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Abstra ct. We consider Riemann data for the nonlinear wave system which
result in a regular re
ection with a subsonic state behind the re
ected shock.
The problem in self-similar coordinates leads to a system of mixed type and
a free boundary value problem for the re
ected shock and the solution in the
subsonic region. We show existence of a solution in a neighborhood of the
re
ection point.

1. Intr oduction

In this paper we continue the program initiated by �Cani�c, Key�tz, Kim and
Lieberman on solving Riemann problemsfor two-dimensionalsystemsof hyperbolic
conservation laws modeling shock re
ection. The �rst step in our approach is to
write the system in self-similar coordinates and obtain a system which changes
type. One �nds a solution in the hyperbolic part of the domain using the standard
theory of one-dimensionalhyperbolic conservation laws and the notion of quasi-
one-dimensionalRiemann problems developed by �Cani�c, Key�tz and Kim (see[2]
for the unsteady small disturbance equation, [5] for the nonlinear wave systemand
[3] for a general discussion). The position of the re
ected shock is formulated as
a free boundary problem coupled to the subsonicstate behind the shock through
the Rankine-Hugoniot conditions. To solve the free boundary problem behind the
re
ected shock, oneproceedsasfollows: (1) �x a curve within a certain boundedset
of admissiblecurvesapproximating the free boundary, (2) solve the �xed boundary
problem, and (3) update the position of the re
ected shock. This givesa mapping
on the set of admissiblecurves,and one provesthere is a �xed point in a weighted
H•older space.

The idea was �rst implemented on a shock perturbation problem for the steady
transonic small disturbance equation by �Cani�c, Key�tz and Lieberman [8]. It was
extended to two types of regular re
ection for the unsteady transonic small dis-
turbance equation in �Cani�c, Key�tz and Kim [4] (transonic regular re
ection) and
�Cani�c, Key�tz and Kim [6] (supersonic regular re
ection). The principal features
of this method for a classof two-dimensionalconservation laws (including the un-
steady transonic small disturbance equation, the nonlinear wave system, and the
isentropic gas dynamics equations) are presented in the survey paper by Key�tz
[16]. A detailed study of the subsonicsolution to the �xed boundary problem for a
classof operators satisfying certain structural conditions is given in [15] by Jegdi�c,
Key�tz and �Cani�c.

In this paper we consider the two-dimensionalnonlinear wave system (NLWS).
A partial solution to a Riemann problem for the NLWS leading to Mach re
ection
is given in [7] by �Cani�c, Key�tz and Kim. Solving a regular re
ection problem for
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this system extends the results of �Cani�c, Key�tz and Kim [4, 6] to a more compli-
cated equation and boundary condition, and sets the stage for a further task (not
attempted in this paper), obtaining a global solution to a Riemann problem. We
also present an improved way of handling the arti�cial far-�eld Dirichlet boundary
condition. We take advantage of the simpli�ed form of the NLWS in polar coordi-
nates. Change of variables to self-similar and polar coordinates is given in [5], as
well as the explicit solutions to quasi-one-dimensionalRiemann problems that we
usehere.

1.1. Related W ork. An overviewof obliqueshock wavere
ection in steady, pseudo-
steady and unsteady 
o ws from a phenomenologicalpoint of view is given in [1]
by Ben-Dor. Existence and stabilit y of steady multidimensional transonic shocks
was studied by Chen and Feldman in [10]-[13]. Zheng [26] proved existence of
a global solution to a weak regular re
ection for the pressure gradient system.
Two-dimensional Riemann problems for isentropic and polytropic gas dynamics
equations were studied by Zhang and Zheng in [23]. They give conjectureson the
structure of the solutions when initial data is posed in four quadrants and each
jump results in exactly one planar shock, rarefaction wave or slip plane far from
origin. Generalmathematical theory of two-dimensionalRiemann problem for both
scalar equations and systemsis presented by Zheng in [24]. An approach for prov-
ing existenceof a global solution to a weak regular re
ection for polytropic gas
dynamics equationswith large gasconstant gammais given in [25] by Zheng. Serre
derives maximum principle for the pressureand other a priori estimates in [22].
We also mention an earlier work of Chang and Chen [9] on a formulation of a free
boundary problem resulting from a weak regular re
ection for the polytropic gas
dynamics equations.

1.2. Summary of the Results. In Section2 we state a Riemann problem for the
NLWS resulting in a regular re
ection with a subsonicstate behind the re
ected
shock. The discussionon how the initial data is chosenso that the con�guration
leads to this type of re
ection is given in Appendix A. We write the problem in
self-similar coordinates. Along the lines of the study in [7], we �nd a solution in the
hyperbolic part of the domain, derive the equation of the re
ected shock and give
a formulation of the free boundary problem behind the re
ected shock. Our main
result, Theorem 2.3, is local existenceof a solution to this free boundary problem,
and the rest of the paper is devoted to its proof.

In Section 3 we reformulate the problem using a secondorder elliptic equation
and from the Rankine-Hugoniot conditions along the free boundary we obtain an
oblique derivative boundary condition and an equation describing the position of
the re
ected shock. To ensurethat the problem is well-de�ned we intro duceseveral
cut-o� functions. This givesthe modi�ed freeboundary problem stated in Theorem
3.1.

