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Abstract

A numerical model for the simulation of three-dimensionalliquid-gas o ws with
free surfacesand surface tension is preseried. The incompressible Navier-Stokes
equations are assumedto hold in the liquid domain, while the gas pressureis as-
sumedto be constart in ead connectedcomponert of the gasdomain and to follow
the ideal gaslaw. The surfacetension e ects are imposedas a normal force on the
interface.

An implicit splitting schemeis usedto decouplethe physical phenomena.Given
the curvature of the liquid-gas interface, the method described in [5] is used to
track the liquid domain and compute the velocity and pressurein the liquid and
the pressurein the gasdomain. Then the surfacetension e ects are added. A vari-
ational method for the computation of the curvature is presered by smoothing the
characteristic function of the liquid domain and usinga nite elemen unstructured
mesh.

The model is validated and numerical results in two and three spacedimensions
are preserted in the frame of bubbles and/or droplets ows.
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1 Intro duction

Free surface o ws appear in many physical situations. Surfacetension e ects
are not always relevant, especially when the Reynolds number is large, but
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they becomevery important when we deal with quasi-stationary bubbles or
droplets, seee.g.[30], crashingdroplets of water [10,11,28]rising bubbles[31],
visceelastic o ws [26] or wave propagation[9].

In this article, we focuson the simulation of two-phase o ws, namelyanincom-
pressibleliquid and a compressibleggas.The velocity and pressureare modeled
in the liquid, while only the pressureis consideredn the gasdomain. The aim
of this article is to extend the model proposedin [5] by adding the surface
tension e ects.

Many methods exist for the modeling of surfacetension e ects on the liquid-
gas interface (see[3,23] for instance for a review). The continuum surface
force model (CSF) [3,7,22,32]is used here. Contact angles(i.e. triple-p oints
for instance) are not modeled. The surfacetension e ects are expressedby
a normal force on the free surface, so that the equilibrium relation on the
liquid-gasinterfaceis

phn+2 D(v)n= Pn+ n;

where is the curvature of the liquid-gasinterface, n is the normal vector to
the interface (oriented towards the gasdomain) and is a constart coe cient
which dependson the physical properties of both, the liquid and the gas.The
pressurein the liquid is heredenotedby p, while P denotesthe pressurein the
gas. The velocity of the liquid is denotedby v and D(v) is the rate of stress
tensor. Dynamical e ects in the gasdomain are neglected.

The characteristic function of the liquid domainis consideredand a volume-of-
uid method is used.An implicit time splitting schemeextractedfrom [5,13,14]
permits to decouplethe various physical phenomenaTwo advection problems
are rst solwed on a structured grid and then the gas pressure,the surface
tension e ects and a di usion problem are solved on an unstructured nite
elememn mesh.We focushereon the computation of the surfacetensione ects.
The curvature can be computed by approximating the secondderivatives of
the volumefraction of liquid [19], by computing the volumefraction of a sphere
which lieson onesideof the interface[4], or with geometricconsiderationg18].
Generallythe computation of the curvature is carried out on a structured grid
and needa very accuratereconstruction of the interface[1,21]. A method for
the computation of surfacetensione ects is proposedhereon an unstructured
nite elemen mesh,independerly of the spacedimension(seealso[27]for a
similar approad).

The curvature is de ned by the divergenceof the normal vector to the
interface[17,25]

= divn :



The very well-knowvn drawbad of the volume-of- uid method is the lack of
regularity of the characteristic function of the liquid domain ' acrossthe
interface. In order to compute its derivatives,' is rst corvoluted with a
smooth kernel [21,32]. An arti cial curvature is then obtained at eat grid
point of the unstructured meshby computing the projection of the divergence
of the normal vectorin the L2-senseon the piecewisdinear nite elemen space
basedon an unstructured mesh.The surfacetensionforceis then appliedat the
grid points lying on the numerical appraximation of the liquid-gas interface.

The structure of this article is asfollows. In Sect. 2, the numerical model for
the simulation of a two-phase ow involving an incompressibleliquid and a
compressiblegasis descriked. In Sect. 3, a time splitting sthemeis presered,
which permits to decouplethe computation of the surfacetensione ects from
the other physical phenomena.The spacediscretization is detailed in Sect. 4.
Finally, in Sect. 5, corvergenceresults are obtained for the approximation
of the curvature and numerical simulations are presened in two and three
dimensionsto illustrate the e ciency of our approad in various situations.

2 The Mathematical Mo del

The numerical simulation of this liquid-gas free surface ow without taking
into accourt the surfacetension e ects has beendescrited in [5,13,14].The
model preserted in this sectionis an extension of the one descriked in [5]
in which the surfacetension e ects are taken here into accournt by adding a
normal force on the liquid-gas interface.

