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Abstra ct. We consider Riemann data for the nonlinear wave system which
result in a regular re ection with a subsonic state behind the re ected shock.
The problem in self-similar coordinates leads to a system of mixed type and
a free boundary value problem for the re ected shock and the solution in the
subsonic region. We show existence of a solution in a neighborhood of the
re ection point.

1. Intr oduction

In this paper we cortinue the program initiated by Canic, Key tz, Kim and
Lieberman on solving Riemann problemsfor two-dimensionalsystemsof hyperbolic
consenation laws modeling shock re ection. The rst step in our approad is to
write the system in self-similar coordinates and obtain a system which changes
type. One nds a solution in the hyperbolic part of the domain using the standard
theory of one-dimensionalhyperbolic consenation laws and the notion of quasi-
one-dimensionalRiemann problems developed by Canic, Key tz and Kim (see[2]
for the unsteady small disturbance equation, [5] for the nonlinear wave systemand
[3] for a generaldiscussion). The position of the re ected shock is formulated as
a free boundary problem coupled to the subsonicstate behind the shock through
the Rankine-Hugoniot conditions. To solve the free boundary problem behind the
re ected shock, oneproceedsasfollows: (1) x acurvewithin acertain boundedset
of admissible curvesapproximating the free boundary, (2) solvethe xed boundary
problem, and (3) update the position of the re ected shock. This givesa mapping
on the set of admissible curves,and one provesthere is a xed point in a weighted
Helder space.

The ideawas rst implemented on a shock perturbation problem for the steady
transonic small disturbance equation by Canic, Key tz and Lieberman [8]. It was
extended to two types of regular re ection for the unsteady transonic small dis-
turbance equation in Canic, Key tz and Kim [4] (transonic regular re ection) and
Canic, Key tz and Kim [6] (supersonicregular re ection). The principal features
of this method for a classof two-dimensional consenation laws (including the un-
steady transonic small disturbance equation, the nonlinear wave system, and the
isertropic gas dynamics equations) are preserted in the survey paper by Key tz
[16]. A detailed study of the subsonicsolution to the xed boundary problem for a
classof operators satisfying certain structural conditions is givenin [15] by Jegdic,
Key tz and Canic.

In this paper we considerthe two-dimensional nonlinear wave system (NLWS).
A partial solution to a Riemann problem for the NLWS leading to Mach re ection
is givenin [7] by Canic, Key tz and Kim. Solving a regular re ection problem for
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this systemextendsthe results of Canic, Key tz and Kim [4, 6] to a more compli-
cated equation and boundary condition, and setsthe stagefor a further task (not
attempted in this paper), obtaining a global solution to a Riemann problem. We
also presert an improved way of handling the arti cial far- eld Dirichlet boundary
condition. We take advantage of the simpli ed form of the NLWS in polar coordi-
nates. Change of variables to self-similar and polar coordinates is given in [5], as
well as the explicit solutions to quasi-one-dimensionalRiemann problems that we
usehere.

1.1. Related Work. An overviewof oblique shock wavere ection in steady, pseudo-
steady and unsteady o ws from a phenomenologicalpoint of view is given in [1]
by Ben-Dor. Existence and stability of steady multidimensional transonic shocks
was studied by Chen and Feldman in [10]-[13]. Zheng [26] proved existence of
a global solution to a weak regular re ection for the pressure gradient system.
Two-dimensional Riemann problems for isertropic and polytropic gas dynamics
equations were studied by Zhang and Zhengin [23]. They give conjectureson the
structure of the solutions when initial data is posedin four quadrants and ead
jump results in exactly one planar shock, rarefaction wave or slip plane far from
origin. Generalmathematical theory of two-dimensionalRiemann problem for both
scalar equations and systemsis preseried by Zhengin [24]. An approach for prov-
ing existenceof a global solution to a weak regular re ection for polytropic gas
dynamics equationswith large gasconstart gammais givenin [25] by Zheng. Serre
derives maximum principle for the pressureand other a priori estimatesin [22].
We also mertion an earlier work of Chang and Chen [9] on a formulation of a free
boundary problem resulting from a weak regular re ection for the polytropic gas
dynamics equations.

1.2. Summary of the Results. In Section2 we state a Riemann problem for the
NLWS resulting in a regular re ection with a subsonicstate behind the re ected
shock. The discussionon how the initial data is chosenso that the con guration
leads to this type of re ection is given in Appendix A. We write the problem in
self-similar coordinates. Along the lines of the study in [7], we nd a solution in the
hyperbolic part of the domain, derive the equation of the re ected shock and give
a formulation of the free boundary problem behind the re ected shock. Our main
result, Theorem 2.3, is local existenceof a solution to this free boundary problem,
and the rest of the paper is dewvoted to its proof.

In Section 3 we reformulate the problem using a secondorder elliptic equation
and from the Rankine-Hugoniot conditions along the free boundary we obtain an
oblique derivative boundary condition and an equation describing the position of
the re ected shock. To ensurethat the problem is well-de ned we intro duce several
cut-o functions. This givesthe modi ed free boundary problem stated in Theorem
3.1

The rst stepin proving Theorem 3.1 is, as outlined above, to x the position
of the free boundary within a bounded set of admissible curves and to solve the
modi ed xed boundary problem. This task is completedin Section4. We usethe
study in [15] of xed boundary value problemsfor a classof operators which satisfy
certain structural assumptions. For conveniencewe list those structural conditions
in the notation of this paper in Appendix B.
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In Section 5 we use the Schauder xed point theorem to show existenceof a
solution to the modi ed free boundary problem.

Finally, the conditions under which a solution of the modi ed free boundary
problem solvesthe original free boundary problem are discussedin Section 6, com-
pleting the proof of Theorem 2.3.

1.3. Acknowledgmen ts. Much of this researd was done during visits of the rst
author to the Fields Institute, whosehospitality is acdknowledged. We thank Gary
Lieberman for useful advice, and Allen Tesdallfor corntributing the numerical simu-
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Grant. Researt of the third author waspartially supported by the National Science
and Foundation, Grants NSF FRG DMS-0244343,NSF DMS-0225948and NSF
DMS-0245513. We also thank the FocusedReseart Grant on Multi-dimensional
CompressibleEuler Equations for its encouragemeh and support.

2. The Statement of the Free Bound ary Pr oblem

In this section we formulate a Riemann problem leading to transonic regular
re ection for the two-dimensionalNLWS. The problem is consideredin self-similar
coordinates, yielding a systemwhich changestype. We nd a solution in the hyper-
bolic part of the domain and formulate the problem for the position of the re ected
shock. The main result of the paper is local existenceof a solution in the subsonic
part of the domain and is stated in Theorem 2.3.