The �rst step in proving Theorem 3.1 is, as outlined above, to �x the position
of the free boundary within a bounded set of admissible curves and to solve the
modi�ed �xed boundary problem. This task is completed in Section 4. We usethe
study in [15] of �xed boundary value problemsfor a classof operators which satisfy
certain structural assumptions. For conveniencewe list those structural conditions
in the notation of this paper in Appendix B.
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In Section 5 we use the Schauder �xed point theorem to show existenceof a
solution to the modi�ed free boundary problem.

Finally, the conditions under which a solution of the modi�ed free boundary
problem solvesthe original free boundary problem are discussedin Section 6, com-
pleting the proof of Theorem 2.3.

1.3. Ac kno wledgmen ts. Much of this research wasdoneduring visits of the �rst
author to the Fields Institute, whosehospitalit y is acknowledged. We thank Gary
Lieberman for useful advice, and Allen Tesdall for contributing the numerical simu-
lation shown in Figure 3. Research of the �rst two authors waspartially supported
by the Department of Energy, Grant DE-FG02-03ER25575,and by an NSERC
Grant. Research of the third author waspartially supported by the National Science
and Foundation, Grants NSF FRG DMS-0244343,NSF DMS-0225948and NSF
DMS-0245513. We also thank the FocusedResearch Grant on Multi-dimensional
CompressibleEuler Equations for its encouragement and support.

2. The St atement of the Free Bound ar y Pr oblem

In this section we formulate a Riemann problem leading to transonic regular
re
ection for the two-dimensionalNLWS. The problem is consideredin self-similar
coordinates, yielding a systemwhich changestype. We �nd a solution in the hyper-
bolic part of the domain and formulate the problem for the position of the re
ected
shock. The main result of the paper is local existenceof a solution in the subsonic
part of the domain and is stated in Theorem 2.3.

The two-dimensionalNLWS is a hyperbolic system of three conservation laws:

� t + mx + ny = 0;

mt + px = 0; (t; x; y) 2 [0; 1 ) � R � R:(2.1)

nt + py = 0;

Here, � : [0; 1 ) � R � R ! (0; 1 ) stands for the density; m; n : [0; 1 ) � R � R ! R
are \momenta" in the x and y directions, respectively; and p = p(� ) is the pressure.
We denote c2(� ) := p0(� ), and we require that c2(� ) be a positive and increasing
function for all � > 0.

We considersymmetric Riemann initial data (Figure 1) consistingof two sectors
separatedby the half lines x = ky and x = � ky, y � 0, with k > 0. The data are

(2.2) U(0; x; y) =
�

U0 = (� 0; 0; n0); � ky < x < ky; y > 0;
U1 = (� 1; 0; 0); otherwise;

with the assumption � 0 > � 1 > 0. The constants k and n0 are speci�ed in Section
2.1 (asdescribed in Appendix A) in terms of � 0 and � 1 sothat the Riemann problem
(2.1), (2.2) results in a regular re
ection and we choosea solution (when there is
more than one) with a subsonicstate behind the re
ected shock.

Note that we can eliminate m and n in (2.1) and obtain a secondorder equation
for � alone:

(2.3) � tt = � mtx � nty = pxx + pyy = div(px ; py ) = div( c2(� )r � );

where \div" stands for the divergenceand r for the gradient in spatial variables.
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Figure 1. The Riemann Initial Data

We intro duce self-similar coordinates � = x=t and � = y=t, and obtain

(2.4)
� � � � � � � � + m� + n� = 0;
� � m� � � m� + p� = 0;
� � n� � � n� + p� = 0;

from (2.1), and the secondorder equation

(2.5) ((c2(� ) � � 2)� � � � � � � )� + ((c2(� ) � � 2)� � � � � � � )� + � � � + � � � = 0;

from equation (2.3). It is clear that when the equation (2.5) is linearized about a
constant state � > 0, the equation changestype acrossthe sonic circle

C� : � 2 + � 2 = c2(� ):

More precisely, (2.5) is hyperbolic outside of the circle C� and is elliptic inside.

2.1. Solution in the Hyp erb olic Part of the Domain. Supposethat the den-
sities � 0 > � 1 > 0 are given. In this section we specify k and n0, in terms of � 0

and � 1, so that a transonic regular re
ection occurs, and we �nd a solution to the
Riemann problem (2.1), (2.2) in the hyperbolic region.

The parameter n0 = n0(� 0; � 1; k) is chosensothat each of the two discontinuities
x = � ky, y � 0, is resolved asa shock and a linear wave far from the origin (Figure
2). From the calculation in [5, Appendix A] this meansthat given � 0 > � 1 > 0 and
k > 0, we take

(2.6) n0 =

p
1 + k2

k

p
(p(� 0) � p(� 1))( � 0 � � 1):

Using the Rankine-Hugoniot relations, the one-dimensionalRiemann solution with
states U0 on the left and U1 on the right consistsof a linear wave la : � = k� , an
intermediate state Ua = (� 0; ma ; na) and a shock Sa : � = k� + � a , with

(2.7) � a = �
p

1 + k2

s
[p]
[� ]

; ma = �

r
[p][� ]