Let be a cavity of RY, d = 2;3 in which the uid must be con ned, and
let T > 0 bethe nal time of simulation. For any given time t, let  be
the domain occupied by the liquid and let  be the free surfacede ned by
@ {n@. The notations arereported in Fig. 1in the frame of a two-dimensional
situation, namely the rising of an air bubble in water under gravity forces.

Let Qr denote the space-timedomain cortaining the liquid, that is Qr =
f(x;t):x2 ;0<t< Tg.In theliquid region,the velocity eld v : Qr ! R¢
and the pressureeld p: Qr ! R areassumedo satisfy the time-dependen,
incompressibleNavier-Stokes equations,that is

%+ (v r)v 2div( D(v))+rp=f in Qr ; 1)
divv=0 in Qr @)

HereD(v) = %(r v + r v') is the rate of deformation tensor, the constart
density, the viscosity andf denotesthe external forces.



Let ' : (0;T) ' R be the characteristic function of the liquid domain
Qr. The function ' equalsoneif liquid is presen, zeroif it is not. In order to
descrike the kinematics of the free surface,” must satisfy (in a weak sense):

@ :

—+Vvr

@ =0 inQr: (3)

In the gasregion, the velocity is disregarded,sothat the only unknown is the
pressure.At ead time t, the pressureP(t) : n ;! R in the gasis assumed
to be piecewiseconstart in ead bubble of gas, that is in eat connected
componert of the gas domain. The gasis supposedto be an ideal gas at
constart temperature. Let us denote by k(t) the total number of bubbles of
gasat time t 2 (0;T) and by B;(t) the bubble number i. The law of ideal
gaseds assumedo hold in ead bubble, which implies

Pi(t)Vi(t) = constart in bubble numberi ; (4)

The velocity in the gasis thus disregardedand the connectedcomponerts
of the gasdomain have to be tracked at ead time step. In most situations
and whenthe time stepis small enough,three situations may appear between
two time stepsat di erent locationsin the process:rst, a single bubble may
stay a single bubble; then a bubble may split into two bubblesand, nally,
two bubbles may mergeinto one. In thesethree casesthe pressureat time
t+ may be computedby taking into accourt the conseration of number of
moleculesin the bubblesbetweenthe time t andt + . A detailed discussion
may be found in [5].

The initial conditions are the following. At initial time, the characteristic
function of the liquid domain' is given, which de nes the initial liquid region
o=Tfx2 :'(x;0)= 1g. The initial velocity eld v is then prescribed in
o- The initial gaspressureeld is prescricedin n o andis assumedto be
constart in ead bubble of gasexisting at initial time.

The boundary conditionsfor the velocity eld arethe following. On the bound-
ary of the liquid region being in cortact with the walls (that is to say the
boundary of , seeFig. 1), Dirichlet or slip boundary conditions are enforced,
se€[13,14].0n the freesurface ., tangertial and capillary forcesare neglected
in this article, sincecreeping o ws at very low Reynoldsnumber are not con-
sideredhere. Thus the forcesacting on the free surfaceare the normal forces
due to the gaspressureand the surfacetension e ects. At given time t, let

(x;t) be the curvature of the interface  at point x. The following equilib-
rium relation is then satis ed on the liquid-gas interface:

pn+2 D(v)n= Pn+ n on ; t2(0;T) ; (5)



wheren is the unit normal of the liquid-gas free surfaceoriented toward the
gasdomain, P is the pressuren the gas, isthe local curvature of the interface
and is a constant surfacetension coe cient which dependson both media
on ead side of the interface (namely the liquid and the gas). By de nition,

the curvature (x;t) is supposedto be negatiwe if the certer of the osculating
circle of the interface at point x is on the liquid side of the interface (see[6]
for a similar corvertion).

For example, considerthe situation of Fig. 1, namely the rising of a single
bubble of air initially at the bottom of a glassof water (the numerical exper-
iment is described in Sect. 5). When the bubble rises, a force (5) is exerted
on the interface;the rst cortribution of this forceis a normal forceinduced
by the pressureof the trapped gaswhich prevens the bubble from collapsing,
while the secondcortribution is due to the surfacetension e ects.

The mathematical description of our model is now completed. The model
unknowns are the characteristic function ' in the whole cavity, the velocity
v and pressurep in the liquid domain, the connectedcomponerts of the gas
domain (bubbles), the pressureP in the gas domain and the curvature
and the normal vector n on the liquid-gas interface. These unknowns satisfy
equations(1), (2), (3) and (4) with the boundary condition (5) on the free
surface ;.

