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Abstract. A numerical method for the computation of the best con-
stant in a Sobolev inequality involving the spaces H2(§2) and C°(£2) is
presented. Green’s functions corresponding to the solution of Poisson
problems are used to express the solution. This (kind of) non-smooth
eigenvalue problem is then formulated as a constrained optimization
problem and solved with two different strategies: an augmented La-
grangian method, together with finite element approximations, and a
Green’s functions based approach. Numerical experiments show the
ability of the methods in computing this best constant for various
two-dimensional domains, and the remarkable convergence proper-
ties of the augmented Lagrangian based iterative method.
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1. Introduction

Suppose that 2 is a bounded domain of R? with d € {1,2,3}. It is
well known (see, e.g., (32)) that for these values of d, we have

H?(2) € C°(92), (1)

the injection of the Sobolev space H2(§2) into C°(§2) being continuous
(in fact compact). Actually, many problems involving H?(f2) take
place in (or make use of) the space V := H?(£2) N H(£2), a closed
subspace of H?(£2) (12; 13; 14).

Since the injection from V into C°({2) is continuous, there exists
a positive constant C' such that

ol < Cllelly, Yo eV, (2)

with [[p][,, = max, g [p(x)[. The smallest constant C' for which (2)
holds is the norm of the above injection operator.

From now on (unless specified otherwise), we assume that (2 is
conver and/or has a smooth boundary (denoted by I" = 042 in the
sequel); if these properties hold, it follows from, e.g., (23; 24) that
the semi-norm ¢ — |[Agp||[2((,) defines over V' a norm equivalent to

the norm induced by H?({2). From this norm equivalence property,
V is a Hilbert space for the scalar product (v, w) — |, o AvAwdx.

Let us denote by 7 the best (that is the smallest) constant in (2).
We have then (using the fact that the injection from V into C°(£2)
is compact):

— 3
¥ glggHsOHOO (3)

with X = {gp eV |4l 120 = 1}. The computation of ~ is equiv-
alent to solving a non-smooth eigenvalue problem. The main goal of
this article is to discuss the numerical solution of the (kind of non-
linear bi-harmonic) optimization problem (3). Two methods are con-
sidered: (i) the first one is obtained by combining a finite element
approximation, a well chosen augmented Lagrangian, convex duality
and variational methods for linear elliptic problems; (ii) the second
method makes use of Green’s functions and reduces the computa-
tion of v to the solution of a d-dimensional constrained minimization
problem. The solvability of the non-smooth eigenproblem is proved
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in (25), where optimal constants are also given in various situations
and the relation with Green’s functions is emphasized (without the
design of any numerical algorithms though). Related theoretical in-
vestigations can be found e.g. in (9; 15; 26; 27). Discussions of similar
Sobolev or Sobolev-related inequalities can be found in (28; 37; 38)

The results of numerical experiments validate, in two dimensions,
the computational methods discussed in this article. Comparisons
with known exact solutions suggest that |y, — | = O(h?), where
v, is the discrete analogue of « (obtained with a finite element dis-
cretization) and h a space discretization step.

Remark 1.1f one replaces |||, by [|][;2(p) in (3), then y~1 is the
square root of the smallest eigenvalue in the linear eigenproblem:
find u € V\{0} satisfying A%?u = \u in 2, and u = Au = 0 on I
From this observation, it is clear that the original problem (3) has
some of the features of an eigenproblem, but the presence of ||-||
introduces a non-smoothness in (3).

Remark 2. Suppose that I' is non-smooth and that (2 is non-convez.
Assuming that I" is Lipschitz continuous in the sense of Necas (32),
it may happen that A is still an isomorphism from H?(£2) N H}(2)
onto L%(£2), but there are situations where this property is lost. As
an illustration, let us consider 21 and {25 defined by

2 = {X:(Il,zﬂg) €R? 0 < Ry < /22 + 13 < Ry < 400, :c2>0}

29 = {x: (z1,72) € R?, 21 = rcosf, xg = rsiné,
0<r<R<+oo,m/4<0<2m}.

If 2 = (1, Ais still an isomorphism from H?(2)NH} (£2) onto L?(12),
but this is not true anymore if 2 = 25. Actually, it still makes sense
to look at problem (3) but, since A is not necessarily an isomorphism
from H2(£2) N H}(£2) onto L?(2), one has to take for V the space
H(02,A)N H{(2), where H(2,A) = {v e L*(12), Av € L*(2)}. As
mentioned above, H(£2,A) N H}(2) can be larger than H2(2) N
H{(£2); however, as shown by the results of numerical experiments,
the methods discussed in this article have no particular difficulty at
handling this more general situation.

Besides their purely mathematical interest, the best constants
in Sobolev inequalities occur in at least three more applied areas,
namely: (i) making more precise error estimates when performing, for
example, finite element or finite difference approximations of partial
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differential equations (8); (ii) identifying the domain of convergence
of some parameter dependent iterative methods for the solution of
partial differential equations (21); (iii) finding the time constants in
the asymptotic behavior of the solutions of time dependent partial
differential equations. As such, these best constants find applications
in the mathematical and numerical analysis of a variety of equations
from mathematical physics and mechanics. The equivalence between
these constants and the results of constrained minimization or gener-
alized eigenvalues problems also emphasizes this relation with applied
problems from mechanics and physics. Non-smooth eigenvalue prob-
lems appear in continuum mechanics, for instance in the modeling of
Bingham flows (3; 6), of elasto-plastic materials (4; 5), or in optimiza-
tion of structures (36). Such non-differentiable functionals also arise
in image processing (7; 19; 30) when designing denoising algorithms.