1 + k2 ; na = � kma;

where [ � ] denotesthe jump betweenthe states U0 and U1. By symmetry, the one-
dimensionalsolution in the left half-plane consistsof a shock Sb : � = � k� � � a, an
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Figure 2. Interactions in the hyperbolic region

intermediate state Ub = (� 0; � ma ; na) and a linear wave lb : � = � k� . Note that
the sonic circles for the states Ua and Ub coincide with the sonic circle for U0

C0 : � 2 + � 2 = c2(� 0):

The �rst restriction on the choice of k = k(� 0; � 1) is that the point � s = (0; � s)
where the shocks Sa and Sb meet should lie above the circle C0. We �nd

(2.8) � s =
1
k

s
(1 + k2)(p(� 1) � p(� 0))

� 1 � � 0
:

Since the point � s is hyperbolic with respect to Ua and Ub, we solve a quasi-one-
dimensional Riemann problem at � s with states Ua and Ub, on the left and on
the right, respectively (with respect to an observer facing the origin) along a line
segment through � s which is parallel to the � -axis. A further restriction on the
value of k = k(� 0; � 1) is that this quasi-one-dimensionalRiemann problem have a
solution (for details seeAppendix A). In short, given � 0 > � 1 > 0, there exists a
value kC (� 0; � 1) with the property that if k is chosenso that

(2.9) 0 < k < kC ;

then the point � s is above the sonic circle C0 and, moreover, the quasi-one-
dimensional Riemann problem at � s with states Ua and Ub, on the left and on
the right, respectively, has a solution. From now on, we assumethat the densities
� 0 > � 1 > 0 are �xed, that the parameter k is such that (2.9) holds and that the
momentum n0 is chosenas in (2.6).

Further, a calculation in Appendix A shows that if a solution to the above quasi-
one-dimensionalRiemann problem at the re
ection point � s exists, there usually
are two such solutions. Both consist of a shock connecting the state Ua to an
intermediate state and a shock connecting this intermediate state to Ub. Let us
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denote the intermediate states for thesetwo solutions by

UR = (� R ; mR ; nR ) and UF = (� F ; mF ; nF ):

More precisely (seeAppendix A), we have

(2.10) � R ; � F > � 0; mR = mF = 0;

and we choose � R < � F . We �nd that c(� F ) > � s for all k 2 (0; kC ), and that
c(� R ) > � s only when k is large enough,say k 2 (k� ; kC ), for somevalue k� (� 0; � 1).
Therefore, the re
ection point � s is subsonicwith respect to the state UF for all
k 2 (0; kC ), and � s is subsonicwith respect to the state UR if k 2 (k� ; kC ). We
denote the value of our solution at the re
ection point � s by Us = (� s ; ms; ns), and
we choose

(2.11) Us := U(� s) =
�

UR or UF ; k 2 (k� ; kC );
UF ; k 2 (0; k� ]:

This implies that the point � s is inside the sonic circle

Cs : � 2 + � 2 = c2(� s):

As a consequence,the re
ected shocks we study hereare transonic throughout their
length. By causality, they cannot exit the sonic circle Cs and, by the Lax admis-
sibilit y condition (see [2] for the equivalent discussionon the unsteady transonic
small disturbance equation), they also do not crossthe sonic circle C0 (Figure 3).

Remark 2.1. If the two re
ected shocks at the point � s were rectilinear, by the
Rankine-Hugoniot relations, their equations would be

� = � s � �

s
� 2

s

(p(� s) � p(� 0))=(� s � � 0)
� 1:

2.2. Position of the Re
ected Shock. Since the Riemann problem presented
above is symmetric with respect to the � -axis, from now till the end of the paper
we restrict our attention to the right half plane f (� ; � ) : � � 0g. Writing (2.4) in
polar coordinates

r =
p

� 2 + � 2 and � = arctan(� =� );

we obtain
0

@
� r cos� sin �

c2(� ) cos� � r 0
c2(� ) sin � 0 � r

1

A Ur +
1
r

0

@
0 � sin � cos�

� c2(� ) sin � 0 0
c2(� ) cos� 0 0

1

A U� = 0;

or, in conservation form,

@r

0

@
� r � + m cos� + n sin �

p(� ) cos� � rm
p(� ) sin � � r n

1

A + @�

0

@

1
r (� m sin� + n cos� )

� p( � )
r sin �

p( � )
r cos�

1

A

=

0

@
� � � 1

r (m cos� + n sin� )
� m � p( � )

r cos�
� n � p( � )

r sin �

1

A :
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Figure 3. Transonicregular re
ection for the NLWS: de�nition of
the states(top) and numerical simulation showing the contour plot
of � (bottom left) and the contour plot of n (bottom right). The
inner circle on the bottom �gures corresponds to the sonic circle
C0, and the curve following the re
ected wave corresponds to the
numerically calculated transition betweensupersonicand subsonic

o w.