The two-dimensional NLWS is a hyperbolic system of three consenation laws:

ttFmMy+ny = 0
(2.2) mg+pc = 0 tx;y)2[01) R R:
n+p, = 0

Here, :[0;1) R R! (0;1) standsfor the density; m;n:[0;1) R R! R
are\momenta" in the x andy directions, respectively; and p= p( ) is the pressure.
We denote ¢?( ) := p¥ ), and we require that ¢( ) be a positive and increasing
function for all > 0.

We considersymmetric Riemann initial data (Figure 1) consisting of two sectors
separatedby the half linesx = ky andx = ky,y 0,with k> 0. The data are

Uo= (0;0;np); ky<x<Kky,y>0;

(2.2) VOXY) = = (10,0 otherwise

with the assumption ¢ > 3 > 0. The constarts k and ng are speci ed in Section
2.1(asdescribedin Appendix A) in termsof o and ; sothat the Riemannproblem
(2.1), (2.2) results in a regular re ection and we choosea solution (when there is
more than one) with a subsonicstate behind the re ected shack.

Note that we can eliminate m and n in (2.1) and obtain a secondorder equation
for alone:

(2.3) = My Ny = Pex + Pyy = div(px;py) = div(c?( )r );

where\div" stands for the divergenceand r for the gradient in spatial variables.
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U;

x= ky X = ky

Uo

Figure 1. The Riemann Initial Data

We intro duce self-similar coordinates = x=t and = y=t, and obtain

+m +n =0
(2.4) m m +p =0
n n +p =0

from (2.1), and the secondorder equation
25) () A ) + () P )+ + =0

from equation (2.3). It is clear that when the equation (2.5) is linearized about a
constart state > 0, the equation changestype acrossthe sonic circle

C: 2+ 2=0%):
More precisely (2.5) is hyperbolic outside of the circle C and is elliptic inside.

2.1. Solution in the Hyp erbolic Part of the Domain. Supposethat the den-
sities o > 1 > 0 are given. In this section we specify k and ng, in terms of ¢
and i, sothat a transonic regular re ection occurs,and we nd a solution to the
Riemann problem (2.1), (2.2) in the hyperbolic region.

The parameterng = ng( o; 1;K) is chosensothat ead of the two discortin uities
x = Kky,y 0,isresolvedasa shock and a linear wave far from the origin (Figure
2). From the calculation in [5, Appendix A] this meansthat given o> ;> 0and
k > 0, we take

P _

1+ k2P
(2.6) No = " (P o) P LN o 1)
Using the Rankine-Hugoniot relations, the one-dimensionalRiemann solution with
states Ug on the left and U; on the right consistsof a linear wavel, : = k , an
intermediate state Uy = ( ¢;Ma;Na) andashack S, @ = kK + 4, with

S — r

p

(2.7) a= 1+Kk2 %; Ma = 1['1][k]2: Na = Kmg;

where[ ] denotesthe jump betweenthe states Uy and U;. By symmetry, the one-
dimensional solution in the left half-plane consistsof ashock Sp: = k a, an
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CS \“ I

Uo

Figure 2. Interactions in the hyperbolic region

intermediate state U, = ( 9; Ma;Nn,) and alinear wavel, : =k . Note that
the sonic circles for the states U, and Uy coincide with the sonic circle for Ug

Co: *+ 2=c%( o)

The rst restriction on the choice of k = k( o; 1) is that the point s = (0; )
where the shocks S, and S, meet should lie above the circle Co. We nd
S

(2.8) o= % (1+ kz)(rj( 1)0 P( o).

Sincethe point s is hyperbolic with respect to U, and Uy, we solve a quasi-one-
dimensional Riemann problem at ¢ with states U; and Uy, on the left and on
the right, respectively (with respect to an obsener facing the origin) along a line
segmen through ¢ which is parallel to the -axis. A further restriction on the
value of k = k( o; 1) is that this quasi-one-dimensionalRiemann problem have a
solution (for details seeAppendix A). In short, given o > 1 > 0, there exists a
value kc ( o; 1) with the property that if k is chosenso that

(2.9) 0< k< ke;

then the point ¢ is above the sonic circle Cy and, moreover, the quasi-one-
dimensional Riemann problem at ¢ with states U, and Uy, on the left and on
the right, respectively, has a solution. From now on, we assumethat the densities
o> 1> 0are xed, that the parameter k is such that (2.9) holds and that the
momertum ng is chosenasin (2.6).

Further, a calculation in Appendix A showsthat if a solution to the above quasi-
one-dimensionalRiemann problem at the re ection point ¢ exists, there usually
are two sud solutions. Both consist of a shock connecting the state U, to an
intermediate state and a shock connecting this intermediate state to Up. Let us
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denote the intermediate states for thesetwo solutions by

Ur = (R;MR;NR) and Ug = ( F;Me;NE):
More precisely (seeAppendix A), we have
(2.10) R, F> o5 Mr=mg =0;

and we choose r < (. We nd that ¢( ) > 5 for all k 2 (0;kc), and that
c( r) > s only whenk islarge enough,say k 2 (k ;kc), for somevaluek ( o; 1).
Therefore, the re ection point ¢ is subsonicwith respect to the state Ug for all
k 2 (0;kc), and ¢ is subsonicwith respect to the state Ug if k 2 (k ;kc). We
denotethe value of our solution at the re ection point ¢ by Us = ( s;ms;ns), and
we choose

Ur or Ugr; k2 (k ko),

(2.11) Us:= U( §)= Ur - k2 (0:k |

This implies that the point s is inside the sonic circle
Cs: 2+ 2=¢%( )

As a consequencethe re ected shocks we study hereare transonic throughout their
length. By causality, they cannot exit the sonic circle Cs and, by the Lax admis-
sibility condition (see[2] for the equivalert discussionon the unsteady transonic
small disturbance equation), they alsodo not crossthe soniccircle Cq (Figure 3).

Remark 2.1. If the two re ected shocks at the point s were rectilinear, by the

Rankine-Hugoniot relations, their equationswould be
s

2
° (P(s) pPCo)=s o)

2.2. Position of the Reected Shock. Sincethe Riemann problem presened
above is symmetric with respect to the -axis, from now till the end of the paper
we restrict our attention to the right half plane f( ; ) : 0g. Writing (2.4) in
polar coordinates

1

p
r= 2+ 2 and = arctan( =);
we obtain
0 1 0 , 1
r CosS  sin 1 0 sin cos
@c2( ) cos r 0AU+ =@ & )sin 0 0 AU =0
¢?( ) sin 0 r " &()cos 0 0
or, in consenation form,
0 1 0, ) 1
r + mcos + nsin =( msin + ncos )
@@ p()cos ™m A+@@ L) sin A
p( )sin rn PO) cos
"0

i(mcos + nsin )1
=@ m P cos A

r
n p(r—)sin
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Ce -

Density (u), contour spacing = 0.15 y momentum ( n), contour spacing = 0.75

Figure 3. Transonicregular re ection for the NLWS: de nition of
the states(top) and numerical simulation showing the contour plot
of (bottom left) and the contour plot of n (bottom right). The
inner circle on the bottom gures corresponds to the sonic circle
Co, and the curve following the re ected wave correspondsto the
numerically calculated transition betweensupersonicand subsonic
oW.