2. Some Exact Solutions

In order to validate the computational methods to be discussed in
the following sections, we are going to investigate some situations
where the exact value of v can be obtained by analytical methods.
Indeed, in some (simple) situations, the value of 7 can be computed
by using the closed form solution of the Laplace equation relying on
Green’s functions (11; 17). In that direction, we are going to prove
the following result (see e.g. (31; 39)):

Theorem 1. Suppose that d =1 and 2 = (0,1). We have then
1
’YZI&%H‘PHMZ Vel (4)
Proof. Let us consider the following linear Dirichlet problem:

—¢"(x) = f(x), € (0,1), »(0) =¢(1) =0,

with f € L?(0,1). This Dirichlet problem has a unique solution in
H?(0,1) N H}(0,1), given by

o(z) = / G, y) f(y)dy, vz € [0,1], (5)

where G(+,-) denotes the Green’s kernel defined by

G( ) (1_5”)2!703113%
W= z(l—y),z<y<l.
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It follows from (5) and from the Schwarz inequality in L?(0,1) that
le(@) < 1fllp20,0) G (@, ) 22001y < 11F1lL20,1) ;él[%}i] G(& 20,1 -
(6)

It remains to compute the quantity maxeejo,1) ||G(&,")|[2(0,1)- Since

£ 1 11
IG(E Mo = =€ [ vy [ (1 -yPay < 5o
0 13

for all € € [0, 1], it follows from (6) that |p(z)| < ﬁ 11l £2(0,1)- Since

the above inequality is sharp (by taking f(-) = G(1/2,-)), it implies
(4). O

Theorem 2. Suppose that 2 = {(371,372) eR? 2?2 +2i< 1} (d =
2). We have then
lelloo = 5 7)
= max = —.
TR Wl = 5 o
Proof. Let us consider the following elliptic problem

—Au=f inf2, u=0 onl. (8)

with f € L?(§2). The Poisson-Dirichlet problem (8) has a unique
solution in H?(£2) N H}(£2), that is given by:

o(x) = /Q G(x,y)f(y)dy, ¥x € 7. (9)

where the Green’s function y — G(x,y)(:= G(x,-)) is the unique
solution in L?(£2) of the following Dirichlet problem:

—AG(x,) = 6x)() in 2, G(x,-)=0 on I (10)
d(x) being the Dirac measure at x. A weak formulation of (10) reads
as follows: Find G(x,-) € L?(£2) satisfying

—/ G(x,)Avdy = v(x), Yv € H*(2)N HL().
(9}

It follows from (9) and from the Schwarz inequality in L?({2) that

PG < Ml 20y 1G(% ) 2200y < I fl22(0) ZEBIIG(Ea')I\m(ma
(11)
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for all x € £2. Assume that the supremum in (11) is in fact a maximum
corresponding to £ = (0,0) =: 0. Since for x = 0 the solution of (10)
(11; 17) is the function

v Goy) = 5ot (). (12)

with y = (y1,v2), ly| = /%% + y3, the only thing left to estimate ~
is to compute the L2(§2)-norm of the function in (12). Let us denote

ly| by r; we have then

; 1 1\12 1 f2r 1 1\12
G0, )72 A2 /Q [n(,y’)] dy 4772/0 dﬁ/o [n<r>} rdr
1
4

1 /! 1\12 1 [T 1
[ln <>] rdr = — t2e Hdt = —
r 27

- % 0 2 0
This value, combined with (11), implies in turn that
1
X)) < —=
[P0 <
1

Since the inequality in (13) is sharp for f = G(0,-), v = TS

200y, VX € L. (13)

Corollary 1. Suppose now that {2 is the open unit ball of R? centered
at 0 = (0,0,0); a similar approach, relying on the fact that the optimal
Green’s function is again the function y — G(0,y) (with G(0,y) =
1/(4m |y|) here), we can show that v = 1/(2+/3).

When considering a two-dimensional domain that is not the unit
disk, one can apply the same procedure, but an exact value is not
available. For instance when considering the unit square 2 = (0,1)2,
the solution of (8) also reads ¢(x) = [, G(x,y)f(y)dy, implying
le(x)| < |[fll2(0) IG(x, )|l 12()- Let us assume that the optimal
Green’s function is the function y — G(C,y), where C = (1/2,1/2)
is the center of the square. The solution of the elliptic problem for
the Green’s kernel:

—AG(C, ) = 5(0)(), in Q, G(C, ) = 0, on I

™

1 1
is given by G(C,x) = o In < ) + ug(x), where

1 1
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Following the same strategy as in the previous case, we have:

(15)

1 1
7 =IG(C, )l 2(0) = HQWIH (|C — _|> + uo(+) o)

Solving (14) numerically allows to obtain an approximation of ug and
compute v in (15) with numerical quadrature formulas.

3. Two Strategies for the Computation of the Best
Constant ~

In order to compute v, two strategies appear quite clearly, namely:

(i) A Green’s function based strategy. This approach relies on
the statement, implied by the developments in Sections 1 and 2,
that the function ¢ € H?(£2) N H}(£2) satisfying the optimum
v on the domain {2 is the function solution of the following
minimization problem:

sup ||G(x0, )|l 20 » (16)
X0EL2
where —AG(x0,°) = 0(x,)(") in 2, G(xp,-) = 0 on I'. This
property of the best constant v relying on Green’s functions
has already been highlighted in (25), without discussing any
numerical procedure. This approach is discussed in Section 4.
(ii) An augmented Lagrangian based strategy. This method-
ology relying on duality arguments, is discussed more exten-
sively in Section 5. Although it looks more complicated than
the approach based on Green’s functions, it is easier to imple-
ment, since it involves only classical optimization techniques.

4. A Green’s Function Based Strategy

The notation and the hypotheses on (2 are the same as in Sections 1
and 2. To f € L%(§2), we associate the unique solution in H?(£2) N
HE(£2) of the Dirichlet problem

—Ap=f in2, ¢=0 onl. (17)

We have then, as in Section 2,
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GOl < NG 2 L2 () < zggllG(ﬁ,-)llm(g) 1220

(18)
for all x € {2, where, G is the Green’s function associated with the
Poisson-Dirichlet problem (17). This means that the function y —
G(x,y) is the unique solution in L?(£2) of the Dirichlet problem

—AG(x,) =0x), inf2, G(x,-)=0, onl, (19)

d(x) being the Dirac measure at x. The inequality in (18) being sharp,
in order to compute v, we have to solve the following constrained d-
dimensional optimization problem

ma§\|G(X,‘)|!L2(Q), (20)
Xen

G(X, ) being the solution of problem (19) with x = X. The opti-
mization problem (20) being of low dimension, it is possible to apply
to its solution those derivative-free optimization methods discussed
in, e.g., (2; 10; 34) (see also the references therein); for some situa-
tions, symmetry considerations allow to reduce the dimension of the
feasible solutions set. For those willing to make use of derivatives, let
us observe that problem (20) is equivalent to:

1
max J(X), where J(X)= / g2dx,
Xef?2 2 o)

the function g being the unique solution in L?(£2) of
—Ag=4x) in2, g=0 onl.
A weak formulation of this problem is: Find g € L?(§2) such that
—/ gAvdx = v(X), Vv € H*(2)N H(R). (21)
Q
In order to compute the differential DJ(X) of the functional J at X,
we use a classical perturbation analysis (as done in (20)). Let us de-

note by 6X a perturbation of X, and by dg and §J the corresponding
variations of g and J. We have then

5J(X) = DJ(X) - 0X = / gogdx.,
2

where, with obvious notation, Y - Z = Z?:l Y;Z; and, from (21),
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—/ SgAvdx = Vu(X)-6X, Yo e H*(2)NHL(2)NCY(2). (22)
(9}

Let us define p as the unique solution in H?(2) N H}(§2) of (the
adjoint problem):

—Ap=g inf2, p=0 onl,

If d = 1 or 2, p has enough regularity to belong to C1(£2), which
implies that one can take v = p in (22); if we do so, combining the
above relations shows that:

DJ(X) = Vp(X), VX e

If X minimizes J over the open set {2, we have Vp(X) = 0. For
X0 € (2 given, we can construct an iterative sequence {Xk}k>0 that

eventually converges to X that is the maximizer of (20). This iterative
algorithm reads as follows.

Xk = XFE 4 0y DI(XF) = XF 4 0, Vp(XF),

where ay, is a step-length, and DJ(X*) is the search direction.

A finite element implementation of this algorithm is given in Sec-
tion 7. Numerical results obtained with this approach are given in Sec-
tion 8, mainly to validate the (more efficient) augmented Lagrangian
based strategy.

5. An Augmented Lagrangian Based Strategy

5.1. A Saddle-Point Formulation

Let 2 be a bounded domain of R?, d = 2,3, such that 2 is convex
and/or I' = 0f2 is smooth. We consider the following optimization
problem:

_ 2
7 = max|l¢ll (23)
with ¥ = {go € HA(2)NHY() : | ¢l 20 = 1}. We observe that
= = < >, 24

gl rgggl!wl!m ohax S (24)

where A = {,u € My = [ullpg, < 1}. The quantities appearing in
(24) are defined as follows:
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(i) M, is the dual space of CJ(£2) = {¢ € C°(2) : ¢ =0on '},
equipped with the ||| -norm; C§(£2) is a Banach space;
(ii) < -,- > is the duality pairing between M, and CJ({2), which
verifies < f, ¢ >= / fdx, for all f € LY(2) and p € CJ(02).
Q
(i) [|pl pq, 1s (classically) defined by ||| v, = SUD 00 (2)\{0} %.
(iv) LY(2) Cc My,

i
(V) 6x) € A, for all z € 2, and H5(X =1, for all x € 2.

)HMb

The space My is known as the space of the bounded Radon mea-
sures over C3(£2). Actually, we can reduce the set where one is looking
for a solution of problem (23) by observing that if ¢ is a solution of
(23), then —1) is also solution and there exists X € {2 such that

Ap =+ ) 0 =0 on I,
IG(X, )| 20
—AG(X, ") = drx) in 2,GX,)=0 on I,

The positivity of §x) (in the sense of measures) and the mazimum
principle for second order elliptic operators (see, e.g., (17)) imply
that G(X,-) > 0, a.e. in {2, which implies (again from the maximum
principle) that either ¢» > 0 or ¢ < 0.

From now on, we focus on the non-negative solutions of problem
(23). A simple way to reach that goal is to replace X' by

Yt={peX: -Ap>0ae. in 2}.

In a similar way, if ¢» > 0 is a solution of (23) reaching its maximum
value at x = X, we have maxgex |||l = ¥(X) =< x), ¥ >=
max(, yexxA < M, >, a relation which suggests to restrict our
search to those elements of A which are also positive measures (as is
d(x)), i-e. which belong to

AtV ={peA < p>>0 YoeC)(R2), p>0}.

From the above facts, an equivalent formulation of the original prob-
lem reads as follows:

min — < U, >, 25

(pp)€EXT X AT ks (25)
The main difficulty with this problem comes from the two constraints
verified by Ay, namely [|Ag|[;2(o) =1 and —Ap > 0, giving to (25)
the features of a nonlinear bi-harmonic problem. In order to overcome
this difficulty, we observe that there is equivalence between (25) and
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1)min — < Wy, >, (26)
S

(v,2,0), 1) EEX A+

the set £ being defined by

E={veL*(N),z€ L*(2), p€ H* ()N H)(N2) :

~Ap=vin 2, 2> 0, ||zl = 1, v—z:O}.

We associate with (26) the augmented Lagrangian functional £,
defined, with r > 0, by

Lo zmm) == < g > +3 [ o= sfdx+ [ mlv— 2)ax
2 2

(27)
We consider the saddle-point problem: find (u,%) € U, y € S, X €
AT, 0 € L?(2), such that

‘CT(U)wvyv Aam) S ET(U1¢>ya)‘7£) S ET(”?@?ZJM g)? (28)
for all (v,¢) €U, z € S5, p € AT, m € L*(02), with
U={(v,p) € L*(2) x H*(2) N Hy(2) : —Ap =v in 2},
S = {z ELXR) : 220, ||zl o) = 1}.

If the saddle-point problem has a solution we can show that y = u =
—Avp, with ¢ € XT. Moreover, it follows from the second inequality
in (28), that < A\, ¢ >= max(, s)ea+xx+ < ¢ >= maxyes [|¢|] -
From the definition of A, we have [[\[[,,, <1, since A € AT C A; it
follows then that |[¢||,, = max,ex ||¢]|, which implies that v is a
solution of problem (23).