Let S : r = r (� ); � 2 [� � =2; � =2], denote the re
ected transonic shock in the
right-half plane. The Rankine-Hugoniot relations along S are

� r [� ] + [m] cos� + [n] sin � =
dr
d�

1
r

(� [m] sin � + [n] cos� )

[p] cos� � r [m] = [p] �
dr
d�

sin �
r

(2.12)

[p] sin � � r [n] = [p]
dr
d�

cos�
r

;
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where U = (�; m; n) stands for the unknown solution behind the re
ected shock
and [ � ] now denotesthe jump between the states U0 and U. We express[m] and
[n] from the secondand the third equations in (2.12), respectively, and substitute
into the �rst equation to obtain

(2.13)
dr
d�

= r

r
r 2

s2 � 1;

with

(2.14) s2 :=
p(� 0) � p(� )

� 0 � �
:

Notice that this shock evolution equation is independent of m and n.
We recall the properties of s, from [7]

Lemma 2.2. De�ne the function

(2.15) s(a; b) :=

( q
p(a) � p(b)

a� b ; a; b > 0; b 6= a
c(a); b = a

Then
(a) for �xed b > 0, the s(�; b) is increasing on (0; 1 ),
(b) limb! a s(a; b) = c(a), for a > 0, and
(c) if a > b > 0, then s(a; b) < c(a).

2.3. The Statemen t of the Main Result. In this section we formulate the free
boundary problem behind the re
ected shock.

For the reasonsexplained in Section 3.2, we must exclude from our analysis the
point r (� �

2 ) where the re
ected shock intersects the � � axis (� 0 in Figure 4). For
this reason,throughout the paper we �x an angle � � 2 (� � =2; � =2). We denote the
intersection of the re
ected shock S and the line f (r; � � ) : r > 0g by V, and de�ne
the closed line segment � = [O; V ], where O is the origin; the vertical open line
segment � 0 = (O; � s); and the open curve

� = f (r (� ); � ) : � 2 (� � ; � =2)g:

The domain whoseboundary is � s [ � [ � [ � 0 is denoted by 
.
We will imposea Dirichlet boundary condition for � along � .
First, we de�ne the set K of admissibleshock curves. Supposethat � 0 > � 1 > 0

and k 2 (0; kC (� 0; � 1)) are �xed. Let the parameter � � 2 (� � =2; � =2) be arbitrary .
We de�ne the set K of candidate functions r (� ), � 2 [� � ; � =2], describing the free
boundary �, by the following four properties.

� smoothness:
r (� ) 2 H1+ � K ;

where � K 2 (0; 1) will be chosen later and H 1+ � K is the Holder space
de�ned in Appendix C,

� conditions at the end point � s :

r (� =2) = � s and r 0(� =2) = � s

s
� 2

s

s2(� s ; � 0)
� 1;

(the secondcondition comesfrom Remark 2.1)
� boundedness:

L � r (� ) � � s ; � 2 (� � ; � =2);
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� monotonicity:

(2.16) L
p

� � � r 0(� ) � � s

s
� 2

s

c2(� 0)
� 1; � 2 (� � ; � =2);

where � � > 0 will be speci�ed later in terms of the �xed parameters� 0, � 1

and k.

A value of L we can usein this paper is

L :=
� s

e( � =2� � � )
p

� 2
s =c2 ( � 0 ) � 1

:

We show this is an appropriate value in the proof of Lemma 5.1.
Although it is convenient to de�ne the free boundary � by a curve r = r (� )

in polar coordinates, we sometimeswrite � as � = � (� ) in self-similar Cartesian
coordinates.

On � we imposean arti�cial Dirichlet condition, � (r; � � ) = f (r ), chosenso that
� is larger than its value � 0 outside �, and so that U is subsonicalong � . (These
are the properties that the global solution is expected to have along such a curve.)
Let � � 2 (0; � s � � 0) be �xed throughout the paper and let f : [0; � s ] ! R be a
function in the Holder spaceH 
 ;(0 ;� s ) , for a parameter 
 2 (0; 1) to be determined
later, such that

(2.17) � 0 + � � � f (r ) � � s ; c2(f (r )) > r 2; 0 � r � � s:

With this notation we can now state the main result.

Theorem 2.3. (Free boundary problem )
Let the parameters � 0 > � 1 > 0 and k 2 (0; kC (� 0; � 1)) be �xed. For every

� � 2 (� � =2; � =2) and � � 2 (0; � s � � 0), there exists 
 0 > 0, depending on � 0, � 1, � �
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and � � , such that for any 
 2 (0; minf 1; 
 0g), � K = 
 =2 and any function f 2 H 


satisfying (2.17), the free boundary problem for � , m, n and r given by

� � � � � � � � + m� + n� = 0
� � m� � � m� + p� = 0
� � n� � � n� + p� = 0

9
=

;
in 
 ;

� r [� ] + [m] cos� + [n] sin � = dr
d�

1
r (� [m] sin � + [n] cos� )

[p] cos� � r [m] = � [p] dr
d�

sin �
r

[p] sin � � r [n] = [p] dr
d�

cos �
r

9
=

;
on � ;

r (� =2) = � s ;

� = f on � ; � � = 0 on � 0; � (� s) = � s ;

has a solution �; m; n 2 H ( � 
 )
1+ � K

and r 2 H1+ � K in a �nite neighborhood of the
re
ection point � s .