3 A Time Splitting Algorithm

In [13,14],an implicit, order one splitting algorithm was usedto solwe the
problem (1)-(5), with P = 0and = 0, by decouplingthe advection phenom-
ena from the di usion phenomena.ln [5], the splitting algorithm has been
extendedby taking into accoun the gaspressureP with (4). In this paper,
an extendedsplitting algorithm is proposedto aggregatethe surfacetension
e ects in (5).

let 0=1t"< tl < t?2< ::: < tN = T be a subdivision of the time interval
[0;T] and " = t"*1  t" the n-th time step,n = 1;2;:::;N, the largest
time step.

Let' ", v, " k", P", B 1= 12:::;k" and ", n" be approximations
of' v, , k,P,Bj,i=12:::;kand , n respectively at time t". Then
the approximations ' "*1, yn*l = on+lognel opntl gl o= 00 kNt

and "1 n"1 at time t"*! are computed by meansof an implicit splitting
algorithm, asillustrated in Fig. 2.

First two advection problems are solved, leadingto a prediction of the new



velocity v"*1=2 togetherwith the newappraximation of the characteristic func-
tion of the liquid domain' "*!. This allowsto determinethe newliquid domain
n*1 the newgasdomain n "*! andthe newliquid-gasinterface "*!. Then

with a procedurewe sketch in the following and the constart pressureP,"*!
in ead bubble B! is computed. Then an appraximation of the curvature
n*1 is obtained on the interface "*' together with the normal vector n"** .
Finally, a generalizedStokesproblemis sohedon " with boundary condi-
tion (5) on "*! and Dirichlet or slip conditions on the boundary of the cavity
and the correction of the velocity v"*! and the pressurep"*! in the liquid
are obtained.

The advection step consistsin solving betweenthe timest" and t"** the two
advection problems:

%+(vr)v=0; (6)
%+v r''=0: (1)

with initial conditions given by the valuesof the functionsv and' at time t".
This stepis solved with a forward characteristics method, i.e. the prediction
of the velocity and the new appraximation of the characteristic function are
given by v"*1=2(x + "v"(x)) = v"(x) and' "1 (x+ "v"(x)) ="' "(x), for all
X 2 ". The domain "*! isthen de ned asthe set of points suc that ' "*?
equalsone.

Given the liquid domain "*!, the bubblesof gasB*! are then recognized
with a numbering algorithm. This stepis widely detailed in [5]. The key point

isto nd the bubbles number k"** and the bubblesB**, i = 1;:::;k"*.

The algorithm for detecting a connectedcomponert of the gasdomain is the

following. At ead time step, given a point P outside the liquid domain n*I,

we rst seard for a function u sud that u = p in the domain "*

initially dened by n " with u= 0on n " and u cortinuous, i.e.:

nd u: ! R which satis es:

8

§ u= p; in "™ ;

E u=0 in n " : (8)
[u=0;, on@ " ;

Sincethe solution u to this problem is strictly positive in the connectedcom-
ponert of "*1 cortaining the point P and is vanishing outside, the rst
bubble is found. The procedureis then repeatedto recognizeone connected



componert after the other by removing the previous connectedcomponert
from "*! and choosinganother point P. Details may be found in [5].

Then the curvature of the free surface "*! and the normal vector n"*! are
computed. Since the characteristic function ' "** is not regular acrossthe
interface, it is rst mollied in order to obtain a smooth function '~"*! sud
that the liquid-gasinterfaceis givenby the level linefx 2 :'-"*1(x) = 1=2g,
with “"*1 < 1=2 in the gasdomain and '-"*! > 1=2in the liquid domain. At
eat time step, the normal vector n"*! directed outside the liquid domain
towards the gasdomain and the curvature "*' on the liquid-gasinterfaceare
then given by:

r N+l r N+l
"1 = divh"?! = div——— ; (9)

nn+1 = —, — —
jir =i jir =

wherejj jj denotesthe Euclideannorm in RY, d = 2; 3, seee.qg.[17,25].

Let us turn rst to the smaothing of the characteristic function ' "*1. Let

K.(x) be a kernel function, i.e. which hasa compactsupport and is radially-

symmetric, monotonically decreasingwith respectto r = jjxjj and normalized.

The cornvolution of ' "1 with K. leadsto a smoothed volumefraction of liquid
“"*1 de ned by:
z

) = THKA(x o y)dy; 8x 2 (10)

The kernelusedin our algorithm hasbeenproposedin [32] and is given by:

8 o 1,14

fcar DI A g -
K-(x) = (11)

2

T 0 otherwise

where C is a normalization coe cient, depending on the spacedimension.
Hencethe normal vector n"*! and the curvature "*! can be appraximated
by (9). Obsene that the rst derivativesof '~"*1 may even be obtained with
an exact expression:

@ L @
@ (x) = (y) @

(x y)dy, i=1:::;d: (12)

whered = 2; 3 is the spacedimensionof the problem.