5.2. An Iterative Method

To solve the saddle-point problem (28), we advocate the algorithm
ALG2 discussed in (18; 22); when applied to the solution of (28), this
Douglas-Rachford-Uzawa algorithm reads as follows:

(y 1, A5 %) s given in S x AT x L*(2). (29)
For instance, one can choose y~! = 1/,/]2], A=t = 1/12|, £* = 0,
where |§2| is the measure of §2. Then, for n > 0, we assume that

y"~ 1 A"~ 1 and ¢" are known and we proceed as follows to compute
unﬂ/]n’yn’ A" and En—i—l:



12 Alexandre Caboussat et al.

(a) Solve
(u™, ™) = arg min L, (v, p,y" "1 AT M), (30)
(v,p)eU
(b) Solve
y" =arg min L(u", ", 2, A" 07, (31)
z €8y
(c) Solve
A" =arg min L,(u", " y", w, l"). (32)
pe At

(d) Update the multipliers ¢" € L?(£2) via:

O = (), (33)

until convergence is reached.
Typically the stopping criterion is Hi/}” — 1 ‘ ‘ L2(9) < &, where
€ is a given tolerance. The solution of the sub-problems encountered
in (a), (b) and (c) are discussed in the three following subsections;

among these three sub-problems, the most costly to solve is definitely
(30), while the most ’exotic’ one is (32).

5.83. On the Solution of Problem (50)

Let X" := ry™1 — (" € L?(02). Tt follows from (27) that problem
(30) reduces to

min — < X" o > +T/ ]v|2dx—/ X"vdx.
(v,p)EU 2 (9} 2

Since v = —A¢p, this problem is equivalent to
min — <X o> +r/ | Ap|* dx +/ X" Apdx.
@EH2(Q)NHL () 2 Jo 0

Using convex analysis arguments (see, e.g., (16; 29)), one can show
that this problem has a unique solution " € H2(2) N H}(§2) char-
acterized by

'r/ AP Apdx =< AL o > —/ X" Apdx, Vo € H*(2)NHj(12).
o) 2
(34)
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1

Let us define p"~! as the unique solution in L?(§2) of the following

Dirichlet problem

—Ap"t=x""1inQ p"l=0 onT. (35)
A weak formulation of (35) is given by: find p"~! € L?(£2) satisfying
P Apdx =< X"l >, for all ¢ € H?(£2) N HY (). Using

9}
this last relation, (34) becomes

r/ A" Apdx = —/ (X" +p" ") Apdx, Vo € H*(£2) N Hy(£2).
(9] 2

Since A is an isomorphism from H?(£2) N H}(£2) onto L?({2), this
relation implies —Ay™ = % (X" —|—p"_1), and " € H?(2) N HY(92).
Therefore the solution of problem (30) is clearly (u", ™) with u"™ =
1 (X "4 p"_l). Let us summarize: in order to compute the pair (u", ¢™)
srolution of (30), we compute first the solution p”~! of the Dirichlet
problem (35). We have then u" = % (x" +p”_1), and finally 9™ is
obtained as the unique solution in H?(£2) N Hg(£2) of the Dirichlet

problem —Ap™ = 4™ in (2.
5.4. On the Solution of the Problem (31)

Let Y™ = ru™ 4 ¢". Tt follows from (27) that (31) reduces to

min r/ |2|? dx—/ 2Y"dx. (36)
ZGSQLQ 2 0

Since z € & and / |z|2dx = 1, problem (36) further simplifies,
Q

reducing to

min —/ Y"2dx = —max/ Y"zdx.
zeS5 Jo 2€S5 J

Suppose that (Y™)" := sup(0,Y™) # 0; it follows then from the
Schwarz inequality in L?(£2) that the solution y™ of problem (31) is
given by y" = (Y")*/ \|(Y")+\|L2(Q). If (Y™)* = 0, take for y" an
arbitrary element of S; .
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Remark 3. To tell the truth, when applying algorithm (29)-(32) (ac-
tually its discrete analogue described in Section 6.3), initialized with
y' = 1/y/]2], A7t = 1/]02|, and ¢° = 0, to the solution of the
test problems considered in Section 8, we never encountered the case
(Y™)* =0.

5.5. On the Solution of Problem (32)

Problem (32) reduces to

min  — < g, " >= — max < p, " >.
pe A" pe At
The function 9™ being continuous over {2, it reaches its maximum
value at xg (1" may have other maximizers than xg). We have the
closed form solution:

N 5("8)’ if d)n(XS) >0,
0, ifyn(xt) =0

6. Finite Element Implementation of the Augmented
Lagrangian Based Strategy

6.1. Generalities

We suppose from now on that 2 is a bounded domain of R?. In order
to solve (23) via finite element techniques, we introduce first a family
{21, }1, of polygonal domains of R? (approximations of the domain
2), such that limy,_g 2, = 2 and limy_,o [}, = I', where I}, = 0(2y,.
More precisely, by limy,_.g 2, = {2, we mean that:

(a) If O is an open subset of R? such that 2 C O, then 2}, C O for
all h > 0 sufficiently small.

(b) If K is a compact subset of {2, then K C (2, for all h > 0
sufficiently small.

Further details concerning the approximation of I" by {I},} are given
below. Next we consider a family {7}, of triangulations of (25, ver-
ifying the following (classical) assumptions (see, e.g., (8)), that is

(i) All the triangles T" of 7}, are closed, and U T = 0.
TCT,
(ii) If Ty and T, belong to 7j, then either T) NTy = ), or T} and Tb
have only a vertex in common or only a full edge in common.
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(iii) A is the length of the largest edge(s) of 7p,.
(iv) If 0y, is the smallest angle of 7j, then infy, 65, > 0.
(v) All the vertices of 7y, located on I}, belong to I.