Let S:r =r(); 2 [ =2; =2], denote the re ected transonic shock in the
right-half plane. The Rankine-Hugoniot relations along S are

r[ ]+ [m]cos + [n]sin = %%( [m]sin + [n]cos )
(212) plcos rml = [ g
pisin i) = [y o
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where U = (; m;n) stands for the unknown solution behind the re ected shock
and [ ] now denotesthe jump betweenthe states U, and U. We express[m] and
[n] from the secondand the third equationsin (2.12), respectively, and substitute

into the rst equation to obtain
r
r r2

o

with
(214) SZ = p( 0) p( ) :

0
Notice that this shock ewolution equation is independert of m and n.
We recall the properties of s, from [7]

Lemma 2.2. De ne the function

a b
(2.15) sab)=  ab; ab>0béa
c(a); b= a
Then
(@) for xed b> 0, the s( ;b) is increasingon (0;1 ),
(b) limy 4s(a;b) = ¢(a), for a> 0, and
(c) if a> b> 0, then s(a;b) < c(a).

2.3. The Statemen t of the Main Result. In this sectionwe formulate the free
boundary problem behind the re ected shock.

For the reasonsexplained in Section 3.2, we must exclude from our analysisthe
point r( ) wherethe re ected shock intersectsthe  axis ( o in Figure 4). For
this reason,throughout the paperwe x anangle 2 ( =2; =2). We denotethe
intersection of the re ected shock S and the line f(r; ):r > 0g by V, and de ne
the closedline segmen = [O;V], where O is the origin; the vertical open line
segmen o= (O; s); and the open curve

=f0() ) 2( 5 =g
The domain whoseboundaryis s[ [ [ o isdenotedby .
We will imposea Dirichlet boundary condition for along
First, we de ne the set K of admissibleshock curves. Supposethat ¢> 1> 0
andk 2 (0;kc( o; 1)) are xed. Let the parameter 2 ( =2; =2) be arbitrary .
We de ne the set K of candidate functions r( ), 2 [ ; =2], describingthe free
boundary , by the following four properties.
smathness:
r( ) 2 Hl+ K
where g 2 (0;1) will be chosenlater and Hi+ , is the Holder space
de ned in Appendix C,

conditions at the end point  :
s
2

=2) = d 0 =2) = -5 1:
(the secondcondition comesfrom Remark 2.1)
boundedness:

Lor() s 2(; =2);
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Sa

Figure 4. The domain and its boundary.

monotonicity:
g
¢2( o)

where > 0 will be specied later in terms of the xed parameters ¢, 1
and k.

A value of L we can usein this paper is

(2.16) P

() s 2( ; =2);

L= > _:
o =2 ) E=(o) 1

We shaow this is an appropriate value in the proof of Lemma 5.1.

Although it is corveniert to de ne the free boundary by a curver = r()
in polar coordinates, we sometimeswrite as = () in self-similar Cartesian
coordinates.

On weimposean arti cial Dirichlet condition, (r; ) = f(r), chosensothat

is larger than its value ¢ outside , and sothat U is subsonicalong . (These
are the properties that the global solution is expectedto have along such a curve.)
Let 2 (0; ¢ o) be xed throughout the paper and let f : [0; ]! R bea
function in the Holder spaceH .. ), for a parameter 2 (0;1) to be determined
later, such that

(2.17) o+ f(r) s A(f (r)) > r?; 0o r &
With this notation we can now state the main result.

Theorem 2.3. (Free boundary problem)
Let the parameters o > 1 > Oand k 2 (O;kc( o; 1)) be xed. For every
2( =2; =2)and 2 (0; s o), thereexists o> 0, degendingon o, 1,
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and , suchthat for any 2 (0;minfl; og), k = =2 and any function f 2 H
satisfying (2.17), the free boundary problemfor , m, n andr given by
9
+m+n = 0=
m m+p = 0 in ;
n n+p = 0"
. ) 9
r[ ]+ [m]cos + [n]sin = g—’%( [m]sin + [n]Jcos ) =
[Plcos  r[m] =  [pl§-=0— .ooon
[Psin = rin] = [pl§-- ’
r( =2) = «;
=f on ; =0 on o ()= s

has a solution ; m;n 2 H£+ )K andr 2 Hiyy , in a nite neightwrhood of the

re ection point .

3. Deriv ation of the Modified Free Bound ary Pr oblem

Our main tool in proving Theorem 2.3 is the Helder theory of secondorder el-
liptic equations, dewveloped and expounded by Gilbarg, Trudinger and Lieberman.
As noted, we can reformulate the rst order systemin , m and n (the subject of
Theorem 2.3) as a secondorder equation in , (2.5), and in Section 3.1 we intro-
ducea cut-o function to keepthe second-orderequation strictly elliptic. Further,
instead of posing the Rankine-Hugoniot conditions (2.12) along the re ected shock,
we derive an oblique derivative boundary condition for on in Section3.2. We
intro ducea further cut-o function to ensurethat the derivative boundary operator
on is oblique. In Section 3.3 we modify the shock ewolution equation (2.13) for
the re ected shock S, to ensurethat it is well-de ned. Thus, we obtain a problem
that doesnot involve m or n. (Towards the end of the paper, in Section5, we shov
how to recover m and n from the secondand third equationsin (2.4) by integrating
along the radial direction.) Finally, the modi ed free boundary problem is stated
in Section 3.4.

3.1. The Second Order Operator for . We recall the secondorder equation
(2.5) for , and we de ne the nonlinear operator

Q():=(() ? ) + () P ) +
We rewrite (2.5) in polar coordinates and obtain
@) .+ S 20D o,
To ensurestrict ellipticit y of this equation, we introduce two cut-o functions
3.1) () = Xi;; §> i 2 f1;2g;

for 1; 2 > 0to be determined in terms of the xed parametersk, o, 1 and
The constart ; will be chosenin Section6 and the constart , will be speci ed in
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(4.5). We modify ead function ; sothat it is smooth in a neighborhood of x =
andthat 92 [0;1]and J 0. We considerthe modi ed equation

(32) (@) S0 0D
We rewrite equation (3.2) in self-similar Cartesian coordinatesto get Q( ) = 0 with
(3 Q=i s 2 o, t2f
+ % 29+ g
R T T Y

wherethe functions ; and 9 are evaluated at c?( ) ( 2+ 2), the functions
and J are ewvaluated at c( ), while c and c® are evaluated at . The eigervalues
of the operator Q are