Finally, the di usion step consistsin solving a generalizedStokes problem
on the domain "*' using the predicted velocity v"*1=? and the boundary
condition (5). The following implicit Euler sthemeis used:

Vn+l Vn+l=2
- 2div. D(v"™) +r p™t = f in M1 (13)

divv"t =0 in "% (14)

The boundary conditionson the freesurfacebetweenthe liquid and the bubble
number i are given by (5). The weak formulation correspnding to (13) (14)
and (5) thereforeconsistsin nding v"*! and p"** sud that v"*! satis esthe
essetial boundary conditions on the boundary of the cavity and

Z yn+l o yn+l=2 z
- wdx + 2 D(v"?) : D(w)dx
n+1Z 7 n+l 7z
p"*t div wdx fw dx div v"** qdx (15)
n+l n+1 n+1
+ pn+t "l on"™wdS=0;

n+l

for all (w; g) compatiblewith the essetial boundary conditionson the bound-
ary of n*1,

4 The Space Discretization

A two-grids method is usedfor the spatial discretization, seeFig. 3. In partic-
ular, a regular grid of small cellsis usedto solwe the advection step, while the
computationsof the gaspressure surfacetensione ects and di usion stepare
performedon an unstructured nite elemem mesh.

The advection step is solved on the ne structured grid of small cells with
a forward characteristics method. Assumethat the grid is made out of cubic
cellsof sizeh, ead cell beinglabeledby indices(ij k). Let ' | and v{, bethe
approximate value of ' and v at the certer of cell number (ij k) at time t".
The unknown ' [ is the so-calledvolume fraction of liquid in the cell (ij k),
see[1]. This numerical approximation of the characteristic function ' at time
t" is then piecewiseconstart on ead cell of the structured grid. The advection
step in the cell (ij k) consistsin advecting ' i, and v{!, by "vi, and then
projecting the valueson the structured grid. An exampleof cell advection and
projection is presened in Fig. 4 in two spacedimensions.



In orderto enhancethe quality of the volumefraction of liquid, post-processing
procedureshave beenimplemerted. In particular, a variation of the SLIC

algorithm [16] allows to reducethe numerical di usion on the regular grid of

small cellsby pushingthe liquid on the sidesof the cell beforeadvectingit and

projecting on the grid. Preciseexamplesand detailed description are given in

[13,14]for the two- and three-dimensionalcasesA post-processingtechnique
which allows to produce new values' {;*kl which are betweenzeroand oneis

alsoimplemened and detailed in [5], wherethe e ciency of theseprocedures
for stretching o ws with prescribed velocity is also shavn.

Oncevalues' 1! and virj”k1 ~ have beencomputed on the cells, valuesof the

fraction of liquid ' B** and of the velocity eld VB”:z are computed at the
nodes P of the nite elemem mesh by multi-grids restriction methods: for
any vertex P of the nite elemen meshlet p be the correspnding basis
function (i.e. the cortinuous, piecewiselinear function having value one at
P, zeroat the other verticesof the nite elemen mesh). We considerall the
tetrahedrons K cortaining vertex P and all the cells (ij k) having certer of
massC;j i cortained in thesetetrahedrons. Then, ' E,*l, the volume fraction
of liquid at vertex P and time t"*! is computed using the following weighted

sum:

v N+l
P(CiK)" i«
K i k
Cnel _ P2K G k2
P — 7\ 7\

P (Cij k)

K i k

P2K Cij k2K
The samekind of formula is usedto obtain the predicted velocity v"*1=2 at
the verticesof the nite elemen mesh.When thesevaluesare available at the
verticesof the nite elemenm mesh,the liquid regionis de ned asfollows. An
elemen of the nite elemem meshis said to be liquid if (at least) one of its
verticesP hasavalue' 3** > 0:5. The computational domain usedfor solving

(15) is then de ned to be the union of all liquid elemelts.

The numbering of the bubblesof gasrequiresto solving Poissonproblems(8).
The Poissonproblems are solved on the nite elemen unstructured mesh,
using piecewisdinear nite elemeits. Oncethe connectedcomponerts of the
gasdomain are recognized,a constart pressureis computed by using the law
of ideal gaseq4). The volume of ead bubble of gasis computed by the sum
of the volumes of the elemeits of the nite elemem meshbelongingto the
bubble, weighted by the meanvolume fraction of liquid. Details may be found
in [5].

An appraximation of the curvature of the interface can be computed on the
structured grid of small cellswith nite di erences schemesfor instance.Sev-



eral methods may be foundin [10,22]for instance.Newerthelessthesemethods
needa very accurate reconstruction of the interface with sophisticatedalgo-
rithms sud asPLIC sdemesfor instance[1]. On the other hand the method
proposedhere usesa formulation on the nite elemen unstructured mesh.