3. Deriv ation of the Modified Free Bound ar y Pr oblem

Our main tool in proving Theorem 2.3 is the H•older theory of secondorder el-
liptic equations, developed and expounded by Gilbarg, Trudinger and Lieberman.
As noted, we can reformulate the �rst order system in � , m and n (the subject of
Theorem 2.3) as a secondorder equation in � , (2.5), and in Section 3.1 we intro-
duce a cut-o� function to keepthe second-orderequation strictly elliptic. Further,
instead of posing the Rankine-Hugoniot conditions (2.12) along the re
ected shock,
we derive an oblique derivative boundary condition for � on � in Section 3.2. We
intro ducea further cut-o� function to ensurethat the derivative boundary operator
on � is oblique. In Section 3.3 we modify the shock evolution equation (2.13) for
the re
ected shock S, to ensurethat it is well-de�ned. Thus, we obtain a problem
that doesnot involve m or n. (Towards the end of the paper, in Section5, we show
how to recover m and n from the secondand third equationsin (2.4) by integrating
along the radial direction.) Finally, the modi�ed free boundary problem is stated
in Section 3.4.

3.1. The Second Order Op erator for � . We recall the secondorder equation
(2.5) for � , and we de�ne the nonlinear operator

Q(� ) := ((c2(� ) � � 2)� � � � � � � )� + ((c2(� ) � � 2)� � � � � � � )� + � � � + � � � :

We rewrite (2.5) in polar coordinates and obtain

�
(c2(� ) � r 2) � r

�
r +

c2(� )
r

� r +
�

c2(� )
r 2 � �

�

�
= 0:

To ensurestrict ellipticit y of this equation, we intro duce two cut-o� functions

(3.1) � i (x) :=
�

x; x > � i

� i ; x � � i
i 2 f 1; 2g;

for � 1; � 2 > 0 to be determined in terms of the �xed parameters k, � 0, � 1 and � � .
The constant � 1 will be chosenin Section 6 and the constant � 2 will be speci�ed in
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(4.5). We modify each function � i so that it is smooth in a neighborhood of x = � i

and that � 0
1 2 [0; 1] and � 0

2 � 0. We consider the modi�ed equation

(3.2)
�
� 1(c2(� ) � r 2) � r

�
r

+
c2(� )

r
� r +

�
� 2(c2(� ))

r 2 � �

�

�
= 0:

We rewrite equation (3.2) in self-similar Cartesian coordinates to get ~Q(� ) = 0 with

~Q(� ) :=
� 1 � 2 + � 2 � 2

� 2 + � 2 � � � + 2� �
� 1 � � 2

� 2 + � 2 � � � +
� 1 � 2 + � 2 � 2

� 2 + � 2 � � �(3.3)

+
�

c2 � � 2

� 2 + � 2 � 2� 0
1

�
f � � � + � � � g

+
2cc0

� 2 + � 2

�
� 0

1 (� � � + � � � )2 + � 0
2 (� � � � � � � )2	

;

where the functions � 1 and � 0
1 are evaluated at c2(� ) � (� 2 + � 2), the functions � 2

and � 0
2 are evaluated at c2(� ), while c and c0 are evaluated at � . The eigenvalues

of the operator ~Q are

� 1(� ) = � 1
�
c2(� ) � (� 2 + � 2)

�
and � 2(� ) = � 2

�
c2(� )

�
;

and ~Q is strictly elliptic since

(3.4) � (� ) := minf � 1(� ); � 2(� )g � minf � 1; � 2g > 0:

3.2. Oblique Deriv ativ e Boundary Condition. As in [7], we write system(2.4)
in conservation form

@�

0

@
m � � �
p � � m

� � n

1

A + @�

0

@
n � � �
� � m

p � � n

1

A = � 2

0

@
�
m
n

1

A :

The Rankine-Hugoniot relations along the re
ected shock

(3.5) S : � (� ); � � � s;

separating states U = (�; m; n) and U0 = (� 0; 0; n0), are

(3.6) [m]� � [� ] =
d�
d�

([n]� � [� ]); [p]� � [m] = �
d�
d�

� [m]; � � [n] =
d�
d�

([p]� � [n]):

As in [7], we derive the condition

(3.7) � � r � = 0 on � :

Here, r � := (� � ; � � ) and � := (� 1; � 2) is given by

(3.8)

� 1 = � 0(� 2 + � 2)(c2(� ) + s2)( � � � � 0) � 2� � 0s2(c2(� ) + � 2)
� 2s2� (c2(� ) � � 2)(1 � (� 0)2) + 2� 0� s2(� 2 � c2(� )) ;

� 2 = (c2(� ) + s2)( � 2 + � 2)( � � � � 0) + 2s2� 0� (c2(� ) � � 2)
� 2s2� (c2(� ) � � 2)(1 � (� 0)2) + 2� 0� s2(c2(� ) + � 2);

where s2 is de�ned by (2.14). We de�ne the operator

(3.9) N (� ) := � � r �:

The operations by which the equations (2.13) and (3.7) are derived from the
Rankine-Hugoniot relations (2.12) and (3.6), respectively, can be reversedup to a
constant.
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Let

� :=
1

1 + (� 0)2 (� 1; � 0)

denote the inward unit normal to the curve (3.5) describing the re
ected shock,
and let us assume� (� ) � r (� ) 2 K. We compute

� � � =
2s2(� 0� + � )

1 + (� 0)2

�
(c2(� ) � � 2)( � 0)2 + 2� � � 0+ c2(� ) � � 2	

:

We remark that � 0� + � = 0 if and only if the curve � (� ) is tangent to a circle
centered at the origin, which is ruled out by the monotonicity property (2.16) of
the curves in the set K. (Note that by symmetry, the re
ected shock S is tangent
to a circle at the point � 0, Figure 4, and this is why we have to exclude � 0 from
the domain 
.) Moreover, since the expression� 0� + � is positive at the re
ection
point � s , the uniform monotonicity property of the curves in K implies that there
exists a constant C such that