()= 1) (?+ 2% and ()= 2 &();
and Q is strictly elliptic since
(3.4) ():=minf 1(); 2()g minf 1; ,g> O:

3.2. Oblique Deriv ativ e Boundary Condition. Asin [7], we write system(2.4)
in consenation form 0 1 0 1 0 1

m n
@@ mMA+@@ mA= 2@mA;
n p N n

The Rankine-Hugoniot relations along the re ected shock
(3.5) S: () s
separating statesU = (; m;n) and Ug = ( 0;0; ng), are

@& [ [1=g-( (D B = 5 [ [l=

As in [7], we derive the condition

(3.7) r =0 on

Here,r = ( ; )and :=( 1; ) isgivenby

1= A2+ () + ) 9 2 W)+ ?)
282 (G() L (9)+2°8( 2 ()

() +sA)( 2+ 2 9+282 () )

28 (() L (9 +2°8(F()+ 2

where s? is de ned by (2.14). We de ne the operator

(3.9) N()= r:

The operations by which the equations (2.13) and (3.7) are derived from the
Rankine-Hugoniot relations (2.12) and (3.6), respectively, can be reversedup to a
constart.

C e m:

2|

(3.8)
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Let 1
= 1-1-7(0)2( 1 cb

denote the inward unit normal to the curve (3.5) describing the re ected shock,
and let usassume () r( ) 2 K. We compute

_ 287+ ) 2 02 0 2
—]_4_7(0)2(02() )( 92+ 2 + ()
We remark that © + = 0if and only if the curve () is tangert to a circle

certered at the origin, which is ruled out by the monotonicity property (2.16) of
the curvesin the set K. (Note that by symmetry, the re ected shock S is tangent
to a circle at the point ¢, Figure 4, and this is why we have to exclude ¢ from
the domain .) Moreover, sincethe expression © + s positive at the re ection
point s, the uniform monotonicity property of the curvesin K implies that there
exists a constart C such that

(3.10) 0+ C>0
holds uniformly in K. Further, we intro duce the polynomial
(3.11) P(Y):=(%() AY?*+2 Y+&() %

andremark that if P( 9 > 0, then > Oandthe operator N isobliqueon . Note

that P( 4 s)) > Oandthat the discriminant of P is negativeif 2+ 2< c?( ( ; )).

Thus, P( 9 > 0 holds at all points of the curve ( ) where is strictly subsonic.

For the purposeof setting up an iteration, in which may not always be subsonic

at every point on the curve ( ), we modify by introducing a cut-o as follows.
We de ne a polynomial

POY)=(R() 2Y2+2 Y+&() % 2+ 2<d()
(Y + )2+ 1(Y2+ 1) 2v 2 ()

where ; is a positive parameter asin (3.1). We introduce a modi cation of in
(3.8)

G(Y) =

(1 2); 2+ 2<c() 13
(15 2; 2+ 2 () 13

in which ¢ isreplacedby 2+ 2+ ;whenc®() 2+ 2+ 1,s0

(3.12) =

b= A2 B2 2e a9 2 (24224 )
252 (2+ )L (99 208X P+ ),
2= (2% Zr w24 (9 ast 0 (24 )

282 (24 )L (#2082 7+ 2+ )

there. We de ne the operator

(3.13) N()= o
Note that if 2+ 2 c?() 1, then
2¢ 0
= Ecar (O P
2% °%+ ) 25°(° + ) .
(3.14) = S 0 e 1> o
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Hence,if the boundary isdescribedby acurve () r( ) 2 K, then the operator
N is uniformly oblique on .

3.3. Shock Evolution Equation. In order for the equation of the re ected shock
(2.13) to be well-de ned we replaceit by

s
(3.15) %zr ;—2 1:
Here
(3.16) )= T

where is the same positive parameter as in (2.16) which will be specied in
Section 6 in terms of the a priori xed parameters o, ; and k. Sincewe will need
9to be cortinuous, we modify  sothat it is smooth in a neighborhood of x =

3.4. The Statemen t of the Mo died Free Boundary Problem. Our objec-
tive is to prove existenceof a solution to the following modi ed problem.

Theorem 3.1. (Modied free boundary problem)
Let 0> 1>0, k2 (Okc(o0; 1)), 2( =2 =2), 2(0;s o) and
1 > 0 be given. There exist positive parameters , , and g suchthat for any
2 (0;minfl; og), k = =2 andany function f 2 H satisfying (2.17), the free
boundary problemfor andr given by

Q()=0 in ;
N()=Q on
(3.17) ()= r rs_g_ 1 on : r( =2)= s;
=f on ; =0on o ()= s

has a solution 2 HL )K in andr 2 Hi, .

We break the proof of Theorem 3.1 into two steps.

Step 1 is to solve the xed boundary value problem obtained by replacing the
free boundary in Theorem 3.1 by a curve r chosenfrom the set K. Again, assume
we aregiven o> 1> 0,k 2 (0;kc( o; 1)), 2( =2 =2), 2(0; s 0)
and the positive parameters ; and . We show that there exist , > 0Oand ¢ > 0,
dependingonlyon o, 1,k, , , 1and ,sud that forany 2 (0;minf g;1g),

Kk 2 (O;minfl;2 g), a xed curver 2 K dening and a function f 2 H
satisfying (2.17), the nonlinear xed boundary problem

Q()=0 in ;
(3.18) N’():O on :
=f on ; =0 on o ()= s

has a solution 2 HL ?( in the domain .

Step 2 is to de ne a mapping using the shock ewolution equation. We update
the position of the re ected shock using the initial value problem

q 2
(3.19) FO=H)  Gerroeys D 205 =2)
F‘( =2): S:
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This denesamapJ : r 7! ron the set K. We show that we can choose in
terms of o, 1 andk, sothat there exists o > 0 (possibly smaller than o found
in the previous step), also depending on the a priori xed parameters ¢, 1,k,
and i, such that forany 2 (O;minfl; og) and ¢ = =2,the mapJ hasa
xed point r 2 K. With this xed point r( ), 2 ( ; =2), de ning the boundary
=f(r(); ): 2( ; =2)g, the corresponding solution 2 HL )K to the xed
boundary problem (3.18) solvesthe modi ed free boundary problem (3.17).
The rst stepis completedin Section4 and the secondin Section 5.

4. Solution to the Modified Fixed Bound ary Pr oblem

In this sectionwe nd positive parameters , and o, dependingonly on o, 1,
k, , , 1and ,sudc that forany 2 (O;minf ;1g), k 2 (O;minfl;2 @), a
xed r 2 K describing the boundary and a function f 2 H satisfying (2.17),
the xed boundary problem (3.18) has a solution 2 H§+ )K in . We usethe
result in Section 4 of [15] which appliesto xed nonlinear boundary problems of
the secondorder where the operators in the domain and on the boundary satisfy
certain structural conditions. These conditions are stated in Section 4.3 in [15]
and, for convenience,we give them in Appendix B using the notation of this paper.
We con rm in Proposition 4.1 that they hold for the problem (3.18), arising from
transonic regular re ection for the NLWS, and the result follows from Theorem 4.7
in [15].