Let T,, bethe triangulation of the cavity , [*' bethe appraximation of the
liquid domain composedby elemerts K in T, and [ the appraximation

of "1 Let p; be the basisfunctions of the piecewiselinear nite elemen

piecewisdinear nite elemens spacebe denotedby X ().

Let ~0*1;" M*1 pe the appraximations of '"*1;' "*1 in X }(). The numerical
integration of (10) can either be madeon the regular grid of small cellsor on
the nite elemem mesh;for memory purposes,it is performed on the nite
elemen mesh,that is:

. . X 1 + .
STP) = K FT(PHK-(P P); i= LN (26)

K 2Th P; 2K

whered = 2;3 is the spacedimension of the problem and jKj denotesthe
surface(resp. volume) of the elemen K. This leadsto an appraximation of
the smaothed volume fraction of liquid for ead grid point P; of Ty.

The proceduredetailed hereafter gives a natural expressionof the curvature
(9) on the nite elemen meshgrid points in a variational framework and is
not CPU time consuming.

The normal vector np*™* is given by (9) (12) (with ' "** replacedby ' [*') at
ead grid point P;. The appraximation of the curvature "*! in (9) is denoted
by §** and computed by the L2-projection on X}() of the divergenceof

np*t with masslumping. The projection reads:

Z Z r-n +1

R, E+1 p, dx= div—h p, dX; 8 =1::5;N : (17)

r N+l

whereR;, denotesthe Lagrangeinterpolant on X }(). Relationship (17) leads
to:

2 0 1
. d+1,X 1 X r-M(p)
PD= T KO e AT oA
b ke, Pk T
X1 () .
a%” :h(Pj)J@(JZ ; (18)
a0 Th
J

10



.. _ P o o
wherej jj = .2k JKjandn . denotesthe appraximation of the external
normal vector to the cavity .

Onearti cial value of the curvature is thus given by the piecewisdinear func-
tion N*' de ned by (18) in the whole cavity, that is for ead level line of the
smaothed volume fraction of liquid '“)**. The restriction of [** to the nodes
P, lying on p*! is usedin (5).

Finally the di usion stepconsistsin solvingthe Stokesproblem (15). Let vi**
(resp. ph*™) be the piecewiselinear appraximation of v"*! (resp. p"*'). The
Stokesproblemis solved with stabilizedP; P; nite elemens (Galerkin Least
Squaresmethod) and consistsin nding the velocity vi** and pressurep)**

sud that:

Z o ne o nei=2 z z
D wdx + 2 D(v{*) : D(w)dx fw dx
n+l n+l n+l
"z z " VA
pp*t div wdx+ (P! MHnptwds div vi** qdx
n+l n+l n+l
h 0 h 1 h
X Z Vn+1 n+1=2
k @ ——D 4+ rp*t fA rodx=0; (19)
K E+1 K

for all w and g the velocity and pressuretest functions, compatible with the
boundary conditions on @.

The restriction of the cortin uouspiecewisdinear approximation of the velocity
vﬂ*l at the certer of eat cellsCj  permits to obtain the valuesv{j‘T(l on the

structured grid for the next time step.

5 Numerical Results

Numerical resultsin the frame of mold lling have beenpresened in [5,13,14].
Here simulations involving surfacetension e ects are preseried to validate

the improvemen of our model. The results are presened for a wide range of

hjvi and Ca = ﬂ,

Reynoldsand Capillary numbers, de ned by Re =

where is the density of the liquid, is the viscosity, jvj is the norm of the
typical velocity, is the surfacetension coe cient and h denotesthe char-
acteristic local distance, typically given by the mesh size. In the following
simulations the rangesfor the Reynoldsand Capillary numbers are approx-
imately Re' 10° 10*and Ca' 103 10°. Results for higher Reynolds

11



numbers (Re' 10° 1(P) and without surfacetension have beenpresened
in [5].

All the computationswereperformedon a computerwith singleprocessoiPen-
tium Xeon 2.8 GHz CPU, 3 Gb Memory and running under Linux operating
system.

5.1 Convegene Results

The test caseof a stationary circular droplet of liquid lying in a squarein
e absenceof gravity eld is rst considered.The radius of the droplet is
0:001and the sizeof the squareis 0:1  0:1. Theoretical signedcurvature is

constart and equalto 3162 on the boundary of the liquid domain. Se\eral

nite elemem meshesare consideredregular structured grids of squareseadt
squarebeing divided in four triangles and unstructured (isotropic) meshes.

Table 1 shawsthe relative error (in percer) onthe curvature for several mesh

sizesh and smaothing parameters”.

