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Abstract A model for the simulation of complex three-dimensional fre e surface
ows is presented. An incompressible liquid interacts with a compress-
ible gas. The incompressible Navier-Stokes equations are slved only in
the liquid domain while the dynamical e ects in the gas are ne glected.
The compressibility e ects of the gas are taken into account by com-
puting its pressure. Surface tension e ects are added on the interface.

A volume-of- uid method is used to track the liquid domain. A time
splitting scheme together with a two-grids method allows to decouple
the computation of the gas pressure and surface tension e eds from the
resolution of advection and di usion equations in the liqui d domain.
Numerical results are presented in order to validate the mod el.

Keywords:  Volume-of- uid, Free surface ows, Two-grids, Incompress ible liquid,
Compressible gas

1. INTRODUCTION

Free surface ows are of interest in many engineering or matematical
problems. In the eld of casting, injection or mold lling fo r instance,
complex free surface phenomena in three space dimensionganvolved,
with topology changes and turbulence e ects. These phenona do not
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allow any regularity properties and require e cient numeri cal models
for their treatment.

Complex ows with liquid-gas free surfaces have already bee con-
sidered in the literature, see for instance [2, 4, 10, 14, 1516]. The
modeling of such free surface ows is then of great interestecially be-
cause of the implications on the computational point of view Usually
the models for two-phase free surface ows assume that both edia are
either compressible or incompressible. The model preserdehere as-
sumes the presence of an incompressible liquid and a compsé#sle gas.
It is simpli ed in the gas domain, since the dynamical e ects in the gas
are not of interest.

Our model is as follows. The gas is assumed to be an ideal gasdan
the velocity in the gas is disregarded. A constant pressuresi computed
inside each connected component of the gas domain. A voluma- uid
method is used to track the liquid domain and to compute the vdocity
and pressure elds in the liquid. The connected components the gas
domain are found by using an original numbering algorithm. Surface
tension e ects are also added by computing the curvature on he liquid-
gas interface.

An implicit time splitting algorithm is applied to decouple all the
physical phenomena, se@.g. [8]. Advection phenomena (including the
motion of the volume fraction of liquid and the prediction of the liquid
velocity) are solved rst. Then, the bubbles of gas are tracled and the
pressure inside each bubble of gas is computed using the idegas law.
The surface tension e ects are computed on the liquid-gas iterface.
Finally a generalized Stokes problem is solved in order to ugate the
velocity and pressure in the liquid.

Numerical results are presented to validate our model in theframe-
work of mold lling and bubbles simulations.

2. MATHEMATICAL FLOW MODEL

The model presented in this section is extracted from [5, 6].Let
be a cavity of RY, d = 2;3 in which the uid must be con ned, and let
T > 0 be the nal time of simulation. For any given time t, let { be
the domain occupied by the uid, let ; be the free surface de ned by
@ (n@ and let Qr be the space-time domain containing the liquid, i.e.
Qr=f(x;t):x2 0<t<T g

Some of the notations are reported in Fig. 1 in the frame of a tw-
dimensional situation, namely the lling of an S-shaped chanel. This
situation corresponds to water entering a thin S-shaped chanel lying
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valve

Figure 1 Computational domain for the lling of an S-shaped channel. At initial

time, the channel is empty. Then water enters from the botto m and lIs the
channel. Throughout the simulation, bubbles of gas may appear of disappear. A
valve located on top of the channel allows the gas initially p resent in the channel to
escape.

between two horizontal planes thus gravity can be neglectedA valve is
located at the end of the channel so that gas may escape.

In the liquid region, the velocity eld v : Q7 ! RY and the pressure
eld p: Qr ! R are assumed to satisfy the time-dependent, incompress-
ible Navier-Stokes equations, that is

%t+ (v r)v 2div( D(v))+ rp=f inQt ; Q)
divv=0 in Qr : 2)

1 . .
Here D(v) = E(r v + r v') is the rate of deformation tensor, the

constant density and f the external forces.

