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Abstract A numerical method for the resolution of a system of ordinarydifferen-
tial equations coupled with a mixed constrained minimization problem is presented.
This coupling induces discontinuities of some time-dependent variables when in-
equality constraints are activated or deactivated. The ordinary differential equations
are discretized in time and combined with the first order optimality conditions of the
optimization problem. We use a second order multistep method based on a predictor-
corrector Adams scheme to detect the discontinuities by extrapolation of the trajec-
tories. Optimization features, namely a sensitivity analysis, are exploited to compute
the derivatives of the optimization variables and track thediscontinuity points. The
main difficulty consists in the impossibility of defining an explicit event function to
characterize the activation or deactivation of a constraint. The order of convergence
of our method is proved when inequality constraints are activated and numerical
results for atmospheric organic particles are presented.

1 Introduction

Dynamic optimization problems arise when coupling an optimization problem with
ordinary differential equations. They appear for instancein computational chem-
istry. We present here a mathematical model and a numerical method for the sim-
ulation of dynamic phase transition for a single atmospheric aerosol particle that
exchanges mass with the surrounding gas [1]. The mass transfer is described by
ordinary differential equations while a mixed constrainedminimization problem
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determines the thermodynamic equilibrium of the particle,i.e. the partitioning of
organics between different liquid phases.

Let (0,T ) be the interval of integration withT > 0. Let us denote byb(t) the
concentration-vector of thes chemical components present in the particle at time
t ∈ (0,T ). The dynamic optimization problem consists in findingb(t),xα(t),yα(t)
satisfying

d
dt

b(t) = f(b(t),xα(t)), a.e. t ∈ (0,T ), b(0) = b0,

(yα(t),xα(t)) = arg min
ỹα ,x̃α

p

∑
α=1

ỹα g(x̃α) (1)

s.t. eT x̃α = 1, x̃α > 0, ỹα ≥ 0, α = 1, . . . , p,
p

∑
α=1

ỹα x̃α = b(t),

wherep is the number of possible liquid phases present in the aerosol, ỹα is the
total number of moles in phaseα, x̃α is the mole-fraction concentration vector in
phaseα, e is the vector(1, . . . ,1)T , g is the Gibbs free energy andf is the mass flux
between the aerosol and the surrounding media.

In the following sections we consider a model problem with linear equal-
ity constraints. Letf : R×R

s ×R
m → R

s be Lipschitz continuous and bounded,
g ∈ C∞(Rm) andA ∈ R

s×m, with s < m. The problem reads: Findb : (0,T ) → R
s

andz : (0,T ) → R
m satisfying

d
dt

b(t) = f(t,b(t),z(t)), a.e. t ∈ (0,T ), b(0) = b0, (2)

z(t) = argmin
z̃

g(z̃) s.t. Az̃ = b(t), z̃ ≥ 0.

The loss of regularity of the variablez occurs when one of the inequality constraints
zi(t) ≥ 0, i = 1, . . . ,m is activated or deactivated. In this paper we only discuss the
activation of constraints. The main difference between problems arising in control
systems theory [10] and the present problem resides in the fact that the underlying
energyg is minimized for a.e.t ∈ (0,T ) along the trajectory, and not only at the final
timeT .

The numerical scheme to solve (2) is introduced in the next section in the case
without activation or deactivation of constraints. Then the algorithm for the detec-
tion of the discontinuities is presented. A theoretical result is given in a particular
case and numerical results for the system (1) finally show theaccuracy and effi-
ciency of our method.

2 Numerical algorithm without tracking of discontinuities

In order to solve the system (2), we opt for a splitting algorithm between differential
and optimization operators (see [1] for another approach).Hence we fully exploit
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the characteristics of the minimization problem to ensure the admissibility of the
solution.

