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Goals

@ Show that 'textbook’ techniques, such as least-squares, still
have applications nowadays.

@ Provide an example where "things can go wrong'.

@ Talk about a very important partial differential equation in the
field of fully nonlinear elliptic equations.
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Starting with Statistics...

TExES Scores
3

¥

1m
400 4% S00 S50 GO0 G N0 750 300 550 900 950 1000 1050 H100 1 1200 12590 1300 1350

For (xi,y;)¥, given, find the line y = ax + b satisfying

N

min 3~ (s — (a5 + b)) o

i=1

A. Caboussat, University of Houston Least Squares to Monge-Ampére UH (Apr 10, 2009) 4 /44
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Linear Regression

Best line to approximate a cloud of point

For (x,-,y,-)f\’:1 given, find the line y = ax + b satisfying

minZ(y,- — (axi + b))?.

N ZIN:]. XiYi — (ZIIV:]. Xi) (ZIN:]. )’i>

a = s

N <Z,N:1 X,2) - (Z,N:1 Xi)2

A. Caboussat, University of Houston Least Squares to Monge-Ampére UH (Apr 10, 2009) 5/ 44
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Approximation of Functions

Problem

For a given function f € C%[a, b], find the best polynomial of
degree one Pj(x) that approximates the function f on the interval
[a, b]

Answer: Find the polynomial function Pj(x) that minimizes the
distance between f and P;

min d(Py, ).
P,ePy

Question: Choice of the distance function?

A. Caboussat, University of Houston Least Squares to Monge-Ampére UH (Apr 10, 2009) 6 /44
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Distance Function

@ [°°-norm:

min max |f —(a a .
ao,la1x€[a,);3]| (X) (0+ 1X)’

This is called a min-max problem.

L
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Distance Function

@ [°°-norm:

min max |f —(a a .
ao,la1x€[a,);3]| (X) (0+ 1X)’

This is called a min-max problem.

o [l-norm:

ao,a1

b
min / |f(x) — (a0 + a1x)| dx.

Problem: Non-differentiable function.
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Distance Function

@ [°°-norm:
min max |f —(ag + a .
min xe[a,)f;]| (x) — (a0 + a1x)|

This is called a min-max problem.

o [l-norm:

b
min / |f(x) — (ap + a1x)| dx.

ap,a1
Problem: Non-differentiable function.

@ [2-norm:

40,41

b
min / (f(x) — (a0 + a1x))? dx.

Least-squares problem.

L
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Approximation of Functions by Polynomials

For a given function f € C%[a, b], find the best polynomial of
degree n, Pp(x), that approximates the function f on the interval
[a, b]. Since Pn(x) = >_7_, akxX, the least squares approach is:

2
b n
. _ k I _ 2
i, | (f(x) Z) = 5 I = Prlliey

A. Caboussat, University of Houston Least Squares to Monge-Ampére UH (Apr 10, 2009) 8 /44



Least Squares Monge-Ampére Num. Results Conclusion

Normal Equations

The normal equations form the system
9 2
7Hf‘_Pn”L2 b:O7 j:07...,n
Da; (a,b)

In that case:

A. Caboussat, University of Houston Least Squares to Monge-Ampere UH (Apr 10, 2009)
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Approximation of Functions by a Subspace

Let {¢1,...,0n} be a linearly independent family of functions in
COa, b]. Let

V = span{¢q,..., ¢t C C%a,b], dim V =n.

Problem

For a given function f € C%[a, b], find the best function g € V,
that approximates the function f on the interval [a, b]. This
function minimizes the distance between f and g:

in d(Py, ).
g]el\r}d( 1, 1)

L
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Least-Squares approximations

@ For instance, the least squares problem reads:

b b
min/ (f(x)—g(x))zdx:min/ F(x) = > axpu(x) | dx.

gev gev

L
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Least-Squares approximations

@ For instance, the least squares problem reads:

. b 2 . b 4 ?
mm/a (f(x) — g(x)) dx:ml\r}/a (f(x)—Zaquk(x)) dx.

gev g€
@ The normal equations read:
n b b
Zak/ ¢k(x)¢>j(x)dxz/ f(x)p;(x)dx, j=1,...,n.
k=1 a a

This system may be diagonal if the basis functions are
orthogonal.