Let ' : (0;T) ' R be the characteristic function of the liquid
domain Qt. The function ' equals one if liquid is present, zero if it
is not. In order to describe the kinematics of the free surfae,' must
satisfy (in a weak sense):



@l
—+v r'

ot =0 in Qr : 3)

The initial conditions are the following. At initial time, t he characteristic
function of the liquid domain ' is given, which de nes the liquid region
at initial time: o= fx 2 : ' (x;0) =1g. The initial velocity eld v
is then prescribed in .

The boundary conditions for the velocity eld are the following. On
the boundary of the liquid region being in contact with the walls, in ow
or slip boundary conditions are enforced. The forces actingn the free
surface ; are the normal forces due to the gas pressure and the nor-
mal forces due to the surface tension e ects. The following guilibrium
relation is then assumed to be satis ed on the liquid-gas inerface:

pn+2 D(v)n= Pn+ n on ¢; t2(0;T); (4

where n is the unit normal of the liquid-gas free surface oriented te
ward the gas, P is the pressure in the gas, is the local curvature (or
mean curvature in the three-dimensional case) of the intedice and is a
constant surface tension coe cient which depends on the ligiid and the
gas. Therefore, thecontinuum surface force model (seee.g. [4, 15, 19])
is considered for the modeling of surface tension e ects.

On the other hand, gas may be trapped by surrounding liquid ard
may therefore be compressed. In our model, the velocity in th gas is
disregarded, since modeling the gas velocity would requirgolving the
Euler compressible equations, which is CPU time expensive.

The pressureP in the gas is assumed to be constant in each bubble of
gas, that is to say in each connected component of the gas dorima Let
k(t) be the number of bubbles of gas at timet and let B;(t) denote the
domain occupied by the bubble numbern (the i-th connected component
of the gas domain). LetP;(t) be the pressure inB;(t). The pressure in
the gasP is then de ned by P(x;t) = P;i(t), if x 2 B;(t). Moreover, the
gas is assumed to be an ideal gas. The temperature is assumedl lbe
constant. Let V;(t) be the volume of B;(t). At initial time, all the gas
bubbles have given pressure. At timet, the pressure in each bubble is
computed by using the ideal gas law:

Pi(t)Vi(t) = constant i =1;:::;k(t) : (5)

In what follows, it is assumed that the total fraction number of molecules
inside the set of bubbles which are not in contact with a valve see Fig. 1,
is conserved between two time steps.

In most situations and when the time step is small enough, thee
situations may appear between two time steps at di erent loations in
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the process: rst, a single bubble may stay a single bubble; ten a
bubble can split into two bubbles and nally, two bubbles may merge
into one. More complicated situations may appear but can be gpressed
as combinations of these three situations. Figure 2 illustates these three
situations.

!

t

Figure 2 Computation of the pressure between times t and t + . Left: a single
bubble remains a single bubble; middle: two bubbles merge into one; right: a bubble
splits into two bubbles.

The rst column in Fig. 2 shows the case of a single bubble. Assme
that the pressure P (t) in the bubble at time t and the volumesV (t) and
V(t+ ) are known. The fraction number of molecules inside the bubke
is conserved, so that the gas pressure at timé+ is easily computed
from the relation P(t+ )V(t+ )= P(t)V(1).

The second column corresponds to the merging of two bubblesThe
pressure at timet+ is computed by taking into account the conservation
of number of molecules in the bubbles which yield®,(t+ )Vi(t+ )=
P1(t)Va(t) + Pa(t)Va(t).

The case when one bubble splits into two bubbles is nally ilustrated
in the third column. The number of molecules inside the gas dmain
is conserved between time steps and t + , that is Py(t + )Vi(t +

)+ Po(t+ )Vo(t+ )= P1(t)Vi(t). The relative fraction of molecules
in the bubble 1 at time t which is in bubble 1 (respectively 2) at time
t + is determined from the computation of the sub-volumes of the
bubble 1 at the exact time of splitting. Then the pressuresPi(t + )
and Po(t+ )attime t+ can be computed by taking into account the
compression/decompression of each bubble separately, s for details.