Let P be the space of polynomials of degree less than or equal to
k. As usual, we approximate H'(£2) and H{(£2) using, respectively,
{Vi}n and {Vy 1}, two families of finite element spaces defined by

Vi, ={veC2,) : v|lp €eP,VT €T}, (37)
VOJL:{UEVh : U\Fh:()}. (38)

Let ¢, j = 1,...,N,, be the finite element basis functions of V{y,
based on the triangulation 7. Since C{(£2) C L*(2) C M, and
H}(02) C L*(02) C My, with continuity of the injections and density
of the inclusions (possibly in the weak-* sense), it makes sense to use
the family {Vp , }, to approximate simultaneously Hg (£2), CJ(£2), L*(£2)
and Mj. As we will see in Section 6.2, such a choice simplifies con-
siderably the approximation of (23). In order to further simplify the
approximation of (23), we approximate over Vj 5 the scalar product
of L?(£2), and the corresponding norm, by

Non
1
(v, w)on =5 Y Ao(PHw(®), [ollg, =/ (v, 0)on
3
j=1

for all v,w € Vpp, where (i) {P]};V:(”f is the set of the vertices of 7j,
which do not belong to I, and Ny, is the dimension of Vj 5; (ii) A; is
the measure of the polygonal which is the union of those triangles of
Tp, having P; as a common vertex, implying that the scalar product
(*,+)o,n is the approximation of the L?(§2)-scalar product obtained by
applying the trapezoidal rule on each triangle of 7y,.

6.2. Definition of the Approzimate Problem

It follows from Section 5 that the mazimum principle for second order
elliptic operators plays an important role when restricting our search
to non-negative solutions and taking -in some sense- v = —Ap as
the master unknown function. In order to ensure that the discrete
analogue of —A also verifies a maximum principle, we complete the
properties (i)-(v) verified by {73}, by the following one:

(vi) For all h, the angles of 7;, are < 7.
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Condition (vi) is a sufficient condition to impose a discrete max-
imum principle when using -as we do- piecewise affine finite element
approximations (cf. (8)). Another nice property of the finite element
spaces we employ is that if v € V3, V}, being defined by (37), v reaches
its maximum value at a vertex of 7;, (possibly at several).

Of the several equivalent formulations of problem (23) that we
considered in Section 5, the one we are going to approximate is (25).
The discrete problem that we consider is thus:

min —(/.L, SO)OJH (39)
((v,@),m)ET x A
with
i = {(U, o) € (Vou)? : V- Vldx = (v,0)on, Y0 € Von,
2n
v >0, (v,v)on =1}
and
1 Non
+ . c
j=1
Problem (39) is clearly equivalent to
min _(/’Lv @)O,hv (40)
((U,Z,(P),M)GS;LXAZ
where
EL = {(v, z,p) € (Vo,h)g : V- Vldx = (v,0)on, V8 € Vo p,
2n

2(Pj) >0,Vj=1,...,Non, (2,2)o, =1, v—2=0}.

Guided by the continuous problem (see Section 5.1), we associate
with the minimization problem (40) the following augmented La-
grangian functional:

r
2

and the discrete saddle-point problem reads: find (up,¥p) € Up, ypn €
S;;L, Ap € AZ, Ly, € Vo, such that

Lhr(v, 0,2, p,m) = =(1,)on+ 5 (v—2,0=2)on+(m,v—2)on (41)
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Ly (Ups Yy Yns Aoy ) < L (Why Y1 Yy My On) (42)
< L (Vh, ©hs Zhs o5 Ln),

for all (vn,¢n) € Up, 2z, € SQJ?I, Un € AZ, my, € Vop, with

Uy = {(U»SD) € Vo x Vo :
2y

Sy ={2€Von : 2(P;) >0,Vj=1,...,Non, (2,2)0 =1}.

V- Vldx = (v,0)0, V0 € Vo,h} ;

Suppose that (up,¥n, Yn, An, £) is a solution of the saddle-point
problem (42); we have then uy = yp, > 0 and up = y, # 0, which
implies that the solution 1), € Vj, of the following discrete Dirichlet

problem: / Vipy, - VOdx = (up,0)op, for all 6 € Vi, is different
2n

from zero and (by the discrete maximum principle) strictly positive
in §25,. These properties imply that 1)y, reaches its (necessarily strictly
positive) maximum values at some vertex of 75 not located on I},
that is there exists ig € {1,..., Nop} such that ¢ (P;,) = [vn(Piy)| =
[|¥n]] - On the other hand, it follows from (42) that

nlloe = (Ans¥r)on = max (1, ©)on = (1, ¥n)on, Vi € AF
((”’w)vﬂ)EUhXAZ

In the previous relation, let us take for the test function u the element
Aiy of A (an approximation of the Dirac measure at P;,) defined by
Xip = (3/A;y)ws,, where wy, is the unique element of Vj 3, verifying

) 1, when j = i,
o (P:) =
" 0,¥j =1,..., Non, j # io.

We have then [|vnllo, = (A, ¥n)on = (Nigs¥n)op = Yn(Piy) =
|1 (Piy)| = ||¥n]| o, implying that at the discrete level v, = (A, ¥p)o.n
mimics the property of v in the continuous case.

6.3. Iterative Solution of the Discrete Saddle Point Problem

6.3.1. Description of the Algorithm Inspired by the continuous case,
we solve (39) by applying the Douglas-Rachford-Uzawa algorithm
ALG2 to the solution of the saddle-point problem (42). The resulting
algorithm reads as follows:
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(y;l, )\,:1,62) is given in S;l X /1; X Von; (43)
for instance, one can choose (ygl, )\}:17 E?L) € (Vo,n)? such that y,:l (Pj) =
1/+/192n], )\}_Ll(Pj) =1/[02|, for all j = 1,..., Nop, £) = 0. Then, for
n > 0, we assume that yZ_l, )\Z_l, and ¢} are known, and we proceed
as follows to compute uy, v, v, \j and EZH:

(a) Solve

(uh, vh) =arg min Ly (v, 0,90 A0 00). (44)
(Urcp)euh

(b) Solve

yp =arg min Ly, (uf, Y, 2, \FH 0. (45)
z €8,

(c) Solve

Z =arg min Ehr(uZ? wgv ygv M?EZ) (46)
pe A

d) Update the multipliers £} € Vy, as follows:
( h I

Gt =0+ r(upy — i), (47)

until convergence is reached. Typically the stopping criterion is
Hzﬁﬁ — wzilH on < & where ¢ is a given tolerance. The solution of

the sub-problems encountered in (a), (b) and (c) are discussed in the
following subsections.