If "1 0, the approximations of the derivatives of the characteristic function
are not accurate. On the other hand, taking a large value of " leadsto an
inaccurateapproximation of the curvature (numerical di usion). Accordingto
Tab. 1, a constart minimal value " = 0:05 can be chosen,independerly of
the meshsize. This value ensuresapproximately one percen of error on the
computation of the curvature for reasonablemeshsizes.

The corvergenceof the appraximation of the curvature is discussedvith xed
". Structured nite elemen meshesf squaresare consideredrst from 40 40
squaresto 400 400squares.ead squarebeingdivided in four triangles. The
sizeof the cellsof the structured meshusedfor advection stepis approximately
5 to 10 times smaller than the sizeof the nite elemerts, see[13,14].Figure
5 illustrates the cornvergenceof the appraximation of the curvature when the
meshsizetends to zerofor " = 0:05. The convergenceorder is O(h). Similar
resultsare obtainedwith unstructured (isotropic) mesheswith the sameorder
of corvergencefor the appraximation of the curvature.

Sincethe time splitting algorithm presened in Sect. 3 is an order one algo-
rithm (seealso[13,14]for a numerical veri cation without taking into accourt

the compressiblggas), the aim of this article is not to increasethe corvergence
order for the appraximation of the curvature, evenif the choiceof the smooth-

ing parameter” in function of h could permit to obtain a better convergence
order [32].

In the caseof this stationary droplet, the numerical simulation introduces
spuriousvelocities aroundthe interfacedueto the imposition of surfacetension

12



forces.Sincethe real physical velocity is identically zero, thesevelocities are
often called spurious currents and their amplitude is widely discussedn the
literature [3,21,23],in function of the ratio betweenthe surfacetensionforces,
i.e. , andthe viscosiy of the uid, i.e. orin function of the Reynoldsand
Capillary numbers. In Fig. 6, the maximal amplitude of the spuriouscurrens
is given after v e time steps( = 0:001) for di erent meshsizes.The ratio
between surface tension forces and the viscosiy is = ' 2333 and the
Reynoldsand Capillary numbers are respectively Re' 1:0 and Ca' 0:0015.
Meshesare structured. The coarser nite elemen meshis composedby 6400
elements (40 40squaresgead divided in four triangles) with 120 120cells,
the middle meshis composedby 80 80 squareswith 240 240 cells, while
the ner meshis composedby 120 120 squaresdivided in triangles with
360 360 cells. Results comparewell for instance with [32] but are slightly
lessaccuratethan methods that reconstructa very ne appraximation of the
interface, seee.g. [21].

In the following paragraphs,the e ciency and robustnessof our method is
illustrated on various examples.

5.2 Bubblesand Droplets Simulations

Deformeddroplets have beenwidely treated in the literature [3,15,23,29]Here
we consider rst aninitially oval droplet in the absenceof gravity forces.Since
the surfacetension forcesare more important in the extremities where the
curvature is larger, the shape of the droplet tends to becomea circle. In our
case,the viscosily is givenby = 1 kg/(ms), while the density is = 1000
kg/m3. The surfacetensioncoe cientis = 7:038N/m. The external pressure
of the surrounding gasis neglected.The initial liquid domainis given by

( 5 > )
o= (y2re: R Y AT

A coarsestructured meshis made out of 20 20 squares,eat divided in 4
triangles. A middle mesh(40 40squares)and a ne mesh(80 80 squares)
are also considered.The regular grid of small cellsis constituted respectively
by 500 500,1000 1000and 2000 2000cells.The time stepis = 0:1,0:05
and 0:025 s respectively. The orders of magnitude for the Reynolds number
and Capillary number are appraximately Re' 1.0 and Ca' 0:0029.Since
the liquid is a viscousliquid, the amplitude of the oscillations decreasesvith

time and the oval droplet becomesa circle after someoscillations. The period

of oscillationsfor droplets hasbeenextensiwely discussedn the literature (see
for instance[2] and referencegherein). Accordingto [8,20],the period of the
rst mode of oscillationsof a cylindrical droplet of density into the vacuum
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is given by:

6 .
a3’

2 =

(20)

where a is the radius of the circle in equilibrium. This approximation does
not take into accourn the viscouse ects. Newertheless,for large droplets of
low viscosity liquids (see[2,12]) sut asthis case,the viscouscorrectionshave
beenproved to be negligible and (20) holds.

For a = 2145, = 1000and = 7:038,the theoretical value of the time to
make onecompleteoscillationis2 = ' 0:1173s. The period of the computed
droplet oscillation is determinedby studying the position of oneextremepoint
alongoneaxis of the droplet. The obsened valuesfor the period of oscillation
in the simulations are respectively 0:130s. for the coarsermesh,0:122s. for
the middle meshand 0:115s. for the ner mesh.This shaws that the di usion
of the algorithm decreasesvith the meshsize,with order one, seeFig. 7.