The mathematical description of our model is how completed. The
model unknowns are the characteristic function' in the whole cavity,
the velocity v and pressurep in the liquid domain, the bubbles Bj, i.e.
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the connected components of the gas domain, the constant pssureP;
in each bubble of gas and the curvature and the normal vector n on
the liquid-gas interface These unknowns satisfy equation$l)-(5).

3. TIME SPLITTING SCHEME

An implicit splitting algorithm is proposed to solve (1)-(4 ) when the
pressure in the gaspP, is computed with (5) and when the surface tension
e ects are taken into account.

Llet 0 = t9<tl<t?<:::<tN = T be a subdivision of the time
interval [0;T], dene " =t" t" !the n-thtimestep, n=1;2:::;N,

the largest time step.

Let* ", v, " k", P", B, i=1;2:::;k"and ", n" be approx-

imations of ' , v, ,k, P,Bj,i=1;2:::;kand , n respectively at
time t". Then the approximations ' "1, yn+1 =~ n+l gn+l pn+l g+l
i=1:2:::;k" and "1 n"*! at time t"*! are computed by means

of an implicit splitting algorithm, as illustrated in Fig. 3 .

First two advection problems are solved, leading to a predition of
the new velocity v"*1=2 together with the new approximation of the
characteristic function ' "*1 at time t"*1, which allows to determine the
new uid domain "*!, the new gas domain n "*! and the new liquid-
gas interface "*! = @ "*! n@. Then, the connected components of gas

in the following and the pressureP,"*! in each bubbleB*! is computed.
Then an approximation of the curvature "*! is obtained on the interface

n+1 together with a normal vector n"*1. Finally, a generalized Stokes
problem is solved on "*! with boundary condition (4) on the liquid-
gas interface and essential boundary conditions on the boutary of the
liquid domain in contact with the boundary of the cavity and the
velocity v"*1 and pressurep”*! in the liquid are obtained.

The advection step consists in solving between the times" and t"**
the two advection problems:

@ . @ D

@t+(v ryv=0 ; @t+v r' =0 ; (6)
with initial conditions given by the values of the functions v and ' at
time t". This step is solved exactly by the method of characteristis [9,
12] and yields a prediction of the velocityv"*1=2 and the approximation
of the characteristic function of the liquid domain ' "*1 at time t"*!,
thatis v"™132(x + "v"(x)) = v"(x), and ' "I (x + "v"(x))= ' "(x),
for all x belongingto ". The domain "*! is then de ned as the set
of points such that ' "** equals one.
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Advection Bubbles Surface Tension Di usion

L yn+l
‘,/ n+1
\‘ P

Time t" Time t"*!

Figure 3 The splitting algorithm (from left to right). Two advection problems are
solved to determine the new approximation of the characteri stic function ' "** | the
new liquid domain "*! and the predicted velocity v"** =2, Then a constant pressure
P"*! is computed in each bubble B"** . The curvature "** and the normal vector

n"*' are then obtained on the liquid-gas interface. Finally, a ge neralized Stokes
problem is solved to obtain the velocity v"*! and the pressurep”*? in the new liquid

domain "*!, taking into account the pressure P"*! and curvature "*! on the
liquid-gas interface.

Given the new liquid domain "*, the next task consists in nding

components of the gas domain n "*1). The algorithm for detecting
a rst connected component in the gas domain is the following Given
a point P in the gas domain n "*' we rst search for a function u
suchthat u= pin n "1 with u=0o0on "*1 andu continuous.
Since the solutionu to this problem is strictly positive in the connected
component containing point P and vanishes outside, the rst bubble is
detected. The physical interpretation in two space dimensons is the
following. An elastic membrane is placed over the cavity , deformation
being impossible in the liquid domain, a point force being aplied at
point P.