(3.10) � 0� + � � C > 0

holds uniformly in K. Further, we intro duce the polynomial

(3.11) P(Y ) := (c2(� ) � � 2)Y 2 + 2� � Y + c2(� ) � � 2;

and remark that if P(� 0) > 0, then � �� > 0 and the operator N is oblique on �. Note
that P(� 0(� s)) > 0 and that the discriminant of P is negative if � 2+ � 2 < c2(� (� ; � )).
Thus, P(� 0) > 0 holds at all points of the curve � (� ) where � is strictly subsonic.
For the purposeof setting up an iteration, in which � may not always be subsonic
at every point on the curve � (� ), we modify � by intro ducing a cut-o� as follows.

We de�ne a polynomial

G(Y ) :=
�

P(Y ) = (c2(� ) � � 2)Y 2 + 2� � Y + c2(� ) � � 2; � 2 + � 2 < c2(� ) � � 1;
(� Y + � )2 + � 1(Y 2 + 1); � 2 + � 2 � c2(� ) � � 1;

where � 1 is a positive parameter as in (3.1). We intro duce a modi�cation of � in
(3.8)

(3.12) � =
�

(� 1; � 2); � 2 + � 2 < c2(� ) � � 1;
(� 1; � 2); � 2 + � 2 � c2(� ) � � 1;

in which c2 is replacedby � 2 + � 2 + � 1 when c2(� ) � � 2 + � 2 + � 1, so

� 1 = � 0(� 2 + � 2)( � 2 + � 2 + � 1 + s2)( � � � � 0) � 2� � 0s2(� 2 + 2� 2 + � 1)
� 2s2� (� 2 + � 1)(1 � (� 0)2) � 2� 0� s2(� 2 + � 1);

� 2 = (� 2 + � 2 + � 1 + s2)( � 2 + � 2)( � � � � 0) + 2s2� 0� (� 2 + � 1)
� 2s2� (� 2 + � 1)(1 � (� 0)2) + 2� 0� s2(2� 2 + � 2 + � 1)

there. We de�ne the operator

(3.13) ~N (� ) = � � r �:

Note that if � 2 + � 2 � c2(� ) � � 1, then

� � � =
2s2(� 0� + � )

1 + (� 0)2

�
(� 0� + � )2 + � 1(( � 0)2 + 1)

	

=
2s2(� 0� + � )

1 + (� 0)2 G(� 0) �
2s2(� 0� + � )

1 + (� 0)2 � 1 > 0:(3.14)
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Hence,if the boundary � is described by a curve � (� ) � r (� ) 2 K, then the operator
~N is uniformly oblique on �.

3.3. Shock Ev olution Equation. In order for the equation of the re
ected shock
(2.13) to be well-de�ned we replace it by

(3.15)
dr
d�

= r

s

 
�

r 2

s2 � 1
�

:

Here

(3.16)  (x) :=
�

x; x > � �

� � ; x � � � ;

where � � is the same positive parameter as in (2.16) which will be speci�ed in
Section6 in terms of the a priori �xed parameters� 0, � 1 and k. Sincewe will need
 0 to be continuous, we modify  so that it is smooth in a neighborhood of x = � � .

3.4. The Statemen t of the Mo di�ed Free Boundary Problem. Our objec-
tiv e is to prove existenceof a solution to the following modi�ed problem.

Theorem 3.1. (Modi�e d free boundary problem )
Let � 0 > � 1 > 0, k 2 (0; kC (� 0; � 1)) , � � 2 (� � =2; � =2), � � 2 (0; � s � � 0) and

� 1 > 0 be given. There exist positive parameters � � , � 2 and 
 0 such that for any

 2 (0; minf 1; 
 0g), � K = 
 =2 and any function f 2 H 
 satisfying (2.17), the free
boundary problem for � and r given by

(3.17)

~Q(� ) = 0 in 
 ;
~N (� ) = 0 on � ;

r 0(� ) = r
q

 
�

r 2

s2 � 1
�

on � ; r (� =2) = � s ;
� = f on � ; � � = 0 on � 0; � (� s) = � s;

has a solution � 2 H ( � 
 )
1+ � K

in 
 and r 2 H1+ � K .

We break the proof of Theorem 3.1 into two steps.
Step 1 is to solve the �xed boundary value problem obtained by replacing the

free boundary in Theorem 3.1 by a curve r chosenfrom the set K. Again, assume
we are given � 0 > � 1 > 0, k 2 (0; kC (� 0; � 1)), � � 2 (� � =2; � =2), � � 2 (0; � s � � 0)
and the positive parameters� 1 and � � . We show that there exist � 2 > 0 and 
 0 > 0,
depending only on � 0, � 1, k, � � , � � , � 1 and � � , such that for any 
 2 (0; minf 
 0; 1g),
� K 2 (0; minf 1; 2
 g), a �xed curve r 2 K de�ning � and a function f 2 H 


satisfying (2.17), the nonlinear �xed boundary problem

(3.18)

~Q(� ) = 0 in 
 ;
~N (� ) = 0 on � ;