L
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Questions

@ Choice of the subspace V7?7 What are the basis functions ¢?

@ Choice of the distance d? What objective function to
minimize?

L
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Dirichlet Problem for the Monge-Ampére Equation

Let Q C R? bounded, smooth, convex. Consider f € L1(), f > 0,
and g € H3/2(0Q).

Find ¢ € H?(Q) satisfying

{ detD?y =f inQ,

V=g on [ = 09Q.
Py Py
2
where D%y = Ox Oxdy
2o o
Oxdy  Oy?
f >0 = 1 convex. le

A. Caboussat, University of Houston Least Squares to Monge-Ampére UH (Apr 10, 2009) 13 / 44
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Applications and Interpretation

@ "Monge-Ampere equation is in implicit nonlinear elliptic
PDEs, the equivalent to the Laplace equation in linear elliptic
PDEs".

@ Many other applications: Geometry, optimal design of antenna
arrays, front formation in meteorology, semigeostrophic flow
(slow flows under rotation and stratification), reflector design
(scattering field), compressible gas dynamics, etc.

@ Optimal transportation problem (Monge problem).

[Caffarelli, Cabre AMS, 1995], [Gutierrez, 2001], [Caffarelli,
Milman, 1997].

L
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Optimal Transportation Problem

Discrete case

Given two sets of k points in R": Xi,..., Xk and Yq,..., Y, find
a mapping of Xy onto Y;, i.e., among all one-to-one functions

Y (Xk) that minimizes some transportation costs, for instance,

1 2
C:2zk:|y(xk)—xk\ -

Continuous case

Find an (admissible) map Y(X), linking two probability densities,
that minimizes some cost.

In that case, Y(X) = Vi, where ¢ is a convex potential that
satisfies the Monge-Ampere equation.

| \

<=

A. Caboussat, University of Houston Least Squares to Monge-Ampére UH (Apr 10, 2009) 15 / 44
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Existence and Regularity of Solutions

o When f € LY(Q), f > 0, and g € H3?(9Q), it makes sense to
look for a convex solution ¥ € H2(Q).

L
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Existence and Regularity of Solutions

o When f € LY(Q), f > 0, and g € H3?(9Q), it makes sense to
look for a convex solution ¥ € H2(Q).

@ The solution is not necessarily unique (actually at most two
solutions).

@ The smoothness of the data does no imply the smoothness of
the solution. In particular, when the domain € is not strictly
convex, there is no classical solution (even for f, g and 0Q
smooth).

For instance, if Q = (0,1)?, f =1, and g = 0, there is no
classical solutions 1 € C2(Q).

8%y 8%y o2y
and the cross derivative
Ix2 9y? Ox0y

vanish at the boundary. Which implies that detDzw is strictly smaller than one in a neighborhood of T. w

Indeed, ¢ = 0 on the boundary, implies that both the product

A. Caboussat, University of Houston Least Squares to Monge-Ampére UH (Apr 10, 2009) 16 / 44
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Viscosity Solutions

For conservation laws:
Find v® satisfying

0%uf  Ouf L ou® .
—s:W—i—E—i—ua—O in R x (0, 00),

=g on R x {t = 0}.

For Hamilton-Jacobi equations:
Find u® satisfying

U

E
—eAu® + T + H(Vu',t) =0 inR" x (0,00),

=g on R"” x {t = 0}.