Similar results may be obtainedin the three dimensionalcase.For instancelet
. 2 . 2 . 2 .

0= (Xy;2)2RS: X005 Ty Y OO Ty oz 005 (0:025Y . Figure 8

illustrates the position of the liquid-gasinterfaceat di erent times for a coarse

nite elemem meshmadeout of 96000tetrahedrons. The CPU time usedfor

this computation is approximately 10 hoursto achieve 400time steps.

Let us consider now the rising of a bubble, seeFig. 1. Consider a bubble
of gasinitially at the bottom of a cylinder lled with liquid. Under gravity
forces,the bubble risesuntil reading the top of the cylinder. The physical
constarts are = 0:.01 kg/(ms), = 1000kg/m?3 and = 0:0738 N/m.

Consider rst the two-dimensionalcase.The dimensionsof the cylinder are
0:1m 0:05m. The Reynoldsand Capillary numbersarerespectively Re' 80
and Ca' 0:11. Three structured nite elemen meshesare considered.The
coarsemeshis made out of 2576 nodesand 5000 elemerts, the middle mesh
is made out of 10151 nodes and 20000elemerns and the ne meshis made
out of 22726nodesand 45000elemetts. The sizeof the cellsof the structured
mesh used for advection step is appraximately 5 to 10 times smaller than
the sizeof the nite elemeits and the time stepis chosensud that the CFL
number is approximately one.The smoothing parameteris " = 0:005.Figure 9
illustrates the liquid-gas interface at di erent times for di erent meshsizes.
The convergencevhenthe meshsizeand time steptend to zeroappearsclearly
thanks to surfacetension e ects.

Similar results may be obtained in three spacedimensionsand are illustrated
in Fig. 10 for a meshmade out of 115200 tetrahedrons. The CPU time for
this computation is approximately 20 hoursto acieve 1000time steps.Most
of the CPU time is usedto solve the Stokesproblem in the liquid domain.
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5.3 Droplet splashing

The splashingof a droplet of liquid falling in the presenceof gravity eld onto
a thin layer of the sameliquid at rest is consideredin two spacedimensions
(seealso[10]). The cavity isthe 0:1 m 0:1 m square.External forcesare only
gravity forces.The droplet has initial velocity vo = 2 m/s along vertical
axis and falls from 0:0625 m. The initial radius of the bubble is 0:007 m
and the height of the thin layer of liquid is 0:02 m. Physical parametersare

= 0:05kg/(ms), = 1000kg/m3 and = 0:0738Nm . Numerical results
are presetted for a structured meshof 80 80 squaresand the time step is

= 0:001s.The nal timeisT = 0:4 s. The smoothing parameteris" = 0:05.
The Reynoldsnumber is approximately Re' 40 and the Capillary number is
Ca' 1:35. Slip boundary conditions are enforcedon the lateral walls, while
no slip boundary conditions are enforcedat the bottom of the cavity. The
position of the free boundary is illustrated in Fig. 11 for various times and
shows the formation of small splashingdroplets.

5.4 Filling of a Plate

Generally surfacetensionis not the leadinge ect in mold Iling applications,
dueto high Reynoldsnumbers. A lling exampleis preseited hereto validate
our extendedmodel in the framework of mold lling. Considerherethe lling
of a plate. The mold is includedin a0:1 m 0:1 m-rectangulardomain, whose
thicknessis 0:05 m. Liquid ( = 1000kg/m® and = 0:01 kg/(ms)) is in-
jected from the bottom at vertical velocity 16 m/s through a smallinlet. The
experimert is three-dimensional,but the small thicknessof the mold allows
to perform simulations in two dimensionsof space.Thanks to the symmetry
of the problem, the simulation coversone-halfof the physical domain and slip
boundary conditions are imposedon the symmetry axis. The nite elemen
meshis made out of 1960 nodes, while the structured grid is made out of
60000 cells. The Reynoldsnumber is Re' 10*. Two di erent surfacetension
coe cients areselected( = 0:0738N/m and = 7:38 N/m) giving Capillary
numbersof Ca' 2:17or Ca' 0:0217respectively.

In Fig. 12, numerical results are presened for di erent valuesof whenthe
cavity isinitially lled with anideal gasat atmosphericpressureand compared
to experimerts [24].

When comparing numerical results to experimertal ones,we can obsene the
absenceof the rolling at the front of the jet in the simulations and a large
di erence (blurring) in the shape of the front of the ow before hitting the
opposite wall. These di erences are probably due to inexact slip boundary
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conditions, especially at the ertrance of the cavity, wherethere is a large fric-
tion betweenthe wall and the liquid. Theseboundary conditions are enforced
to avoid the boundary layerse ects that would appearwith the friction of the
liquid againstthe walls at the ertrance of the cavity and would needextremely
ne layeredmeshesalongthe boundary of the cavity. The secondreasonis the
absenceof a sophisticatedturbulence model in our model that would allow to
take into accour the turbulent characterof the ow that is not well simulated
with our simple turbulent viscosity model.

