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Motiv ations

Study a same problem with two different approximations de ned
on different meshes.

Detall the links between these different approximations via a
projection method.

Application on free boundary problems.
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Part | - Free Surface Flows
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Modeling of Free Surface Flows

= liquid
surface
t
1 = 1
Unkno wns:

Volume fraction of liquid * in the cavity.

Velocity u and pressure p in the liquid (incompressible o w).
Pressure P in each bubble (velocity is disregarded).

Number and position of the connected components of gas.
Curvature of the liquid-gas interface.
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Incompressib le Liquid - Compressib le Gas

Equation for ' : the liquid particles move with the liquid along the
characteristics (X- = u):

@
—+ur' =0:
@
Incompressible Navier-Stokes equations in the liquid domain:
%+ (urj)u 2r (DW)+rp=f;

r u=20:

|ldeal gas law in the gas domain (bubbles): P V = constant in
each bubble of gas and velocity is disregarded.

On the liquid-gas free surface:

w Alexandre Caboussat, University of Houston

LACSI Symposium, Santa Fe, October 12-14, 2004 Incompressible Liquid - Compressible Gas — p.6/31

pn+ 2D (uyn= Pn+ n:



A Time Splitting Algorithm
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Time t" Time t"*1

(1) Advection step.
(2) Computation of gas pressure.

(3) Computation of the curvature and surface tension effects.
(4) Diffusion step.
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A Time Splitting Algorithm

Advection
n
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(1) Advection step.
) Prediction u"*! =2 of the velocity.
) Volume fraction of liquid * "** and new liquid domain "**.

(2) Computation of gas pressure.

(3) Computation of the curvature and surface tension effects.
(4) Diffusion step.
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A Time Splitting

Advection

Algorithm

Bubbles
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Time t"

(1) Advection step.

(2) Computation of gas pressure.
) Pressure P"*' constant in each bubble of gas B"** .

(3) Computation of the curvature and surface tension effects.

(4) Diffusion step.
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A Time Splitting Algorithm

Advection Bubbles S. Tension
n
= n * 2 P »
e G
Time t" Time t"*1

(1) Advection step.
(2) Computation of gas pressure.

(3) Computation of the curvature and surface tension effects.

) Curvature "*!' and unit normal vector n"*! on the liquid-gas
Interface.

(4) Diffusion step.
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A Time Splitting Algorithm

Advection Bubbles S. Tension Diffusion

n
= pn +% \ 1 ‘ un+1
Time t" Time t"*1

(1) Advection step.
(2) Computation of gas pressure.

(3) Computation of the curvature and surface tension effects.

(4) Diffusion step.

) Velocity u"** (correction) and pressure p"** in the liquid
domain.

w Alexandre Caboussat, University of Houston

LACSI Symposium, Santa Fe, October 12-14, 2004 A Time Splitting Algorithm — p.7/31



A Two Grids Method

Structured grid of small cells;
Resolution of the advection step with a characteristics method;

Unstructured nite element mesh;
Computation of the gas pressure P"**;
Computation of the curvature "*! of the interface;
Resolution of the diffusion step (Stokes problem) with
continuous (stabilized) piecewise linear nite elements.

Projection/Interpolation methods.
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Data Structure

A =

N\

Number of cells may be very large;

Hierarchical Windows-Block-Cells data structure;
Introduction of windows/blocks to reduce memory requirements;

Computations only for active blocks/cells to decrease CPU time.
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Advection Step

Solve the two advection problems between t" and t"*!:

Qi

—+ (U r)u=a0;
a v
@
—+ur' =0
@
with initial conditions
u(t")y=u"; "(NH=""":

Forward characteristics method: 8x 2 ":

unt I+ Ut () = u(X)

L TTUN() = X)
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Advection Step (2)

Forward characteristics method with projection on the regular grid
of small cells.

1 3
16- - 16
e
31 9,
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7 uirj)

iIndex | i
index |

Numerical diffusion (SLIC algorithm): Computation of an
Interface line in each cell suchthat0< ' < 1.

Numerical compression: Quick Sort algorithm to order the cells
according to the volume fraction of liquid.
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From the Cells to the Finite Elements

Projection of the piecewise constant approximation on the cells on
the piecewise linear nite element space:

Z Z
urtt T gdx = up™ T ydx; 8J
T T
| / I
S S
T |G T | |G
T T
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From the Cells to the Finite Elements

Projection of the piecewise constant approximation on the cells on
the piecewise linear nite element space:

Z Z
up™t T gdx = ud™ T jdx; 8J
X X N /T\
P (Cij k) Uj <
n+1 =2 PI;K CljukI;_K / \ \

) . P( 1) k) /<// \ ~_ \
P2K Cj k2K ~_| \ Cij/)

\\/
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Bubb les Step : Numbering
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Choose a point P in the gas domain "*! and solve:

8 .
< u= p, in N+l

u= 0: on@ "*1:

If u(x) & 0then x 2 connected component number 1.

Solve Poisson problems with continuous, piecewise linear nite
elements.

CPU time is only 10 % of the total CPU time.
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Bubb les Step : Gas Pressure

Evolution of a single bubble.

tn+l

n+1 n+l1 _ RVAL
PV = PV

Merging of two bubbles.

tn

tn+1

n+1 n+l1 _
IDl V& -
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Curvature Step

Curvature:

r n+1
n+l _ n+1

=r n"" = jr'”+1j:

Smoothing of VOF function ' "*! by convolution of ' "*! with a
smooth kernel function K-

Z
N+l (X) = ' n+l (Y)K-(x y)dy :

Computation of curvature (L ?-projection on FE space with mass
lumping):

r |~n+l

n+1|_ — [
jdx = r PR j dx

Computations on the nite element unstructured mesh.
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Diffusion Step
Diffusion step (velocity correction): solve Stokes problem in "*!:

un+1 un+1:2

21 Du"™t) +rp"t =1 ;

r u"t =0:

with boundary conditions on the free surface:
pn+1nn+1 + 2 D(un+1)nn+1 — Pn+1nn+1 + n+1nn+1:

and given boundary conditions on the wall boundary.