6.3.2. On the Solution of Problem (44) Let X}' := ryz_l—ﬁ’ﬁ € Vo.n-
It follows from (41) that problem (44) reduces to

r

min  —(A\ L @)on + = (v, )00 — (X7 0)0.n-

(UvSD)euh 2
Using convexity arguments, one can show that it has a unique solution
(up, ) € Uy, characterized by

r(uh, v)on = (X5, v)on + A\ 0)on, V(v,0) €U (48)

Let us introduce pZ_l as the unique solution in V), of the following

Dirichlet problem (discrete adjoint problem)
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/Q sz_l - Vldx = (/\Z_l, (9)0’}“ Vo € Vb,h- (49)
h

Consider now (v, ¢) € Uy, and take 0 = ¢ in (49); it follows then from
(49) and from the definition of U}, (see Section 6.2) that

AP 0o = ; Vp =t Vedx = (9}, v)on (50)
h

Combining (48) and (50), we obtain

S|

up == (Xp+pp7 ). (51)
Let us summarize: to obtain (u}, ;') solution of problem (44), one
may proceed as follows:

(i) Solve the Dirichlet problem (49) to obtain p} ' and, then, use
(51) to compute u};
(ii) Obtain ¢p € Vyp, from uj by solving the discrete Dirichlet prob-

lem / Vpy, - VoOdx = (up,8)on, Y0 € Vo
2

6.3.3. On the Solution of Problem (45) LetY};" = ruj+£}. It follows
from (41) that (45) reduces to

. T
min —(z,2)on — (2,Y3")o,h-
ZGS;,L 2

Since z € S;?L, (2,2)o,n = 1, and this problem reduces to

min —(Y;', 2)o,n = — max (Y™, 2)op-
z€S, z€Sy,

Let us define (V)™ € Vo, by (Y)T(P;) = max(0,Y"(P;)), for
all 7 = 1,..., Nop. If maxj—1 _ n,, Y (P;) > 0, it follows from the
Schwarz inequality in Vp ; equipped with the (-, -)o p-scalar product
that the solution yj of (45) is given by y; = (Y;")™/[|(Y™) ||y - If
(YT (P;) =0, for all j = 1,..., Ngp, we take for y! an arbitrary
element of 8571 (note that the comments at the end of Section 5.4 still
apply here).
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6.3.4. On the Solution of Problem (46) Problem (46) reduces to

min —(u6)on = — max_ (v )on (52)
pe Af pe Af

If max, g, Y (x) = 0, take A} = 0; otherwise, if max, g P (x) >
0, there exists an index j§ € {1,...,Non} such that ¢} (Pjr) =
max, . ¥, (x). Consider now Ajn defined by Ajn = (3/4;8)wjp,
where wjn € Vpp, satisfies wjn (Pjp) = 1, and wjn(P) = 0, for all
k=1,...,Non, k # jg. The function Ajp is an approzimation of the
Dirac measure at Pjn; moreover it satisfies

Ajg € Ay (g ¥ido = ¥R (Pjg) = max g (x). (53)
xec
From (53), we show that Aj» is a solution of the optimization problem
(52) if max, 5 ¢ (x) # 0, implying that we can take A} = Ajn (and
complete the search for the solution of (46)).

Remark 4. Suppose that the algorithm (43)—(47) converges; the non-
negative function ¢ produced by the algorithm takes its maximum
value at the vertex Pj,. The least we can do is check that, indeed,
Pj, maximizes over the set X the function X — (gx,9x)o,n, With
Y, and gx € Vp, are defined respectively by X, = {P : P is a
vertex of those triangles of 7, which have Pj, as a common vertex},
and fﬂh Vgx - VOdx = 6(X), for all § € Vj . This would ensure that

the solution is (at least) a local mazimum.

7. Finite Element Implementation of the Green’s Function
Based Strategy

Using the same notation as in Section 6, we briefly describe the ap-
proximation of (20) with piecewise linear finite element approxima-
tions. A steepest descent algorithm has been discussed in (35) for some
particular case.

Following the algorithm using derivatives (derivative-free algo-
rithms will not be discussed here), the approximated algorithm reads
as follows. Starting with Xg € {2, given, we iterate for £ > 0:

(i) Solve the Green’s function problem: find g;, € Vj ), satisfying

Vgh . Vvhdx = Uh(Xk), Vvh S Vb,h-
2y
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(ii) Solve the adjoint problem: find p;, € Vp ), satisfying

, Vi - Vopdx = (gh, vh)ons  Yon € Vo -

h

(iii) Compute the direction D*. In order to do so, let us intro-
duce W, = {v € L*({2,) : v|p € Po, VT € T, }. By differenti-
ating pp € Vo p, we obtain Vp, € W), a piecewise constant ap-
proximation of Vp. We compute a continuous piecewise linear
approximation of Vp, denoted by qn € (Vo)?, by computing
the L2-projection of Vpy, on (Vo ,)? with the following relation:
find qp € (V07h)2 such that

(anvn) = (Vonvn)on,  You € (Vo). (54)

We evaluate qp, at the current iterate and set D* = q,(X¥).
(iv) Compute a step-length oy, (many strategies can be found e.g. in
(105 33), but are not discussed here).
(v) Update the iterate:

X1 = Xy + ap D", (55)

Numerical results obtained with this approach are given in Sec-
tion 8.

8. Applications and Numerical Results

We present in this section the results of numerical experiments, ob-
tained by applying to a variety of two-dimensional domains the aug-
mented Lagrangian method discussed in the preceding sections; con-
vergence results are presented when exact solutions are known. Also,
for cross-validation purposes, the results obtained via the augmented
Lagrangian approach are compared to those obtained using the Green’s
function based strategy (algorithm (55)).

8.1. Convergence on the Unit Disk

We consider the unit disk S; = { = (z1,22) : a;l + x } When
{2 = &1, the exact value of the constant ~ is given by 5 \ﬁ ~ 0.19947,

as shown in (13).