The above procedure is repeated by initializing a pointP in the sub-
domain of n "*! consisting of the bubbles that are not numbered
yet, until all the bubbles are detected, which yields k"*! and Bi”"l,
i — e kn+1 )

Once the connected components of gas are numbered, an appima-
tion Pi”+l of the pressure in bubblei at time t"*! has to be computed.
The pressure is constant inside each bubble of gas and is commed with
the ideal gas law (5), except for bubbles in contact with a vale which
have atmospheric pressure, see Fig. 1.

In the case of a single bubble traveling in the liquid (see Fig2, left),
the law of ideal gas yieldsP** v"** = PI'V]", which means that the
number of molecules inside the bubble is conserved betweemrte t" and
t"*1 . In the case when two bubbles merge (see Fig. 2, middle), this
relation becomesP]**Vv,"** = PV + PJVJ'. The third case is when
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a bubble splits onto two (see Fig. 2, right). Each of the parts of the

bubble 1 at time t" contributes to bubbles B{** and BJ**. The volume

fraction of bubble BY which contributes to bubble BJ-”"1 is noted Vl”+1 2,

j =1;2. The computation of the pressure is then decomposed in two
steps. First the volume fraction contributions Vn 122 are computed for

j =1;2. Then the pressure in the bubeeBn+1 is computed by taking
into account the compressmn/decompressmn of each of thesbubbles,
that is:

n+1 =2

P"t = Pf Tnﬂ =12 @)
The next step of the splitting algorithm is to compute the curvature
of the free surface and the normal vectom"*1. Since the characteristic
function ' "*1 is not smooth, it is rst smoothed, see [19] for instance, in
order to obtain a smooth function '~"*! such that the liquid-gas interface
is given by the level linefx 2 : + "*1(x) = 1=2g, with ~"*! < 1=2 in
the gas domain and' 2*1 > 1=2 in the liquid domain. Then the normal
vector n"*1 | directed outside the liquid domain towards the gas domain
and the curvature "*! on the liquid-gas interface are then given by the

usual level setformulation (see e.g. [11]):

r N+l r N+l

n"tl = B ‘~n+1jj; N+l = div n"*! = d|vj7jr ] . (8)
wherejjjj denotes the Euclidean norm inRY, d = 2: 3.

The smoothed function'Y*1 is obtained from the characteristic func-
tion ' "1 as follows. Let K«(x) be a kernel function: the function
K+ (x) has a compact support and is radially-symmetric, monotoncally
decreasing with respect tor = jjxjj and is normalized. The kernel used
in our algorithm is the one proposed in [19]. The convolutionof * "*1
with K« leads to a smoothed volume fraction of liquid' 2*1 de ned by:

Z
n+l (x) = v n+l (Y)K=(x y)dy; 8x2 : 9)

The nal step of the splitting algorithm is the di usion step , which
consists in solving a generalized Stokes problem on the dorma "*!
using the predicted velocity v"*1=2 and the boundary condition (4).
The following backward Euler scheme is used:
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Vn+1 Vn+1=2
T 2div D(™) +rp™t=f in "10)

divv"™t =0 in "7 (1)

where v"*1=2 is the prediction of the velocity obtained after the ad-
vection step. The boundary conditions on the free surface hteveen the
uid and the bubble number i depend on the gas pressur@in+1 and the
curvature "*1 and are given by (4).

4. SPACE DISCRETIZATION

Advection and di usion phenomena being now decoupled, a twegrids
method is used, which combines a structured mesh of small cub cells
and a nite element unstructured mesh. Equations (6) are rst solved
using the method of characteristics on the ne structured mesh of small
cells in order to reduce numerical di usion and have a more acurate
approximation of the liquid region. Then the diusion step and the
bubbles treatment are solved on a nite element unstructured mesh.

Assume that the grid is made out of cubic cells of sizéh, each cell
being labeled by indices {jk ). Let ' {j‘k and vﬂ-‘k be the approximate
value of ' and v at the center of cell number (jk ) at time t". The
unknown'' ik is the volume fraction of liquid in the cell (ijk ) (piecewise
constant approximation of ' " on each cell of the structured grid, see [2]
for a general presentation of VOF-like methods). The advedbn step
on cell number (jk ) consists in advecting’ i and vij by "vii and
then projecting the values on the structured grid. An example of cell
advection and projection is presented in Fig. 4 in two space inensions.