The differential equations are solved with the Crank-Nicolson scheme. Leth > 0
be a fixed time step,tn = nh, n = 0, . . . ,N, the discretization of(0,T ) with tN =
T , andbn andzn denote respectively the approximations ofb(tn) andz(tn). The
differential equations discretized in time consist in findingbn+1 ∈R

s andzn+1 ∈R
m

at each time step that satisfy

1
h

(bn+1−bn) =
1
2

f(tn,bn,zn)+
1
2

f(tn+1,bn+1,zn+1). (3)

We solve this equation with a fixed-point method. At each timestep, a sequence
of fixed-point iterates(bn+1,ℓ,zn+1,ℓ) is computed as follows:

(i) settingbn+1,0 = bn andzn+1,0 = zn,
(ii) for ℓ = 0, . . . ,r

(a) solve the equation forbn+1,ℓ+1 with a Newton method

1
h

(bn+1,ℓ+1−bn) =
1
2

f(tn,bn,zn)+
1
2

f(tn+1,bn+1,ℓ+1,zn+1,ℓ),

(b) solve the optimization problem in (2) withbn+1,ℓ+1 to obtainzn+1,ℓ+1,
(c) if ‖bn+1,ℓ+1−bn+1,ℓ‖2 ≤ tol · ‖bn+1,ℓ+1‖2 then return,

(iii) set bn+1 = bn+1,ℓ+1 andzn+1 = zn+1,ℓ+1,

wherer is a given maximal number of iterations andtol is a given tolerance.
Hence, at each iteration of the fixed-point method we have to solve the optimiza-

tion problem to determinezn+1,ℓ+1. The resolution of the optimization problem is
based on a primal-dual interior-point method detailed in [2]. The main principle
consists in relaxing the inequality constraintz̃ ≥ 0 by adding a slack variablẽw that
is incorporated into a logarithmic barrier term in the objective function. Letν > 0 be
a given parameter. The minimization problem written as in the system (2) becomes

min g(z̃)−ν
m

∑
i=1

ln(w̃i)

s.t. Az̃ = b, z̃i − w̃i = 0, w̃i > 0, i = 1, . . . ,m. (4)

The objective function and the constraints of (2) being continuous, the solution of
(4) converges to the solution of the initial problem (2) asν tends to zero [6].

We write the first order optimality conditions corresponding to (4) in the fixed-
point algorithm. After elimination of the slack variables,we obtain

∇g(zn+1,ℓ+1)+ AT λ n+1,ℓ+1−θn+1,ℓ+1 = 0,

Azn+1,ℓ+1 = bn+1,ℓ+1, (5)

zn+1,ℓ+1
i θ n+1,ℓ+1

i −ν = 0, i = 1, . . . ,m,

zn+1,ℓ+1
i , θ n+1,ℓ+1

i > 0, i = 1, . . . ,m,
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whereλ n+1,ℓ+1 andθ n+1,ℓ+1 are dual (Kuhn-Tucker) multipliers.
Starting with an interior-point parameterν0, the above nonlinear system is solved

by applying one Newton iteration, then decreasing the parameterνk = ξ νk−1, ξ ∈
(0,1), and repeating the process until convergence is reached [2,6].

The interior-point method does allow constraints to be deactivated, since the so-
lution of the relaxed minimization problem converges to theone of the original
problem whenν → 0 [6]. From the numerical viewpoint, at each step of the algo-
rithm, if j ∈ {1, . . . ,m} such that|zn+1,ℓ+1

j | < ε exists (whereε is a given bound),

then thejth constraint is activated in the interval[tn,tn+1[.

3 Tracking of discontinuities

When an inequality constraint is activated or deactivated,the variablez loses its
regularity. In order to preserve the order of our numerical method, the discontinu-
ity point has to be detected with enough accuracy [5, 7, 8]. Anarising difficulty
here is the absence of a function expressing explicitly the time when a constraint is
activated, the variablez being the result of a minimization problem for givenb.

The principle of our tracking method is an extrapolation method inspired by [4].
Let us assume that thejth constraintz j(t) > 0 activates and that the activation occurs
during the interval[tn,tn+1[. We are looking for a fractional time stepτ such that
z j(tn + τ) = 0. A Taylor expansion gives

0 = z j(t
n + τ) = z j(t

n)+ τ
dz j

dt
(tn)+O(τ2).

Hence, the time when the discontinuity occurs is estimated by

τ ≈ −z j(t
n)/

dz j

dt
(tn). (6)

The valuez j(tn) is already approximated byzn
j , but the derivative

dz j
dt (tn) remains to

be estimated. Starting from the chain rule

dz j

dt
(tn) =

s

∑
i=1

∂ z j

∂bi
(b(tn)) ·

d
dt

bi(t
n), (7)

the approximation of the derivatives
∂ z j
∂bi

(b(tn)) is derived with a sensitivity analysis
[6]. The differentiation of the first order optimality conditions (5) withν = 0, rela-
tive to dbi, i = 1, . . . ,s, leads to the linear systems for the variations of the solutions
z,λ due to a variation of the databi.