Prop osition 4.1. For any curver 2 K xed, the boundary value problem (3.18)
satis es the structural conditions (6.15)-(6.20). Moreover, for

(4.1) K max Mfo(gw(co( 5))?

the inequality (6.21) holds.

Proof. First, we write the operator @, givenby (3.3), asin (6.14). We note that for
a xed curver 2 K, the coe cien ts a; , b and¢; arein C! and that the coe cien ts
i of the vector , given by (3.12) and de ning the operator N' in (3.13) are such
that ; 2 C2.
Recallthat the operators @ and N, given by (3.3) and (3.13), are strictly elliptic
in and oblique on , respectively, by (3.4) and (3.14). Clearly, the operator
= (1;0) r s both strictly and uniformly oblique on . Hence,the conditions
of Lemma 4.8 in [15] are satised. By this lemma, given r 2 K, describing the
boundary , andasolution 2 C() tothe xed problem (3.18) we have uniform
L' bounds

(4.2) o+ (;) s (;)2

Next, we show that the uniform bounds (4.2) imply uniform ellipticit y of the
operator @ and both strict and uniform obliquenessf the operator N'. The operator
Q is uniformly elliptic in  since

() ._ maxt 1(); 2()g ( s)

(4.3) ()~ minf 1(); 2()g minf 1; 29




TRANSONIC REGULAR REFLECTION 15

Further, recall the de nition (3.12) of the vector and note that from (3.14), the
uniform bounds (4.2) on and the uniform boundsonr 2 K we have

C>0;, foral andr2K;

for someconstart C. Therefore, the operator N is strictly obliqueon . Moreover,
we have a uniform bound q

ji= 2+ 32 G

again using the uniform bounds on the curve () r( ) 2 K describing the
boundary and the uniform bound (4.2) on the solution . Therefore

_28°(°%+ )G(9) 2¢%( o+ )ca
i i C
where c is the constart in (3.10). Hence,the operator N is also uniformly oblique
on . This conrms that conditions (6.15)-(6.18) hold.

Note that by choosing », in the de nition (3.1) of the cut-o function », such
that

(4.5) 0< 2 (o+ )

the function , is equalto the identit y function. We assumethe choice (4.5) for ».
Therefore, the operator Q in (3.3) becomes

(4.4) > 0

2 2 2 2
_ 1%+ 1 & 1 2+ ¢
Q()= 24+ 2 +2 24+ 2 + 24 2
2cd
(4.6) 2 9f  + g+ 23 2 10+ )P+ 2ed )%
X

) X , X o
= a(; ;)" + b(; ;)b + g(; ;)D'D:
ij i i
Here, the functions ¢ and c® are evaluated at , and ; and 8 are evaluated at
() (2+ 2.
Clearly, the condition (6.19) holds for the operator @ given by (4.6) and next
w)t(a ched that (6.20) is also satis ed. We have

ioa (DY | (st 2+ 4N ] A+ 2

L s+ 26+ 4c2()2 X 2 s
R B
Hence, (6.20) holds with
s+ 20( $)CY ) + 42( )X )2 2 s

- and = —
minf 1; »g minf 1; »g

Finally, we ched that (6.21) holds for the parameter K asin (4.1). Letr 2 K
be arl)a(itrary andlet bea so)l(ution to the equation Q( ) = 0. It is easyto show

(4.7)

K & (; ;)b'D! G(; ;)D'DI =
iij iij
ey (K1 2D+ P (K A %

Hence,(6.21) holds.
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Therefore, the structural conditions of Theorem 4.7 in [15] are satis ed. By this
theorem, there exists ¢ > 0, depending on the sizesof the opening anglesof the
domain at the set of cornersV and on the bounds on the ellipticit y ratio of the
operator Q, such that for every 2 (0;minf 4;19), « 2 (O;minfl1;2 g), r 2 K
and any function f 2 H satisfying (2.17), there exists a solution to the xed
boundary problem (3.18). Also, we have 2 H§+ ) forall 2 ©; «l

Remark 4.2. We note that by the de nition of the setK of admissiblecurves,the
sizesof the opening anglesof the domain  at the set of cornersV satisfy bounds
depending only on the parameters o, 1, k and , which are xed throughout the
paper, and on the parameter  which will be chosenin Section5 alsoin terms of

0, 1, kand . Therefore,the parameter g, givenby Theorem4.7in [15], can be
taken independen of the choice of the curver 2 K. Moreover, using the uniform
bounds (4.3) on the ellipticit y ratio of the operator Q and the choiceof ; in (4.5),
we havethat o dependsonly onthe xed parameters o, 1, k, and , andthe
parameters ; and  which will be chosenin Section5 and Section 6, respectively,
alsoin terms of o, 1, k and

5. Solution to the Modified Free Bound ary Pr oblem

In this section we complete the secondstep of the proof of Theorem 3.1.

Let o > O be the parameter found in Section4. Let 2 (0;minf g;1g) and
let x 2 (0;minf1;2 g) be arbitrary. For any r 2 K, describing the boundary
, and any function f 2 H satisfying (2.17), we nd a solution ( ; ) to the
nonlinear xed boundary problem (3.18). We de ne the curve (), 2 ( ; =2),
asa solution to (3.19). This givesamapJ : 7! ~onthe setK. We show that J
hasa xed point using the following

Theorem. (Corollary 11.2 in [14]) Let K be a closed and corvex subset of a
Banadch spaceB and let J : K ! K be a continuous mapping so that J(K) is
precompact. Then J hasa xed point.

We take B to be the spaceH1. ,, and we take K asin Section 2.3. In this
section we specify the parameter in the de nition of the set K and the cut-o
function  (see(3.16)), and we further specify and g sothat the hypothesesof
the previous xed point theorem are satis ed.

Lemma 5.1. Lettheparameters o> 1> 0, k2 (O;kc( o; 1)), 2( =2; =2)
and 2 (0; s o) begiven. Let be suchthat
2

5.1 0< < >—=— 1L
G s('s; o)
There exists ¢ > 0 suchthat for any 2 (0;minf1; og) and ¢ = =2, we have

(@ J(K) K, and
(b) the setJ(K) is precompact in Hiy .
Remark 5.2. Recall from (2.10) that we have s > o, implying, by the mono-
tonicity of the function s?(; o), that s?( s; o) > ¢®( o). Note that the choice of
in (5.1) givesthat
p

2 ) T 1 & g

c2( o) '
and, in particular, the monotonicity condition (2.16) in the de nition of the set K
makessense.