Solve Stokes problem in "*! with continuous, piecewise linear
(P1 P,) stabilized nite elements (Galerkin Least Squares
Method).
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From the Finite Elements to the Cells

Projection (Restriction to the center of mass of C; «) from the
piecewise linear approximations to the piecewise constant
approximations on the cells:

Z Z

ud™ ykdx = ul™toedx; 8(i i k)

A FJl A FJl
/// \\ /// \\
P, ?<< Cij | | P, ?<< Cij | |
~ | ~_ |
~J [ ~_ |

s s

™J; mJ3
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From the Finite Elements to the Cells

Projection (Restriction to the center of mass of C; «) from the
piecewise linear approximations to the piecewise constant
approximations on the cells:

Z Z

ud™ ykdx = ul™toedx; 8(i i k)

Ji

\

1 _ )
Up (Cyi) = U™ (Cy ) Py, < Cj

/

:

Paanl
|
|
|
|

s
™J4

9
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Numerical Implementation

Implementation in 3D with object-oriented C++

Two meshes (structured and unstructured)

Fields on the structured grid (u;"' )

Fields on the nite element mesh; (u;p;'; ; P;);
Auxiliary variables (u,number of bubbles);

Linear systems to solve related to i) the Stokes problem, ii) the
Poisson problems;

CG for Poisson problems / BiICGstab for Stokes problem with
iIncomplete LU preconditioner.
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Error on Volumes

Advection of a mass of liquid with given velocity;

The interpolation method does not exactly guarantee the mass
conservation;

Size of the cells related to the size of the FE mesh.

# Cells V(cells)
h V(FE mesh)
30X30 0.000567
1/40 0.000687
60X60 0.000567

1/80 0.000666
1/120 0.000656
(Given grid-480 480

120X120 0.000628
240X240 0.000628
(Given FE mesh-h = 1=40)

The error computed on the structured grid is rapidly negligible;
The error computed on the FE mesh decreases with the mesh

w Alexandre Caboussat, University of Houston

LACSI Symposium, Santa Fe, October 12-14, 2004 Error on Volumes — p.19/31



S-shaped channel

/
P
s g

Persistence of the bubbles of gas (bubbles are scratched if no
compressible gas). [anim ]

3D computation. 219000 nodes and 100000 elements for FE mesh.
1%500°000cells. CPU  350minutes on a PC. Re' 1CF.
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A Mold Filling Example

Filling of a semi-spheric mold.

37152elements for FE mesh, 10 cells;
Symmetry is broken only due to the mesh;
Coarse mesh ) High numerical diffusion.

[anim |
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Filling of a Fork

3D computation, 319961 nodes and 168000 elements for the FE
mesh. 500000000cells. CPU 24 hours on a PC.

Arms with a valve (escaping gas) are lled faster.

[anim]
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Star-shaped Mold Filling

Star-shaped mould with v e arms.

Hierarchical structure of the cells
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Part Il - Obstacle Problem
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Modeling of the Contact Problem

Variational inequalities

Neuman
Boundary
conditions
Obstacle
line

Diffusion Problem with Neuman boundary conditions
Solution u is positive on the subdomain
Is for instance a line in 2D (subdomain of codim 1)
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Governing Equations

Variational inequalities ) Penalty method

Find u satisfying:

Z Z Z Z
@

—vdx + ru r vdx } (W?vd = gvd ;

@

forallv2 H() .

Discontinuous approximations are well-suited to solve the diffusion
part ( nite differences, nite volumes);

Continuous approximations are mandatory to treat the obstacle
problem (obstacle is a line);

) Time splitting scheme and Two-grids method
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A Time Splitting Scheme

Implicit Scheme with operator splitting (Marchuk-Yanenko)
) Additional error O( ).

Diffusion step

Z yn+tl=2 yn Z _ Z
vdx + ru”™™=2rvdx= gvd ; 8v2H):
Obstacle step
Z n+1 n+l =2 Z
1
u u vdx = @W"MHY2vd =0, 8v2HY() :
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A Two-Grids Method

Discontinuous approximation up Continuous approximation up
for the diffusion problem for the obstacle problem
Finite differences grid Finite element mesh
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Time and Space Discretizations

Diffusion step. Classical nite differences scheme:

(+ A 7= wp+ g
Projection FD) FE
Z Z
up™t T gdx = ud™ T jdx; ' FE basis fets:

Obstacle step. Newton method to solve:

VA un+1 un+1 =2 1Z

Fu"*t) = vdx = (u")?vd =0

Projection FE) FD
L VA

n+1 — y .
up - ' jdx= u, ' dx;

ij FD basis fcts:
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Numerical Example

2D square domain - circle obstacle line

Oscillatory boundary conditions

e T T - S S ORI

B . T - W N R RN

Positiveness on the line is ensured;
Only symmetric linear system to solve;

Condition number of the obstacle matrix is P (Le. CG s
appropriated);
Small number of iterations (CG and Newton).
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Conclusions

Projection and interpolation methods permit to communicate
between two different meshes;

Different approximations of the solution may be linked with a low
computational cost;

Introduction of an approximation of the projection method when
one mesh is ner than the other:

Introduction of artifacts to reduce memory requirements (data
structures, recognition of connected components, etc.);
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