In Figure 1, we have visualized the solution v, of problem (39).
The value of the augmentation parameter is 7 = 10~2 (which corre-
sponds to large time steps for an alternating direction implicit (ADI)
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algorithm). The stopping criterion is Hz/),’; — 1/12_1H2 < 1078, where

1/2
llolly = <Z;V:°’{ ]go(P])|2> . In all cases, the iterative method con-

verges in less than 10 iterations.

Fig. 1. Augmented Lagrangian based strategy: Solution v, corresponding to the
approximation 7, of the constant «y for the unit disk S; for h = 0.06942 (left) and
0.00617 (right).

Figure 2 illustrates the convergence of v, to -, together with the
number of iterations of the augmented Lagrangian based Uzawa it-
erative method. Figure 2 also shows (with a log-log scale) the con-
vergence to zero of the approximation error |y, — |, showing a 're-
markable’ second order convergence as h — 0.

8.2. Convex Domains

Let us address now the case of two convex domains for which neither
~ nor the associated Green’s function are exactly known. We consider
the unit square domain 2¢ = (0,1)x(0, 1), and the triangular domain
Qr = {($1,$2) €ER? : z1,290 >0, 421 + 322 < 12}.

Figure 3 visualizes the solution ¢ on {2g for various mesh sizes
h, while Table 1 illustrates the values taken by -, as well as the
location of the maximizer of the solution vy, and the number of
iterations of the Uzawa algorithm. The maximum of ¢, corresponds
also to the optimal location X of the Dirac measure in (16), and, as
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h Yh Iy =l | #it. BT
0.06942 | 0.20882 | 0.009347 ~
0.02767 | 0.20076 | 0.001289
0.02298 | 0.20030 | 0.000832
0.01284 | 0.19980 | 0.000325
0.00613 | 0.19956 | 0.000088
~y 0.19947

107

O © © ©
error

Fig. 2. Augmented Lagrangian based strategy: left: values of v for the unit disk
and number of iterations of the augmented Lagrangian algorithm; right: conver-
gence (log-log scale) of the error |y, — «y| for the unit disk.

suggested, the optimal Green function is indeed y — G(C,y), with
C=(1/2,1/2).

g & § &8 & B

Fig. 3. Augmented Lagrangian based strategy: Solution 1, corresponding to the
approximation ~y, of the constant  for the unit square £2s for h = 1/10 (left) and
1/80 (right).

Figure 4 visualizes the solution vy, on {27 for various mesh sizes h,
while Table 2 illustrates the values taken by ~3, as well as the location
of the maximum of the solution 1}, and the number of iterations of
the Uzawa algorithm.

Numerical results are consistently showing around 8 —10 iterations
for the augmented Lagrangian algorithm. The maximizer of 1)y, is lo-
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Table 1. Augmented Lagrangian based strategy: Values of the approximation p,
for {25, number of iterations of the augmented Lagrangian algorithm, and location

of the v, maximizer.

h Yn Location | # it.
0.05000 | 0.110549 | (0.5, 0.5) 8
0.02500 | 0.108557 | (0.5, 0.5) 8
0.01250 | 0.107953 | (0.5, 0.5) 8
0.00625 | 0.107777 | (0.5, 0.5) 8

cated near the center of the inscribed circle inside {27, with the largest
inradius (but not exactly equal to it). This location is accurate and
consistent up to the mesh size, but depends on the local properties
of the mesh. This remark is consistent with theoretical investigations
presented for instance in (1), where the largest inradius is identified
as the main criterion for the determination of the eigenvalues of the
Laplacian operator.

NN
~=

Fig. 4. Augmented Lagrangian based strategy: Solution v, corresponding to the
approximation <y, of the constant « for 27 for h = 0.13308 (left) and 0.01159
(right).

8.3. Validation with the Green’s Functions Based Strategy

The numerical results obtained with the augmented Lagrangian based
method can be validated by comparing with the results obtained
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Table 2. Augmented Lagrangian based strategy: Values of the approximation p,
for 2, number of iterations of the iterative algorithm, and location of the )y,
maximizer.

h Yh Location # it.
0.13308 | 0.236953 1.04103, 1.08259)
0.05793 | 0.234287 | (0.97132, 1.07262)
0.02909 | 0.230355 1.01081, 1.11609)
0.01159 | 0.229884 1.00024, 1.11437)

A~~~
© © O ©

using the Green’s function based method. First, Figure 5 visualizes
the contours of the function X — [|G(X,-)|[2(q)- The best constant

~ given by (20) is the maximum of the function under consideration.

Fig. 5. Contours of the function X — [|G(X,)|| 2 (g Left: disk domain; middle:
square domain; right: triangular domain.

One sees that the solution obtained with the augmented Lagrangian
algorithm is the optimal one, in the sense that the point X that max-
imizes the function ¢ in Figures 1, 3 and 4, is also the maximizer of
the function X — [|G(X, -)[|12(p) as seen in Figure 5 (left, middle and
right resp.). Figure 6 shows the solution obtained with the algorithm
(55) for the unit disk (left, starting from X° = (—0.7,0.7)), for the
triangular domain (middle, with X° = (0.11,3.63)), and for the unit
square (right, with X% = (0.05,0.05)). The iterative algorithm pro-
vides a solution satisfying HX’“ — Xkl ’ ’2 < 107° in approx. 50 — 100
iterations, with aj = 1.0. For these three cases, algorithm (55) gen-
erates iterates along a straight line going from the initial guess to the
exact solution. Table 3 shows a comparison between the values of X
obtained with both algorithms.

These results validate the augmented Lagrangian based method-
ology, and show that it is actually much more efficient (around 10
iterations vs. around 50, each method requiring the solution of two
discrete Poisson problems at each iteration), without sacrificing the
accuracy of the solution.
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— X trajectory] 1t ] —X trajectory|

Fig. 6. Convergence of the Green’s function based algorithm for the unit disk
(left A = 0.02298), triangular (middle, h = 0.05793), and unit square domains
(right, b = 0.05). Top row: trajectory of the iterates X* obtained with the descent
algorithm (55), and location of the maximizer obtained with the augmented La-

grangian method; Bottom row: evolution of the values of ~* := HG(X’“7 )! |L2(9>'

Table 3. Comparison of the augmented Lagrangian and Green’s function based
methods.