� = f on � ; � � = 0 on � 0; � (� s) = � s;

has a solution � 2 H ( � 
 )
1+ � K

in the domain 
.
Step 2 is to de�ne a mapping using the shock evolution equation. We update

the position of the re
ected shock using the initial value problem

(3.19)

(
~r 0(� ) = ~r (� )

q
 ( ~r ( � )2

s2 ( � ( r ( � ) ;� ) ;� 0 ) � 1); � 2 (� � ; � =2);

~r (� =2) = � s:
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This de�nes a map J : r 7! ~r on the set K. We show that we can choose � � in
terms of � 0, � 1 and k, so that there exists 
 0 > 0 (possibly smaller than 
 0 found
in the previous step), also depending on the a priori �xed parameters� 0, � 1, k, � � ,
� � and � 1, such that for any 
 2 (0; minf 1; 
 0g) and � K = 
 =2, the map J has a
�xed point r 2 K. With this �xed point r (� ), � 2 (� � ; � =2), de�ning the boundary
� = f (r (� ); � ) : � 2 (� � ; � =2)g, the corresponding solution � 2 H ( � 
 )

1+ � K
to the �xed

boundary problem (3.18) solvesthe modi�ed free boundary problem (3.17).
The �rst step is completed in Section 4 and the secondin Section 5.

4. Solution to the Modified Fixed Bound ar y Pr oblem

In this section we �nd positive parameters� 2 and 
 0, depending only on � 0, � 1,
k, � � , � � , � 1 and � � , such that for any 
 2 (0; minf 
 0; 1g), � K 2 (0; minf 1; 2
 g), a
�xed r 2 K describing the boundary � and a function f 2 H 
 satisfying (2.17),
the �xed boundary problem (3.18) has a solution � 2 H ( � 
 )

1+ � K
in 
. We use the

result in Section 4 of [15] which applies to �xed nonlinear boundary problems of
the secondorder where the operators in the domain and on the boundary satisfy
certain structural conditions. These conditions are stated in Section 4.3 in [15]
and, for convenience,we give them in Appendix B using the notation of this paper.
We con�rm in Proposition 4.1 that they hold for the problem (3.18), arising from
transonic regular re
ection for the NLWS, and the result follows from Theorem 4.7
in [15].

Prop osition 4.1. For any curve r 2 K �xed, the boundary value problem (3.18)
satis�es the structural conditions (6.15)-(6.20). Moreover, for

(4.1) K � max
�

2c(� s)c0(� s)
� 1

; 4(c0(� s))2
�

the inequality (6.21) holds.

Proof. First, we write the operator ~Q, given by (3.3), as in (6.14). We note that for
a �xed curve r 2 K, the coe�cien ts aij , bi and cij are in C1 and that the coe�cien ts
� i of the vector � , given by (3.12) and de�ning the operator ~N in (3.13) are such
that � i 2 C2.

Recall that the operators ~Q and ~N , given by (3.3) and (3.13), are strictly elliptic
in 
 and oblique on �, respectively, by (3.4) and (3.14). Clearly, the operator
� � = (1; 0) � r � is both strictly and uniformly oblique on � 0. Hence,the conditions
of Lemma 4.8 in [15] are satis�ed. By this lemma, given r 2 K, describing the
boundary �, and a solution � 2 C1(
) to the �xed problem (3.18) we have uniform
L 1 bounds

(4.2) � 0 + � � � � (� ; � ) � � s ; (� ; � ) 2 
 :

Next, we show that the uniform bounds (4.2) imply uniform ellipticit y of the
operator ~Q and both strict and uniform obliquenessof the operator ~N . The operator
~Q is uniformly elliptic in 
 since

(4.3)
�( � )
� (� )

:=
maxf � 1(� ); � 2(� )g
minf � 1(� ); � 2(� )g

�
c2(� s)

minf � 1; � 2g
:
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Further, recall the de�nition (3.12) of the vector � and note that from (3.14), the
uniform bounds (4.2) on � and the uniform bounds on r 2 K we have

� � � � C > 0; for all � and r 2 K;

for someconstant C. Therefore, the operator ~N is strictly oblique on �. Moreover,
we have a uniform bound

j� j =
q

� 2
1 + � 2

2 � C;

again using the uniform bounds on the curve � (� ) � r (� ) 2 K describing the
boundary � and the uniform bound (4.2) on the solution � . Therefore

(4.4)
� � �
j� j

=
2s2 (� 0� + � ) G(� 0)

j� j
�

2c2(� 0 + � � ) c � 1

C
> 0;

where c is the constant in (3.10). Hence,the operator ~N is also uniformly oblique
on �. This con�rms that conditions (6.15)-(6.18) hold.