[L. C. Evans, AMS, 2002]

A. Caboussat, University of Houston Least Squares to Monge-Ampére UH (Apr 10, 2009) 17 / 44
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Viscosity Solutions

@ Moment methods [Feng, Neilan, 2007]:
Find ° satisfying
—eA%)f +detD%yY* =f in Q,
Y=g on [ = 09,
A% = €2, on [ =00

L
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Viscosity Solutions

@ Moment methods [Feng, Neilan, 2007]:
Find ° satisfying
—eA%)f +detD%yY* =f in Q,
Y=g on [ = 09,
A% = €2, on [ =00

o We have [Feng, 2009]
li € =1
fm v =¥
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Viscosity Solutions

@ Moment methods [Feng, Neilan, 2007]:
Find ° satisfying
—eA%)f +detD%yY* =f in Q,
Y=g on [ = 09,
A% = €2, on [ =00

o We have [Feng, 2009]
li € =1
fm v =¥

o Finite element approximation. There are positive constants
C, « and [ such that

1
o — il < i L

A. Caboussat, University of Houston Least Squares to Monge-Ampére UH (Apr 10, 2009) 18 / 44
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Least-Squares Methods

o Introduction of a distance function:

inf J
nf. (),
where
Ve = {0 € H*(Q), v =g},
and
1
/ ‘ det D?p — f‘2dx, if det D%¢ — f € [?(Q),
Jp)=4 2Ja

400, otherwise

@ Numerical solution with operator-splitting methods and finite
elements [Dean, Glowinski, CMAME, 2006]. [ﬂ
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Least-Squares Methods (2)

@ Introduction of a variational principle:

1
inf / |Apl? dx,
2 Jg

‘pEEfg
where
Egx ={p e H*(Q), p=g onT, det D*p=f}.

@ Numerical solution with penalization, augmented Lagrangian
methods and finite elements [Dean, Glowinski, CMAME,
2006].

L
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As we have seen, if we want to use least-squares methods, we have
many choices for

@ The subspace V of approximations;

@ The distance (objective function) to minimize.

Let us describe another least-squares approach, a little bit less
classical...

A. Caboussat, University of Houston Least Squares to Monge-Ampere UH (Apr 10, 2009)
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Domain Decomposition

Yy Q
— Ykl
/
]
x

The domain € is divided into K non-overlapping sub-domains €2,
k=1,...,K, such that

K
UQk:Q QNQ =0 if j#k [l]i
k=1

A. Caboussat, University of Houston Least Squares to Monge-Ampére UH (Apr 10, 2009) 22 / 44
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Choice of the Subspace

@ When looking for convex solutions, a convex polynomial
function of degree two is associated to each sub-domain €,
namely

f,
wk(&)’):\/;k( 2+ y2) + akx + By + s J

where ay, Bk and , are unknown real coefficients, and
fx =~ flg,, €&

/ f(x,y)dxdy
Qy

/ dxdy
Qy

@ Note that det D2zpk =1 in Q. [ﬂ

fio =

A. Caboussat, University of Houston Least Squares to Monge-Ampére UH (Apr 10, 2009) 23 / 44
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Choice of the Subspace

VvV = {(p € 12(Q), ¢lg, €Ps,

Vi
e(x,¥)lg, = - (x® + y?) + akx + Bey + Yk,

L
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Choice of the Objective Function

One dimensional case:

Remember

We are looking for 1) € H?(2). In two dimensions, this [ﬂ
corresponds to nearly C*(Q)-functions.

A. Caboussat, University of Houston Least Squares to Monge-Ampére UH (Apr 10, 2009) 25 / 44
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Objective Function

min KJ(a,B,'y),

a,B,7€R

where

Sapm =5 > [ wnley) —wilxy)Pds

1<k, /<K YK

3 Z/ (. y) — g(x,y)|2 dS

1<k<K val)

ERIA

1<k 1<K VK

2

3% 31/1/ S

an, - (x,¥)

where a0 = (ak),'le, 8= (ﬂk)szl and v = (fyk)le, and r > 0.