(

∇2g(z) AT

A 0

)

(

dz
dbi
dλ
dbi

)

=

(

0
ei

)

, (8)
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whereei is the usual unit vector defined by(ei)k = δik for k = 1, . . . ,s. The deriva-

tives
∂ z j
∂bi

(b(tn)) are approximated by

∂ z j

∂bi
(b(tn)) ≈

dz j

dbi
(bn), for i = 1, . . . ,m. (9)

The derivativesdbi/dt in (7) are approximated with the 2-steps Adams-Bashforth
method with non-constant time step:

d
dt

b(tn) ≈ f(tn,bn,zn)+
τ
2h

(

f(tn,bn,zn)− f(tn−1,bn−1,zn−1)
)

. (10)

Combining (6), (9) and (10) we obtain the following equationof second order inτ

0 = z j + τ
s

∑
i=1

dz j

dbi
fi(t

n,bn,zn)+
τ2

2h

s

∑
i=1

dz j

dbi

(

fi(t
n,bn,zn)− fi(t

n−1,bn−1,zn−1)
)

,

that admits a unique positive rootτ for a time steph sufficiently small.
Once the fractional time stepτ is computed, a predictor-corrector method based

on two-steps Adams-Bashforth and Adams-Moulton schemes isused to approxi-
mateb at tn + τ, namely:

bn+1
pred = bn + τ

[(

1+
τ
2h

)

f(tn,bn,zn)−
τ
2h

f(tn−1,bn−1,zn−1)
]

(predictor),

bn+1 = bn +
τ
2

[

f(tn + τ,bn+1
pred ,z

n+1
pred)+ f(tn,bn,zn)

]

(corrector),

wherezn+1
pred is obtained by solving the optimization problem as in (2) with bn+1

pred .
This method has a low computation cost, since all the terms inthe above equations
are already known before the tracking of the discontinuity exceptzn+1

pred in the cor-
rector’s equation, that has to be computed in addition.

4 Theoretical results

Error estimates for the approximations of the location and time when a discontinuity
occurs are obtained in a simplified case by using nonlinear techniques presented in
[3, 9]. We assume that (i)z(0) > 0 and thejth inequality constraint is the first to be
activated in the time interval(0,T ) and (ii) the optimization algorithm [2] gives an
exact solution.

Let us denote byt⋆ the first time when the eventz j(t) = 0 occurs and consider
the particular case when the event is geometrically defined by the intersection of
the trajectoryb(t) with a given hyperplane ofRs. We describe this plane by the
parametric equationsOC+∑s−1

i=1 βidi, whereO is the origin of our axes,C is a point
in the hyperplane,di, i = 1, . . . ,s−1, are direction vectors andβi, i = 1, . . . ,s−1,
are the unknown variables.
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Let us define the functionF : R×R
s−1 →R

s by F(t,β1, . . . ,βs−1) = b(t)−OC−

∑s−1
i=1 βidi. This function vanishes at the intersection point denoted by (t⋆,β ⋆

1 , . . . ,β ⋆
s−1).

Let bh be the linear spline interpolation ofbn, n = 0, . . . ,N. We define the nu-
merical approximationFh : R×R

s−1 → R
s by Fh(t,β1, . . . ,βs−1) = bh(t)−OC−

∑s−1
i=1 βidi. The functionFh vanishes at the approximated intersection point denoted

by (t⋆h ,β ⋆
1,h, . . . ,β

⋆
s−1,h).

As in the previous section we assume that there existsn = n(h) ≤ N − 1 such
thatt⋆ ∈ [tn,tn+1[ (note that, whenh becomes smaller, the indexn = n(h) becomes
larger). We can establish the theorem (a priori error estimates):

Theorem 1. Assume that the functions F and Fh admit zeros in (0,T ), denoted
by (t⋆,β ⋆

1 , . . . ,β ⋆
s−1) and (t⋆h ,β ⋆

1,h, . . . ,β
⋆
s−1,h) resp. Furthermore assume that b can

be extended in a C3 manner in the neighborhood of the discontinuity point, and
DF(t⋆,β ⋆

1 , . . . ,β ⋆
s−1) is regular. Then:

(i) there exists h1 > 0 and a constant C1 > 0 such that

‖Fh(t
⋆,β ⋆

1 , . . . ,β ⋆
s−1)‖∞ ≤C1h2, ∀h < h1; (11)

(ii) there exist h2 > 0, δ > 0 and a ball centered in (t⋆,β ⋆
1 , . . . ,β ⋆

s−1) with radius
δ , denoted by B((t⋆,β ⋆

1 , . . . ,β ⋆
s−1),δ ), such that for all h < h2 there exists a unique

(t⋆h ,β ⋆
1,h, . . . ,β

⋆
s−1,h)∈B((t⋆,β ⋆

1 , . . . ,β ⋆
s−1),δ ) satisfying Fh(t⋆h ,β ⋆

1,h, . . . ,β
⋆
s−1,h) = 0.

Moreover there exists a constant C independent of h < h2 such that the following a
priori error estimates holds

‖(t⋆,β ⋆
1 , . . . ,β ⋆

s−1)− (t⋆h ,β ⋆
1,h, . . . ,β

⋆
s−1,h)‖∞ ≤C‖Fh(t

⋆,β ⋆
1 , . . . ,β ⋆

s−1)‖∞. (12)

The proof follows [3, 9]. Relationships (11) and (12) allow to conclude:

∃ h0 > 0, C0 > 0 s.t. |t∗− t∗h | +‖b(t∗)−bh(t
∗
h )‖2 ≤ C0 h2, ∀h < h0.

5 Numerical results

Numerical results for the detection of discontinuities arepresented for the phase
equilibrium problem (1) described in the introduction.

If the aerosol is a mixture of three chemical components, thesolutionb of (1)
and its numerical approximation can be represented on a two-dimensional phase
diagram [2]. The phase diagram for a system composed by hexacosanol, pinic acid
and water is illustrated in Figure 1 (a) where the digits (1,2,3) represent the number
of deactivated constraints in each area.

In the particular case when allyα(t) are strictly positive, the exact solutionb and
the exact time of activationt⋆ when the third inequality constraint is activated are
known. Starting from an initial aerosol composition of 20% of hexacosanol, 20%
of pinic acid and 60% of water, and with a time step equals to 0.01s, we apply the
algorithm of resolution with the tracking of the discontinuity. The numerical approx-
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Fig. 1 (a) Numerical approximation of the trajectory ofb on the phase diagram of hexacosanol-
pinic acid-water. (b) Zoomed-in view near the discontinuity point.

imation ofb is depicted in Figure 1 (a). The grey circles refer to the approximation
bn when the three constraints are deactivated, whereas the black squares refer tobn

with only two deactivated constraints. The number of activated constraints, and the
discontinuity point located on the boundary between the areas with 3 and 2 activated
constraints are accurately computed.

At each time step, the fixed-point algorithm stops in less than 3 iterations (for
tol = 10−5), while the interior-point method requires less than 25 iterations (for a
tolerance of 10−13 on the increments in the infinity-norm), leading to a CPU timeof
0.0028s per time step with an Intel processor of 2.40GHz.

Figure 1 (b) is a zoom of the trajectory of the numerical solution bn, n = 0, . . . ,N,
near the discontinuity point. The exact solutionb is represented, as well as the corre-
sponding discontinuity pointb(t⋆), and the approximated trajectory of the numerical
solutions with and without the tracking of the discontinuity. The discontinuity point
obtained numerically is very close to the one obtained analytically and the trajectory
with tracking is nearly superimposed with the exact trajectory, as opposed to the one
without tracking.

Figure 2 (a) shows the evolution of the variablesyα(t), α = 1, . . . ,3. The solid
lines are the exact solutionsy1, y2, andy3, whereas the markers�, � and• represent
respectively the numerical valuesyn

1, yn
2 andyn

3 for n = 0, . . . ,N. The approximation
of the time of the discontinuity is efficiently computed and markers are located at
the point where the curvesy1, y2 andy3 are not continuously differentiable.

Finally, Figure 2 (b) shows the convergence order for the error |t⋆− (tn + τ)| on
the approximation of the time of the constraint activationt⋆. This result numerically
confirms that the method is convergent to the second order.
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Fig. 2 (a) Plot of the exact solutionsy1, y2 andy3. The markers�, � and• are respectively the
computed valuesyn

1, yn
2 andyn

3 for n = 0, . . . ,N (b) Log-log convergence plot of the error|t⋆−(tn +
τ)|.
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