In order to enhance the quality of the volume fraction of liquid, post-
processing procedures have been implemented, see [9] fotalks.

Once values' I¥* and v{\* ™ have been computed on the cells, val-
ues of the fraction of liquid ' 1** and of the velocity eld vp™ ™ are

computed at the nodesP of the nite element mesh as follows: for any
vertex P of the nite element mesh let p be the corresponding basis
function (i.e. the continuous, piecewise linear function having value one
at P, zero at the other vertices). All the tetrahedrons K containing ver-
tex P are considered and all the cellsifk ) having center of massCiy
contained in these tetrahedrons are taken into account to cmpute the
value of the eld at vertex P. Then, ' E,*l, the volume fraction of liquid
at vertex P and time t"*! is computed using the following formula:
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////// "y
index j .
i

index i

Figure 4 An example of two dimensional advection of ' § by "v{ , and projection

on the grid. The advected cell is represented by the dashed lines. The four cells
containing the advected cell receive a fraction of ' {| , according to the position of the
advected cell.

X X
P (Cik )’ .r}k+1
K iik
Cn+l P2K/\Cijk 2)}2
] P (Cijk )
K ijk

P2K Cijk 2K

The same kind of formula is used to obtain the predicted veloity v"*1=2
at the vertices of the nite element mesh. When these values e avail-
able at the vertices of the nite element mesh, the liquid regon is de ned
as follows. An element of the mesh is said to be liquid if (at last) one of
its vertices P has a value' 5*' > 0:5. The computational domain **
used for solving the di usion problem (10) (11) is then de ned to be the
union of all liquid elements.

Numerical experiments reported in [9] have shown that chodsg the
size of the cells of the structured mesh is approximately 5 talO times
smaller than the size of the nite elements is a good trade-o between re-
duction of the numerical di usion and computational cost. Furthermore,
since the characteristics method is used, the time step is naestricted
by the CFL number. Nevertheless the choice of CFL numbers raging
from 1 to 5 have been proved to be e cient numerically.

The numbering of the bubbles of gas requires to solving sevar Pois-
son problems. The Poisson problems are solved on the nite ement
unstructured mesh, using piecewise linear nite elements.
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The pressure inside each bubble of gas is computed with (7) ahthe

approximations of the fractions of vqumesV” 172 are computed on the
nite element mesh. Details may be found |n [6].

The next step of the splitting algorithm consists of the computation of
the curvature on the liquid-gas interface. Let T, be the triangulation of
the cavity , ﬂ*l be the approximation of the liquid domain composed
by elementsK in T, and ﬂ*l the approximation of "*1. Let p, bethe
basis functions of the piecewise linear nite element spacassociated to
each nodePj, | =1;:::;N in the cavity. Finally, let the piecewise linear
nite elements space be denoted byX 1() and ~ ”"1 the approximation

of '"*1 in X}(). The value of ~ ”*1 at a pomt P of T, is explicitly
given by

X 1 X
= e iKi o TRTRDKA(P ) =15 (12)
K 2T, P, 2K

wherejK j denotes the surface (resp. volume) of elemer . The approx-
imation of the curvature "*1 is then approximated by the L 2-projection
of "*1 given by (8) on X}() with mass lumping The value of the
approximated curvature at a point P of Ty, is explicitly given, after in-
tegration by parts, by

2 0 1
+ X X r'_..n+1 P
r|;+l = d l 4 .Kj@djl_-l l’:n-i-(ll)A P; K
Vil o, p2k ' Th 3

X N+l P:
A O ekt o @9

@K @ h
Pj 2K

wherej j = KiP 2K jKj and n .4 denotes the approximation of the
external normal vector to the cavity . The approximation of the normal
vector to the free surface in (8) is given by thel 2-projection in X,}()
of the piecewise constant functionr f*t= r'*1 |