In both casesthe introduction of surfacetensiondoesnot help to improve the
simulation for sud turbulent ows, but this exampleshows the robustnessof
the surfacetension computationsin the framework of mold lling.

6 Conclusion

A numerical model for the simulation of free surface o wswith surfacetension
involving a compressiblegasand an incompressibldiquid hasbeenpresered.
The characteristic function of the liquid domain is usedto descrike the in-
terface. The unknowns are velocity and pressurein the liquid and constart
pressurein eat connectedcomponert of gassurroundedby the liquid. A split-
ting algorithm is usedto decouplephysical phenomena.The surfacetension
e ects are taken into accourt in a variational form that permits to avoid the
needof a very accuratereconstructionof the interface. Numerical results shaov
on various examplesthe e ciency and robustnessof the method.
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Fig. 1. Rising of a bubble of air under gravity forcesin a cavity
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Fig. 2. The splitting algorithm (from left to right). Two advection problems are
solved to determine the new approximation of the characteristic function ' "*1 the
newliquid domain "*! and the predicted velocity v"*1=2. Then a constart pressure
P"*! is computed in ead bubble B/"*!. The curvature "*! and the normal vector
n"*1 are then obtained on the liquid-gas interface. Finally, a generalized Stokes
problem is solved to obtain the velocity v"*! and the pressurep"*! in the new

liquid domain

the liquid-gas interface.
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n+l taking into accourt the pressureP"*! and curvature "*1 on




Fig. 3. Two grids method in the two-dimensional case: structured grid of small
squarecells (left) and unstructured nite elemen meshof triangles (right).

_ _ / Vi
index |

index i

Fig. 4. An example of two dimensional advection of ' {J‘ by ”+1vi’j‘ , and projection
on the grid. The advected cell is represerted by the dashedlines. The four cells
containing the advected cell receiw a fraction of ' [J‘ , according to the position of
the advected cell.
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.
,,H Hy :_' 0.0025| 0.0016| 0.00125| 0.001 | 0.0008
0.5 3.85 151 1.45 1.10 | 0.85
0.1 3.85 1.42 1.49 1.10 | 0.85

0.05 3.82 1.42 1.42 1.10 | 0.85
0.01 4.14 1.48 1.45 112 | 0.89
0.005 8.03 1.67 1.49 115 | 1.04

Table 1

Circular droplet case:smoothing of volume fraction of liquid. Values of the maxi-
mal relative error (in percent) on the curvature of the circular droplet function of
parameter " and of meshsizeh.

Fig. 5. Circular droplet test case:corvergenceerror for the approximation of the
curvature.

Fig. 6. Spurious currents: Represemation of the spurious velocities on a cir-
cle shape for coarse mesh (left, h = 0:0025jvj. ., = 0:0057 m/s), mid-
dle mesh (certer, h = 0:00125jvj,.x = 0:0078 m/s) and ne mesh (right,
h = 0:00083jV]a = 0:0109m/s ).
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Fig. 7. Oscillating droplet: Log-scaleplot of the relative error on the time period
for the rst oscillation of the droplet.

Fig. 8. Three-dimensionaloval droplet. Represemation of the liquid-gas interface at
various times (from left to right, top to bottom t = 0:15; 0:30; 0:44; 0:74; 1.2 and 1.5
s.)
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t=0:20

t= 045

coarsemesh middle mesh ne mesh

Fig. 9. Rising Bubble: resultsfor = 0:0738Nm ! and seweral meshsizes.Position
of the free surfaceat timest = 0:2 s(rst row) and t = 0:45 s (secondrow). Left:
coarsemesh, middle: middle meshand right: ne mesh.
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Fig. 10. Rising Bubble: three-dimensionalresults for = 0:0738Nm 1. Represen-
tation of the gasdomain at times t = 0:0;0:25;0:5;0:75 and 1 s. (left to right, top
to bottom)

Fig. 11. Droplet splashingon a thin layer of liquid. Position of the liquid gasinterface
at times t = 0;0:04; 0:06 and 0:08 s.
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t=84 t= 106 t=126 t = 145 t= 165
= O N/m:

= 0:0738N/m:

= 7:38:N/m

Fig. 12. A mold lling example: numerical results at times 8:4, 10.:6, 126, 145
and 1655 ms: rst row: without surfacetension, secondrow: with surface tension

= 0:0738 N/m, third row: with surfacetension = 7:38 N/m and fourth row:
experiment [24] at times 8:4, 126 and 165 ms.
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