider here the filling
of a plate. The mold is included in a 0.1 m×0.1 m-rectangular domain, whose
thickness is 0.05 m. Liquid (ρ = 1000 kg/m3 and µ = 0.01 kg/(ms)) is in-
jected from the bottom at vertical velocity 16 m/s through a small inlet. The
experiment is three-dimensional, but the small thickness of the mold allows
to perform simulations in two dimensions of space. Thanks to the symmetry
of the problem, the simulation covers one-half of the physical domain and slip
boundary conditions are imposed on the symmetry axis. The finite element
mesh is made out of 1960 nodes, while the structured grid is made out of
60′000 cells. The Reynolds number is Re ' 104. Two different surface tension
coefficients are selected (σ = 0.0738 N/m and σ = 7.38 N/m) giving Capillary
numbers of Ca ' 2.17 or Ca ' 0.0217 respectively.

In Fig. 12, numerical results are presented for different values of σ when the
cavity is initially filled with an ideal gas at atmospheric pressure and compared
to experiments [24].

When comparing numerical results to experimental ones, we can observe the
absence of the rolling at the front of the jet in the simulations and a large
difference (blurring) in the shape of the front of the flow before hitting the
opposite wall. These differences are probably due to inexact slip boundary
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conditions, especially at the entrance of the cavity, where there is a large fric-
tion between the wall and the liquid. These boundary conditions are enforced
to avoid the boundary layers effects that would appear with the friction of the
liquid against the walls at the entrance of the cavity and would need extremely
fine layered meshes along the boundary of the cavity. The second reason is the
absence of a sophisticated turbulence model in our model that would allow to
take into account the turbulent character of the flow that is not well simulated
with our simple turbulent viscosity model.

In both cases, the introduction of surface tension does not help to improve the
simulation for such turbulent flows, but this example shows the robustness of
the surface tension computations in the framework of mold filling.

6 Conclusion

A numerical model for the simulation of free surface flows with surface tension
involving a compressible gas and an incompressible liquid has been presented.
The characteristic function of the liquid domain is used to describe the in-
terface. The unknowns are velocity and pressure in the liquid and constant
pressure in each connected component of gas surrounded by the liquid. A split-
ting algorithm is used to decouple physical phenomena. The surface tension
effects are taken into account in a variational form that permits to avoid the
need of a very accurate reconstruction of the interface. Numerical results show
on various examples the efficiency and robustness of the method.
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Fig. 1. Rising of a bubble of air under gravity forces in a cavity Λ filled with water.
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solved to determine the new approximation of the characteristic function ϕn+1, the
new liquid domain Ωn+1 and the predicted velocity v

n+1/2. Then a constant pressure
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liquid domain Ωn+1, taking into account the pressure P n+1 and curvature κn+1 on
the liquid-gas interface.
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Fig. 3. Two grids method in the two-dimensional case: structured grid of small
square cells (left) and unstructured finite element mesh of triangles (right).
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H
H

H
H

HH
ε

h
0.0025 0.0016 0.00125 0.001 0.0008

0.5 3.85 1.51 1.45 1.10 0.85

0.1 3.85 1.42 1.49 1.10 0.85

0.05 3.82 1.42 1.42 1.10 0.85

0.01 4.14 1.48 1.45 1.12 0.89

0.005 8.03 1.67 1.49 1.15 1.04

Table 1
Circular droplet case: smoothing of volume fraction of liquid. Values of the maxi-
mal relative error (in percent) on the curvature of the circular droplet function of
parameter ε and of mesh size h.
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Fig. 5. Circular droplet test case: convergence error for the approximation of the
curvature.

Fig. 6. Spurious currents: Representation of the spurious velocities on a cir-
cle shape for coarse mesh (left, h = 0.0025, |v|max = 0.0057 m/s), mid-
dle mesh (center, h = 0.00125, |v|max = 0.0078 m/s) and fine mesh (right,
h = 0.00083, |v|max = 0.0109 m/s ).
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Fig. 7. Oscillating droplet: Log-scale plot of the relative error on the time period
for the first oscillation of the droplet.

Fig. 8. Three-dimensional oval droplet. Representation of the liquid-gas interface at
various times (from left to right, top to bottom t = 0.15, 0.30, 0.44, 0.74, 1.2 and 1.5
s.)
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coarse mesh middle mesh fine mesh

t = 0.20

t = 0.45

Fig. 9. Rising Bubble: results for σ = 0.0738 Nm−1 and several mesh sizes. Position
of the free surface at times t = 0.2 s (first row) and t = 0.45 s (second row). Left:
coarse mesh, middle: middle mesh and right: fine mesh.
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Fig. 10. Rising Bubble: three-dimensional results for σ = 0.0738 Nm−1. Represen-
tation of the gas domain at times t = 0.0, 0.25, 0.5, 0.75 and 1 s. (left to right, top
to bottom)

Fig. 11. Droplet splashing on a thin layer of liquid. Position of the liquid gas interface
at times t = 0, 0.04, 0.06 and 0.08 s.

25



t = 8.4 t = 10.6 t = 12.6 t = 14.5 t = 16.5

σ = 0 N/m:

σ = 0.0738 N/m:

σ = 7.38: N/m

Fig. 12. A mold filling example: numerical results at times 8.4, 10.6, 12.6, 14.5
and 16.5 ms: first row: without surface tension, second row: with surface tension
σ = 0.0738 N/m, third row: with surface tension σ = 7.38 N/m and fourth row:
experiment [24] at times 8.4, 12.6 and 16.5 ms.
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