Finally the di usion step consists in solving the Stokes prdblem (10)
(11). Let vi*', ph*! be the piecewise linear approximation ofv*1,
p"*l. The Stokes problem is solved with stabilized?; P; nite elements
(Galerkin Least Squares method [7]) and consists in nding he velocity

vp*! and pressurep) ™! such that:
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Z Vn+1 Vn+1=2 VA
. b P wdx+2 . D(vp*™): D(w)dx
z Z h Z
fw dx ph*t div wdx div vi*™tqdx (14)
0 n n
n+1 n+1 n+1
+ - (P hoo)np T wds
X Z Vn+1 VI’]+1=2 I
< P+ttt f rqdx=0 ;

for all w and q the velocity and pressure test functions, compatible with
the boundary conditions on the boundary of the cavity .

Oncev)*™ is computed on the nite element mesh, the valuesvirj‘lz'1
on each cell {jk ) of the structured grid are interpolated by restriction

of vﬂ*l at the center of each cellCjjy .

5. NUMERICAL RESULTS

Numerical results in three space dimensions are presented tvalid-
ate our model, both in the frame of mold lling and in the frame of
bubbles and droplets simulations. All the computations wee performed
on computers with single processor Pentium Xeon 2.8 GHz CPU3 Gb
Memory and running under Linux operating system. The results are
post-processed with CalcosoftM or Ensight™ softwares.

An S-shaped channel lying between two horizontal plates is lled.
Results are compared with experiment [17]. The channel is ctained
ina 0:17 m 0:24 m 0:.08 m rectangle. Water is injected with constant
velocity 8:7 m/s which corresponds to the experimental value reported
in [17]. A valve is located at the top of the channel, as in Fig.1, allowing
gas to escape. Density and viscosity are taken to be respeetly =
1000 kg/m3 and = 0:01 kg/(ms) and initial pressure in the gas is
Pamo = 1013000 Pa. Surface tension e ects can be neglected since
the ratio between Capillary number and Reynolds number is vey small
(Ca' 1.5), seee.g. [14].

Numerical results are presented in the following. The nal time is
T =0:00532 s and the time step is = 0:0001 s. In Fig. 5, the experiment
is compared to 3D computations when the in uence of the surranding
gas is taken into account. Notice that, if the gas is not takeninto account,
the bubbles of trapped gas inside the cavity vanish instantaeously. The
CPU time for the simulations is approximately 344 minutes and most of
the CPU time is spent to solve Stokes problem in the liquid donain.
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Figure 5 S-shaped channel: inuence of gas bubbles. Computations wih coarse
mesh and 1 = 4h2. First row: 3D results with bubbles in the middle plane and
second row: experimental results [17]. First column: time equals 7:15 ms, second
column: 25:3 ms, third column: 39:3 ms and fourth column: 53:6 ms.

The computed liquid ow goes a little bit too fast compared to the
experiment. This is mainly due to the slip boundary conditions on the
walls of the cavity and can be corrected by adding a turbulentviscosity
model.

Deformed droplets have been widely treated in the literatue [4, 10,
16]. The rising of a bubble is considered here. A bubble of aiis placed
initially at the bottom of a cylinder lled with water. Under gravity
forces, the bubble rises until reaching the top of the cylingr. Results
in three space dimensions are illustrated in Fig. 6 for a meshmade
out of 115200 tetrahedrons. The CPU time for this computation is
approximately 20 hours to achieve 1000 time steps.

6. PERSPECTIVES

The modeling of the free surface ows presented here has beaxten-
ded to viscoelastic free surface ows [3, 18]. Another impdant issue
is the mold casting. In this case, the the solidi cation modd (see for
instance [1, 13]) must be coupled to the uid ow equations. Examples
are numerous in the eld of metallurgy for the simulation of the lling
of molds with liquid metal.
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Figure 6 Rising Bubble: three-dimensional results for = 0:0738 Nm . Repres-
entation of the gas domain at times t = 0:0; 0:25; 0:5; 0:75 and 1 s. (left to right, top
to bottom)
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