Location ¥ 7 it.
Circle Aug. Lag. (0.0040000, 0.0040000) 0.20030 9
(h = 0.02298) Green’s (0.00356945, 0.00407292) | 0.20027782 100
Triangle Aug. Lag. (0.97132,1.07262) 0.234287 9
(h = 0.05793) Green’s (1.01483350, 1.05234727) | 0.22986620 130
Square Aug. Lag. (0.5,0.5) 0.110549 8
(h = 0.05) Green’s (0.5,0.5) 0.11054942 | 50

8.4. Non-Convexr and Non Simply Connected Domains

The presented framework is theoretically valid when the considered
domain {2 is either convex or non-convex but with a smooth boundary
I'. In this subsection, we show that the augmented Lagrangian based
methodology is also efficient for non-convex domains, even when those
may have a non-smooth boundary (in the case, for instance, of re-
entrant corners). To do so, let us consider first the ring-shaped domain

S%I = {(:1:1,:172) cR?: % <\ri+as< 1}.

Figure 7 visualizes the solution 1, for {2g for two different mesh
sizes h, while Table 4 illustrates the values taken by -, as well as
the maximizer of ¥, and the number of iterations of the Uzawa algo-
rithm. Observe that this problem being a highly degenerated general-
ized eigenvalue problem, the proposed algorithm selects a particular
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eigenfunction, but the solution can be rotated without changing the
value of the objective function, depending on the initial guess and
the mesh.

00
- =

Fig. 7. Augmented Lagrangian based strategy: Solution v, corresponding to the
approximation 7, of the constant v for the ring-shaped domain & 1 for h =
0.04062 (left) and 0.00614 (right).

Table 4. Augmented Lagrangian based strategy: Values of the approximation
~n for Si,, number of iterations of the augmented Lagrangian algorithm, and
location of the maximizer of the function y,.

h Yh Location # it.
0.04062 | 0.067185 | (-0.71822, 0.00400)
0.01914 | 0.066029 | (-0.74084, 0.00400)
0.00930 | 0.065527 | (-0.72677, 0.00400)
0.00614 | 0.065502 | (-0.73329, 0.00400)

© © © ©

Figure 8 (left) visualizes in the ring domain the contours of the
function X — [[G(X,)[|2(g), emphasizing the radial invariance of
the function, and the degeneracy of the eigenvalue problem. The best
constant v given by (20) is the maximum of the illustrated function.
Figure 8 (right) shows the profile of ||G(X,)[;2(p) along a cut in
the radial direction; the solution obtained with the augmented La-
grangian approach, whose location is illustrated by the vertical line,
satisfies the given maximum up to the mesh resolution.
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05 0.6 0.7 0.8 0.9

Fig. 8. Green’s function based strategy: Left: contours of the function X —
[IG(X, )|l 2(q)- Right: cut along a radial direction, and comparison with the so-
lution obtained with the augmented Lagrangian approach (located at the vertical
line).

Finally, let us discuss the behavior of «y; as a function of the angle
of a re-entrant corner. In order to do so, consider the ”pie-shaped”
domain {2y defined by

_ o [x1) _ [rcoso 0<r<1
QG_{(xl’x2)eR ' <$2> o <Tsin(;5>’ 9<¢<2W—0}'Let

us also define w = 27 — 26 (the angle inside the domain (). The no-
tation is illustrated on Figure 9.

Fig. 9. Pie-shaped domain (29. Sketch and notation.

When # — 0, the domain tends to the unit disk with a slit, that
is well-known to produce strong singularities at the extremity of the
slit (23; 24). Figure 10 visualizes the solution 1)y, associated with {2y
and h ~ 0.01 for various values of 0, ranging from 0 to w/4. Observe
that the symmetry is preserved.

Table 5 illustrates the values taken by -, as well as the location
of the optimal function 1, for various values of #, and the number of
iterations of the Uzawa algorithm. One observes that the value of
increases linearly when 6 — 0.



Looking for the Best Constant in a Sobolev Inequality 29

Fig. 10. Augmented Lagrangian based strategy: Solution v corresponding to
the approximation ~y, for 2y, for w = 7n /4,157 /8 and 27 respectively (left to
right).

Table 5. Augmented Lagrangian based strategy: Values of the approximation vy,
for {29, number of iterations of the augmented Lagrangian algorithm, and location
of the maximizer of the function vy,.

w h Yh Location # it.
27 0.010197 | 0.140042 | (-0.36858, -0.01751) 17
23mw/12 | 0.010083 | 0.139609 | (-0.38865, 0.02002) 17
157/8 | 0.010193 | 0.138884 | (-0.38847, -0.00217) 17
(_
(

/4 0.010119 | 0.137528 0.39293, -0.00433) 17
3mw/2 0.009711 | 0.134045 -0.41354, 0.01683) 17

Finally, numerical results obtained with the Green’s function based
strategy are presented for the domain with a slit. Figure 11 (left) vi-
sualizes the contours of the function X — ||G(X,)|[;2(q). The best
constant v given by (20) is the maximum of the illustrated function.
Note that the function is quite flat around its maximum.

Figure 11 (middle) shows the trajectory obtained with the algo-
rithm (55), starting from X° = (0.95,0.05). The above algorithm
provides a solution satisfying HX’c —Xk_l‘}2 < 1072 in approxi-
mately 1000 iterations, with aj = 10.0, and encounters difficulties
in converging to the exact solution. Figure 11 (right) visualizes the
approximation of v obtained at each iterate. The flat profile of the
objective function creates convergence problems, and the better con-
vergence properties of the augmented Lagrangian method are obvious
here. Solutions comparisons are given in Table 6.

Table 6. Comparisons between the augmented Lagrangian and Green’s function
based strategies.

Location ¥ # it.
Slit domain Aug. Lag. | (—0.36858,—0.01751) | 0.140042 17
(h = 0.010197) Green’s (—0.40034,0.09696) | 0.139641 | 100
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Fig. 11. Green’s function based strategy for the domain with a slit: Left: contours
of the function X — [|G(X,)|[2((); middle: trajectory of the iterates X*: right:

evolution of the values of 4* := HG(X

5 ')||L2(m'
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