< ¢
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Proof. (of Lemma 5.1) This proof follows ideasfrom Section4.2.1in [4] and some
of its parts are identical to the proof of Lemma5.3in [15].

Let ¢ bethe parameterfound in Section4. Let 2 (0; minf g; 1g) be arbitrary
andlet ¢ 2 (O;minf1;2 g). Letr 2 Kandf 2 H satisfying (2.17) be given, and

let (;)2 HL ?( be a solution to the xed boundary problem (3.18) found in

Section 4. Further, supposethat < ), 2 ( ; =2), is a solution to the problem
(3.19).
To show (a) we needto shaw that ~2 K. Clearly, { =2) = ¢, and
s s
0 5 g
B =2) = 1 = 1
(=)= (i o) * (s o)
by the choice of . Next, note KX ) ¢ )p_; implying 4 . After
integrating from to =2, we get
(5.2) M) s 2(; =2
On the other hand,
s
0 §
F..
O O ey
s
: 1, by the choice of
-7 N ; | ;
M) 2 o) y
implying d?'“ 62% 1, and after integrating from to =2 we obtain
A S nS )
) o =2 ) Z=2(o) 1 (=2 ) Z=(o) 1

Together with (5.2), this implies the desiredboundednessof the curve < ). Once
this boundednesss established,the required monotonicity is clear.
It is left to show that wecan nd and g sothat

(5.3) 2 Hy

and that (b) holds. This part of the proof is identical to the proof of Lemma 5.3
in [15. In short, Theorem 2.3 in [21] givesthat there exist  and C sud that a
solution to the xed boundary problem (3.18) satis es

[1, C

in a neighborhood of . Here, ¢ dependson the boundsfor the ellipticit y ratio of
the operator Q and on the obliquenessconstart of the operator N, and on ¢ jo,
where g is the constart in (4.7). The constart C also dependson . Using the
bound (4.3) for the ellipticit y ratio of @ and the choice (4.5) for ,, the bound
(4.4) for the obliquenessconstart of the operator N, uniform bounds (4.2) on the
solution , the de nition of the set K and the choice (5.1) for , we havethat ¢
and C dependonly onthe xed parameters o, 1,k, and , andthe parameter
1 which will be chosenin Section6 alsoin terms of o, 1, k and . We replace
o by minf o; ogand wetake 2 (0;minf1; og). This implies jr9 C and

(5.4) jHi  C(=2 )
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Therefore, -2 Hi. . We choose g 2 (0; ] to ensure(5.3). Since (5.4) holds
independertly of r we have that the set J(K) is contained in a bounded set in
Hi+ andto showv (b) wetake ¢ = =2.

We also note that the map J : K! K is corntinuous. Therefore, the hypothesis
of the xed point theorem from the beginning of this section (Corollary 11.2 in
[14]) are satis ed and the map J hasa xed point r 2 K. We usethis curver( ),

2 ( ; =2), to specify the boundary , and using Section4 we nd a solution

2 H§+ ) , for all 2 (0; k], of the modi ed free boundary problem (3.17).

Remark 5.3. Oncethe density componernt is determined in the domain , we
nd the momerta m and n in  from the secondand the third equationsin (2.4).
Thesetwo equations are the transport equationsfor m and n:

@n @
(5.5) & and ® p;
wheres = ( 2+ ?)=2 standsfor the radial variable. Note that m and n are known
in the hyperbolic part of the domain and along the boundary usingthe Rankine-
Hugoniot relations (3.6). We nd m and n in the domain by integrating the
equations (5.5) from towards the origin. We note that r p2 H and, hence,r p

is absolutely integrable on .

6. Pr oof of Theorem 2.3

In this sectionwe discussthe conditions under which , a solution to the modi ed
free boundary problem in Theorem 3.1, together with m and n asin Remark 5.3,
solvesthe free boundary problem in Theorem 2.3. More precisely we investigate
whenthe cut-o functions 1, >, and canberemoved. Recallthat the functions

1 and » areintroducedin (3.1) sothat the operator @ given by (3.3) is strictly
elliptic, the function is given by (3.12) and ensuresthat the operator N' de ned
in (3.13) is obligue and , givenhby (3.16), is intro ducedsothat the equation (3.15)
of the ewolution of the re ected shock is well-de ned.

Recall that we choosethe parameter ; in the de nition of ; sothat the bounds
(4.5) hold. This implies that the cut-o function  is identity.

Next we show that in a neighborhood of the re ection point s = (0; ) the
cut-o functions ; and can be replacedby identity and the cut-o function
can bereplacedby . Note that at ¢ we have

() (2+ )=c(s) £>0

becauseof our assumption that the point ¢ is subsonicwith respect to the state
Us = ( s;Ms;Ns) (see(2.11)). Further, note that at s we have

r2 2
6.1 - 1= ——>— 1>0
(61) s2(5 o) s2( s o)
by Remark 2.1. Sincethe functions
C2 ) ) 2,4 2
+ and ——— 1; D I
() (*+ D st ¥ G

arepositive at the re ection point ¢, by continuity we havethat thesetwo functions
are positive in a closedneighborhood N of . We take the parameters ; and
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such that
CZ ) ) 2,4 2

;2 0 min + )= 1

! (:)2N () )SZ(; 0)
Hence, we can remove the cut-o functions ;, and in the neighborhood N
of the re ection point . Therefore, a solution of the modi ed free boundary
problem in Theorem 3.1, with m and n found as in Remark 5.3, solves the free
boundary problem in Theorem 2.3 in the neighborhood N .

Appendix A: Parameter Values for Regular Reflection

Consider the Riemann initial data (2.2) consisting of two sectors with states
Uo = ( 0;0;np) and Uy = ( 1;0;0), separatedby half-linesx = ky,y 0, with k
positive, asin Figure 1. We choose o > 1 > 0 arbitrary and we take

P
1+ k2P
No=—— (P(o) PC)( o 1)
This implies that eadt of the two initial discortinuities x = ky,y 0, resultsin

a one-dimensionalsolution consisting of a shock and a linear wave (Figure 2). In
this part of the paper we describe how to choosethe parameterk, depending on the
densities ¢ and 1, sothat the above Riemann data leadsto a transonic regular
re ection.

Remark 6.1. Most of our discussionwill be for a generalfunction of pressurep( ),
> 0, with property that

(6.2) A()=pY); >0, isapositiveand increasingfunction.
We will give more details for the example of the -law pressurewith = 2. We
recall that a -law pressurerelation is given by
p()= =; >0
for some > 1. We have ¢?( ) = 1> 0, and we note that the system (2.1)

admits a scaling
(x;y) 7! (1 D=2(50.y9). 77 2% and (m;n) 7! (1+1) “2(m%nY:

Hence,in this case,the ow behavior dependsonly on the density ratio o= 1, or,
equivalertly, on the velocity ratio or Mach number

_ o) o U PP

(1) 1

Therefore, the Riemann data (2.2) can be parameterizedin terms of o= ; and k.