A. Caboussat, University of Houston Least Squares to Monge-Ampere UH (Apr 10, 2009)
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Alternative choice

Ja,B,v) =

N =

/ (. ¥) — i, )| dS
1<k <K YK

i
b X [ ) - glen)las
o Nr

1<k<K
/Yk/

81/% [
8[7/

x,y)‘ ds.
1<k I<K

L
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The Case of a Rectangle

Consider Q = (0, a) x (0, b), I, J given, and hy = a/l, hy = b/J.
Fori=1,...,1andj=1,...,J, we consider the sub-domain
Qjj = ((i = )hx, ihx) x ((j — 1)hy, jhy) (such that Q = J; Qy),
and the polynomial v;; defined by

f;..
Yii(x,y) = @ (< +y?) + ajx + By + - J

A. Caboussat, University of Houston Least Squares to Monge-Ampére UH (Apr 10, 2009) 28 / 44
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A Collocation Method

@ Approximate each integral numerically in

J(Oé,,@,’)’ = Z / Wk Xy ¢I(X7y)‘2d5

1<k 1<K YK

=Y / (. y) — glx ) dS

1<k<K val)

22 Lo

1<k I<K

2

ke, y) + G0,y S,

ony

L
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A Collocation Method

@ Approximate each integral numerically in

J(Oé,,@,’)’ = Z / Wk Xy ¢I(X7y)‘2d5

1<k 1<K YK

=Y / (. y) — glx ) dS

1<k<K val)

22 Lo

1<k I<K

2

ke, y) + G0,y S,

ony

@ Numerical integration with Gauss-Legendre points

b n
/ g()dx ~ > wg(x).

k=1

L
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System of Equations

Matching of Boundary conditions:

Vi1 o

Qi1 Xki + Vil = 8x kil — 5 Xii> k=1,n, i=1,1.

Vi

aiyXki + Bigb + Yiy = gxki2 — TN (XE,— + b2) , k=1n, =11
Vi o .
PLYig + 71 = 8y — =5 Vi k=1,n j=1,J.

Vi :
aya+ By + 7 = 8y koj — 5 (a7 +yig), k=1 j=1..

A. Caboussat, University of Houston Least Squares to Monge-Ampére UH (Apr 10, 2009) 30 / 44
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System of Equations (2)

Matching of the solution on interior interfaces:

(i1 — ai)xui + (Bijr1 — Bi)Uhy) + (Vije1 — vij) =

%(\/E_ \/ fij-‘rl) (X[3i+(jhy)2)7 k = 17”)./.: 17J_ 1, = 1al
(vit1j — ai)(ihe) + (Bit1j — Bi)ywi + (Vit1j — 7ij) =
YV~ V) ()2 +3), k=1nj=1Ji=11-1

Matching of the normal derivatives on interior interfaces:

By — B = r (Vi = V) Ghy), j=10-1,i=11.
rajsy — rag = r(\/ﬁj— \/ﬁ-HJ-) (i), j=1.....d,i=11-10k

A. Caboussat, University of Houston Least Squares to Monge-Ampére UH (Apr 10, 2009) 31/ 44
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Conclusion

3/J unknowns

2n(l+ )+ n[l(J = 1)+ J(I = 1)] + I(J — 1) + J(I — 1) equations

Over-determined system!
Ax =b.

The matrix A is of full column rank. The solution of an
over-determined system is addressed by the normal equations:

ATAx=ATb.

L
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Validation Example

Y(x,y) == (x*+y?), (x,y) € Q J

N

ie. f(x,y) =1, and g(x,y) = 3 (* +y?).