(6.3)

Following the notation in Section 2.1, the one-dimensional Riemann solution
with states Uy and Uz, on the left and on the right, respectively, consists of the
linear wave l, : = k connecting Uy to the intermediate state Uy = ( o; Mga;Ng)
and the shack S; : = k + 4 connectingU, to U;. Further, the one-dimensional
solution with states U; and Ug, on the left and on the right, respectively consists
of the linear wavel,: = k , the intermediate state U, = ( o; mMa;N,) and the
shock Sp: = Kk a (seeFigure 2). Here, ,, my and n, are found using the
Rankine-Hugoniot relations and are given by (2.7).
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Let s = (0; <) denote the position of the projected intersection point of the
shocks S; and Sy. Recall, that ¢ is given by (2.8). We distinguish the following
three regionsaccording to the position of the point s:

Region A: This region corresponds to those values of k, depending on ¢
and i, for which we have

(6.4) s< ¢ o):

Hence,the point s is inside the soniccircle Co : 2+ 2= ¢?( o). The two
shocks S; and Sy interact with Cy and a regular re ection cannot happen.
RegionB: In this regionthe parameterk( o; 1) is speci ed sothat we have
o)< s< ;
where is the value below which the quasi-one-dimensionalproblem at
s with states U, and Uy on the left and on the right, respectively, does
not have a solution. Therefore, in this case,the shocks S, and S, could
intersect at the point ¢, which is hyperbolic with respect to both states
U, and U,. However, a regular re ection cannot occur becausethe quasi-
one-dimensionalproblem at ¢ doesnot have a solution. We do not have
scenariofor the solution in this region.
Region C: The value of the parameter k( o; 1) is such that

(6.5) s >

In other words, the shacks S; and Sy, intersect at the -axis at the point
s and moreover, the quasi-one-dimensionaRiemann problem at ¢ hasa

solution. Hence,a regular re ection occurs. We show in this section that

there are, in general,two solutions to this quasi-one-dimensionaRiemann

problem, ead consisting of two shocks. As in Section 2.1, we denote the

two intermediate states for thesetwo solutions by

(6.6) Ur = (R;Mr;NR) and Ug = ( g;Mg;NE);

wherewe assumethat r £ . Wewill further discussfor which valuesof

k satisfying (6.5) we have a transonic regular re ection and we will explain

the de nition (2.11) of the state Us := U( ).

The main goal of this sectionisto nd the boundariesbetweenthe regionsA, B
and C. Following Remark 6.1, in the caseof a -law pressure,theseboundariescan
be described by the curvesin the ( o= 1;k)-plane. For = 2 they are numerically
computed in Figure 5 (the region A being above the curve ka, the region B is
betweenk, and k¢, and the region C is below the curve k¢).

Let us rst considerthe region A. Using the expression(2.8) for ¢, we get that
the condition (6.4) is equivalent to

n s( 05 1)
p
(o) s*( o5 1)
where s( ; ) is de ned in Lemma 2.2. Note that for a xed 1> 0 we have

lim ka(o; 1)=1
0- 1

= ka( o; 1);

and s

. Do P( o) :
MnokaCoi )= I — e )
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k=Ka( 0= 1)

10 20 30 40 50 60 ry
"""" k= kec( o= 1)

Figure 5. The curveska and kc in the ( o= 1;k)-plane for the
-law pressure, = 2.

For a -law pressurewe can write

s I
, !
F(M) M- 1
kn 2 = —— "2 - \where FM)= —— =
A MZ F(M) M= =
and M is given by (6.3), and also
1
lim ka = = :
o AT 1
In the case = 2, we have (seeFigure 5)
s
=.+1
o 2 = il
S o=1 1

Next we investigate the regionsB and C, i.e., we suppose s > ¢( o). Therefore,
the projections of the shocks S; and S, intersect at the point ¢, hyperbolic with
respect to the states Uy = ( 9;Ma;Ny) and Uy, = ( o; Mga;Ngy), with values of
m, and n, givenin (2.7). We want to solve the quasi-one-dimensionalRiemann
problem at ¢, along a line segmen parallel to the -axis, with states U, and
U, on the left and on the right, respectively. (A general discussionon quasi-one-
dimensional Riemann problems is given in [3] and formulas for a solution in the
caseof the NLWS are givenin [5].) The condition for a solution to this quasi-one-
dimensional Riemann problem to exist is that the shock loci S* (Uy) and S (Uy)
intersect. The formulas for m( ) along the shock loci S (U), for a given state U,
are obtained in [5] (App endix 6B). We havethat if U = (; m;n) 2 S* (U,), then

S

p() p(o) 0)
s p( ) p( o)

(6.7) m( )= mat

andif U= (; m;n)2S (Uyp), then
S

p() p(o) & 0)
s p( ) p( o)

m( )= my,




22 KA TARINA JEGDI C, BARBARA LEE KEYFITZ, AND SUNCICA CANI C

Moreover, along both shaock polars S* (U,) and S (Up) we have

p( ) p( o):

S

(6.8) n( )= n,+

Note that (6.8) implies that the intersectionsof the projected shock loci S* (U,) and
S (Up) in the (; m)-plane correspond to intersections of the loci in the (; m;n)-
space.

In Figures 6 and 7, we considerthe -law pressurewith = 2 and, for an
example, we take o = 64 and ; = 1. For the caseof k = 0:5, we plot the
projected shock loci S (Uy) and S (Up) in the (; m)-plane in Figure 6. In Figure
7, we vary the parameter k and depict the projections of the corresponding shock
loci S* (Uy) and S (Up).

1000 P S (Up)

soof //)(//’ S* (Us)
50 150 200 ,’2,5' '

500 -~ S T S (Ua)

e L s

Figure 6. The projected shock loci for the states U, and Uy in
the (; m)-plane.

1000

500
m

600fsee, .
400 i —— k=04

.
~ 200 S

=l - —-—-- k=05
l/ 25 50 75 100.--125 150175 r

-500

=

-1000

-200
-400 L
-600 =

Figure 7. The projected shock loci S*(Uy) and S (Uy) in the
(; m)-plane for di erent valuesof k.

Note that becauseof the symmetry of the states U, and Uy, the boundary be-
tweenthe regionsB and C occurs at those values of the parameterk = kc( o; 1)
for which

max m()=0:
(smin )2S8* (Ua)

L b e k = 0:6053705
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To nd the valuesof kc( o; 1) at which the maximum of the function m( ) given
by (6.7) is zero, we solve the system of equationsm% )= 0andm( ) = 0, i.e.,

F() o)+p() po) ZLPLEO) - g
m2= () p(o)( o) BB

Weexpress from the rst equationin (6.9) and substitute into the secondequation
to nd kc( o; 1). Evenin the caseof the -law pressurewith = 2, we obtain
only an implicit relation between ke and o= 1, and we depict k = kc( o= 1)
numerically in Figure 5.

When k = kc( o; 1), the two loci S* (U,) and S (Up) are tangent, and they
intersect at a single point. This implies that there exists a unique solution to
the above quasi-one-dimensionalRiemann problem at . When k is such that
0< k < ke ( o; 1), there are two points of intersection,

(6.9)

Ur = (r;Mr;NR) and Ug = ( g;Mg;ng);

corresponding to di erent intermediate states in the two solutions of the quasi-
one-dimensionalRiemann problem at the re ection point . Note that, by the
geometry of the shock loci S* (U,) and S (Up) (seeFigure 6) and by symmetry,
we have
R;, E> o and mr=mg = 0:

We assume ¢ > gr. Each of the two solutions of the quasi-one-dimensional
Riemann problem consistsof a shock connecting the state U, to an intermediate
state (either Ug or Ug) and a shock connecting this intermediate state to U,.

For the caseof the -law pressurewith = 2, we nd numerically that c( ) =

F > sforany 0< k< ke, andthat ¢( r) = " R > &, for sucien tly large
valuesof k. More precisely the point s is within the sonic circle

Ca: 2+ 2= &(q)

only if k < k < k¢, for somevaluek ( o= 1). The curvek = k ( o= 1) is depicted
in Figure 8. Hence, the re ection point ¢ is subsonicfor the state Ug for any
0 < k < k¢ and is subsonicfor the state Ur if k < k < k¢, explaining our
de nition of Us := U( ¢) in (2.11). Eventhough we show this numerically for the
-law pressurewith = 2 (we chededit alsofor = 3), we beliewve that it is true
for any function p( ) satisfying (6.2).
By analogy with the gas dynamics equations or the unsteady transonic small
disturbance equation, we can think of Ur and Ug as\w eak" and \strong" regular
re ection, respectively.

Appendix B: Str uctural Conditions for the Fixed Bound ary Pr oblem

We state the structural conditions of Section 4.3 [15] in the notation of this
paper.
First, we de ne

(6.10) ;)= fs(;:% Eg

By (2.17) we have

2

S:

ot - Ss



24 KA TARINA JEGDI C, BARBARA LEE KEYFITZ, AND SUNCICA CANI C

k= Ka( 0= 1)

....... k=kc( 0= 1)

10 20 30 40 50 60 M R k:k((): l)

Figure 8. The curveska, kc and k for the -law pressure, = 2.

which implies boundson fTindependert ofr 2 K andof . (This isthe rst condition
in (4.8) [15].) Note that, in the context of the NLWS, the secondcondition in (4.8)
[15] on the function f~is replacedby

A(f(r)) > r? on =f(r; ):0 r r( )g;

ensuring that the solution is subsonic(as we have stated in (2.17)).
Next, we introduce the boundary operator N'on [ ¢ as

(6.11) N()=~r;
where the vector ~ is de ned by

on ;

(6.12) = Loy on

with  given by (3.12).
Then the xed boundary value problem (3.18) can be written as

Q)=0 in
(6.13) N()=0 on ~:= [ o
=f on @n~= [ g

where @ is the operator givenin (3.3), N is givenby (6.11) and f~is given by (6.10).
Moreover, we write the operator Q as
X . X , X o
6.14) Q()= & (; ;)D" + b(; ;)D" + ¢(; ;)D'D':
5] i i5j
The structural conditions imposedon the problem (6.13) in [15] are as follows.
The coecients &; , b and ¢; arein Cl, and for a xed curver 2 K we
have ~ 2 H
The operator @ is strictly elliptic, meaning

(6.15) C1>0;, forall andr2K;
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where denotesthe smallesteigervalue of the operator @. We alsoassume
a bound on the ellipticit y ratio of the form

(6.16) —  Co(j jo); forall andr 2 K;

where C,(j jo) is a continuous function on R* . Here, denotesthe maxi-
mum eigervalue of Q.
The operator N is strictly oblique, i.e.,

(6.17) ~ C3>0; forall andr 2 K;
where stands for the unit inward normal to the boundary ~ Also,
(6.18) i~ C4(j jo); forall andr 2 K;

holds, where C4(j jo) is a contin uous function on R* .
For any solution to the equation Q( ) = 0in  we have
X o
(6.19) 0  g(; ;)D'DI;
5]
and there exist o; 2 R, independent of , sucd that
!

X ) X
(6.20) i a(; ;)DV o D'+
i i

It is noted in Remark 4.7 of [15] that, under the above conditions, a uniform
bound on the supremum norm j jo, where is any solution to the equation Q = 0
in , implies the following:

the normsja; jo, jBjo. jCj jo andj ijo areuniformly boundedin andr 2 K,
and a uniform bound on the -Holder seminorm[ ] implies that [&; ] ,
[b] ,[cj] and[ ;] areuniformly boundedin andr 2 K (here, 2 (0;1)
is arbitrary),
the operator Q is uniformly elliptic,
the boundary operator N is uniformly oblique, and
since the matrix [a; (; ; )] is uniformly positive de nite and the coe -
cients ¢j (; ; ) are uniformly bounded, there exists K > 0, independert
of andr 2 K, such that

X o X o

(6.21) G(; ;)D'DI K a(;:)D'DI:
) I3

(This constart K plays role in the construction of a subsolution to the non-
linear xed boundary problem (6.13) which is usedto show that a solution
to (6.13) exists. For more details, seeLemma 4.14in [15]).

In [15] the additional condition H,. ,where 2 (0;1), wasimposed. However
in steps 3 and 4 of the proof of Theorem 4.11 we showved how to eliminate this
condition. This, we require only the weaker hypothesis 2 Hi. leading to
~2H
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Appendix C: Definitions of Weighted Helder Spaces

ForasetS R? and afunction u: S! R, we recall the de nitions of the
following seminormsand norms (for more details see[14]):

jujo;s = supx 25 ju(X)j ‘ supremum norm;

[u] ;s = supxey W -Holder seminorm,
juj ;s = jujgs + [u] ;s -Holder norm,
jus s = <, iD'ujos + [DXu] ;s (k+ )-Holder norm:

Here, 2 (0;1), k is a nonnegative integer and D'u denotesthe collection of the
i th order derivativesof u.

In the de nition of the setK and in Theorem2.3,H;. denotesthe spaceof all
curvesr( ); 2 ( ; =2), sud that

ifiwe o . =<1,
and H§+ ) denotesthe spaceof functions u( ; ), ( ; )2 , such that

juif, gy o=sup Mt jujne oo, <1
>0
with . = fX 2 :dist(X;V)> gandV = fO;V; s0.
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