08
06

Approximation is exact! (¢ =8 =~ =0) J[ﬂ

A. Caboussat, University of Houston Least Squares to Monge-Ampére UH (Apr 10, 2009) 33/ 44
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Exponential Example

U(x.y) = ) (xy) € Q. J

e Fx,y) = (14 (2 +y?)) e, g(x,y) = e2t*+7),

A. Caboussat, University of Houston Least Squares to Monge-Ampére UH (Apr 10, 2009) 34 / 44
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Exponential Example
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Exponential Example

U(x.y) = AP (xy) € Q. J

ie. f(X,y) = (1 + (X2 +y2)) e(x2+y2), g(x,y) _ e%(x2+y2)_

Approximation

A. Caboussat, University of Houston Least Squares to Monge-Ampére UH (Apr 10, 2009) 34 / 44
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Convergence of Approximations

F=J ] Y0 —¥llag) | [1Yn = Pl
5 8.405588e-03 1.656257e-02
10 6.439176e-03 1.268631e-02
20 6.045698e-03 1.296824e-02
50 6.030157e-03 1.311007e-02

10° 10°
——3 points
—e—2 points
—e—1 point
- - Slope 1
107 :
g 8 107 T
& & N i
107 o AN
\,Sgsgﬂ
107 107!
10° 10 10° 10 10 10
I I
2 00
L*-norm L®°-norm [ﬂ
A. Caboussat, University of Houston
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A Second Example

3/2
Y(x,y) = (2 X2+y2> J

3 , (xy) € Q.
3/2
. 2¢/x2+y?
l.e. f(X,y) = \/X21Ty2' g(va) = %

I'=J 1 [lYn = ¥Yllag) | 1¥n = ¥l
5 9.319363e-03 3.242689¢-02
10 6.628609e-03 2.319420e-02
20 6.116831e-03 1.483774e-02
50 6.113496e-03 1.115342e-02

L
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A Second Example (Results)

I =5/1=50

i
i

i

0s

)

Exact Approximation Error [ﬂ

University of Houston Least Squares to Monge-Am UH (Apr 10, 2009) 37 / 44
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Example with No Smooth Solution

A. Caboussat, University of Houston
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Decrease of Objective Function

—o—test 1
—s—test 2 (R=2)
——test 2

10 “H—e—test3
——test4

-~ Slope 1

Objective function

10 10 10 'H
I
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Conclusions

e The distance decreases to zero when the number of sub-domains
increases. In some sense, the approximation gets better.

o The error between approximation and exact functions stagnates. In
some sense, the approximation does not get better.

L
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Conclusions

e The distance decreases to zero when the number of sub-domains
increases. In some sense, the approximation gets better.

o The error between approximation and exact functions stagnates. In
some sense, the approximation does not get better.

[ ————
o The sequence of subspaces V' does not converge to H?(2) when we

increase the number of sub-domains. This is a lack of density.

o However the method does converge to some function, which is the
best approximation of ¢ in V (some projection of ¢ on V).

L
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Influence of the Eigenvalues of the Hessian

|
[ TR
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A. Caboussat, University of Houston Least Squares to Monge-Ampére UH (Apr 10, 2009) 41 / 44



Least Squares Monge-Ampére Num. Results Conclusion

Remedy?

Expand the approximation subspace! J

N
Vi(x,y) = Tk (akx® + 2bixy + cky?) + cx + By + Yk,

with ay, Bk and v, as before, and ay, by and ci verifying

akbk — CE =1.

Justification: Local second order Taylor expansion .
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Other Examples

@ Find u € (HY(Q) N L>(Q))? satisfying
V-u=f(e [}(Q))

m|n/|Vv| dx + g ||v||

UESf

Se={ve (H(Q)NL®Q)? V-u=r}.
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Other Examples

@ Find the best constants in Sobolev injections:

ol (@) < Cllellmey s Yo € HY(Q) N Hy(R), Q convex .

sup H‘PHLO@(Q),
pEL

T = {v € HA(Q) N HH(@), 1A%l = 1}
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Other Examples

@ Numerical simulation involving non-smooth operators:

ou

— + 0l f

ot + Jlk(u)
K={veH)Q), |[Vv|<1, v>up}.

W= {0 iveK
K77 400, ifv g K,
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