Note that by choosing � 2, in the de�nition (3.1) of the cut-o� function � 2, such
that

(4.5) 0 < � 2 � c2(� 0 + � � );

the function � 2 is equal to the identit y function. We assumethe choice(4.5) for � 2.
Therefore, the operator ~Q in (3.3) becomes

~Q(� ) =
� 1 � 2 + c2 � 2

� 2 + � 2 � � � + 2� �
� 1 � c2

� 2 + � 2 � � � +
� 1 � 2 + c2 � 2

� 2 + � 2 � � �

� 2� 0
1 f � � � + � � � g +

2cc0

� 2 + � 2

�
� 0

1 (� � � + � � � )2 + 2cc0(� � � � � � � )2	
;(4.6)

=
X

i;j

aij (�; � ; � )D ij � +
X

i

bi (�; � ; � )D i � +
X

i;j

cij (�; � ; � )D i �D j �:

Here, the functions c and c0 are evaluated at � , and � 1 and � 0
1 are evaluated at

c2(� ) � (� 2 + � 2).
Clearly, the condition (6.19) holds for the operator ~Q given by (4.6) and next

we check that (6.20) is also satis�ed. We have

j
X

i;j

aij (�; � ; � )D ij � j � (� s + 2cc0+ 4c2(c0)2)( j� � j2 + j� � j2) + 2� s

� minf � 1; � 2g

 
� s + 2cc0+ 4c2(c0)2

minf � 1; � 2g

X

i

jD i � j2 +
2� s

minf � 1; � 2g

!

:

Hence,(6.20) holds with

(4.7) � 0 =
� s + 2c(� s)c0(� s) + 4c2(� s)(c0(� s))2

minf � 1; � 2g
and � =

2� s

minf � 1; � 2g
:

Finally, we check that (6.21) holds for the parameter K as in (4.1). Let r 2 K
be arbitrary and let � be a solution to the equation ~Q(� ) = 0. It is easyto show

K
X

i;j

aij (�; � ; � )D i �D j � �
X

i;j

cij (�; � ; � )D i �D j � =

1
� 2 + � 2

�
(K � 1 � 2cc0� 0

1)( � � � + � � � )2 + (K c2 � 4c2(c0)2)( � � � � � � � )2	
:

Hence,(6.21) holds. �
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Therefore, the structural conditions of Theorem 4.7 in [15] are satis�ed. By this
theorem, there exists 
 0 > 0, depending on the sizesof the opening anglesof the
domain 
 at the set of cornersV and on the bounds on the ellipticit y ratio of the
operator ~Q, such that for every 
 2 (0; minf 
 0; 1g), � K 2 (0; minf 1; 2
 g), r 2 K
and any function f 2 H 
 satisfying (2.17), there exists a solution � to the �xed
boundary problem (3.18). Also, we have � 2 H ( � 
 )

1+ � �
, for all � � 2 (0; � K ].

Remark 4.2. We note that by the de�nition of the set K of admissiblecurves,the
sizesof the opening anglesof the domain 
 at the set of cornersV satisfy bounds
depending only on the parameters� 0, � 1, k and � � , which are �xed throughout the
paper, and on the parameter � � which will be chosenin Section 5 also in terms of
� 0, � 1, k and � � . Therefore, the parameter 
 0, given by Theorem 4.7 in [15], can be
taken independent of the choice of the curve r 2 K. Moreover, using the uniform
bounds (4.3) on the ellipticit y ratio of the operator ~Q and the choiceof � 2 in (4.5),
we have that 
 0 dependsonly on the �xed parameters� 0, � 1, k, � � and � � , and the
parameters� 1 and � � which will be chosenin Section 5 and Section 6, respectively,
also in terms of � 0, � 1, k and � � .

5. Solution to the Modified Free Bound ar y Pr oblem

In this section we complete the secondstep of the proof of Theorem 3.1.
Let 
 0 > 0 be the parameter found in Section 4. Let 
 2 (0; minf 
 0; 1g) and

let � K 2 (0; minf 1; 2
 g) be arbitrary . For any r 2 K, describing the boundary
�, and any function f 2 H 
 satisfying (2.17), we �nd a solution � (� ; � ) to the
nonlinear �xed boundary problem (3.18). We de�ne the curve ~r (� ), � 2 (� � ; � =2),
as a solution to (3.19). This givesa map J : � 7! ~� on the set K. We show that J
has a �xed point using the following

Theorem. (Corollary 11.2 in [14]) Let K be a closed and convex subset of a
Banach spaceB and let J : K ! K be a continuous mapping so that J (K) is
precompact. Then J has a �xed point.

We take B to be the spaceH 1+ � K , and we take K as in Section 2.3. In this
section we specify the parameter � � in the de�nition of the set K and the cut-o�
function  (see(3.16)), and we further specify 
 and � K so that the hypothesesof
the previous �xed point theorem are satis�ed.

Lemma 5.1. Let the parameters� 0 > � 1 > 0, k 2 (0; kC (� 0; � 1)) , � � 2 (� � =2; � =2)
and � � 2 (0; � s � � 0) be given. Let � � be such that

(5.1) 0 < � � <
� 2

s

s2(� s ; � 0)
� 1:

There exists 
 0 > 0 such that for any 
 2 (0; minf 1; 
 0g) and � K = 
 =2, we have
(a) J (K) � K, and
(b) the set J (K) is precompact in H 1+ � K .

Remark 5.2. Recall from (2.10) that we have � s > � 0, implying, by the mono-
tonicit y of the function s2(�; � 0), that s2(� s; � 0) > c2(� 0). Note that the choice of
� � in (5.1) givesthat

� � < e( � � 2� � )
p

� 2
s =c2 ( � 0 ) � 1

�
� 2

s

c2(� 0)
� 1

�
;

and, in particular, the monotonicity condition (2.16) in the de�nition of the set K
makessense.
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Proof. (of Lemma 5.1) This proof follows ideas from Section 4.2.1 in [4] and some
of its parts are identical to the proof of Lemma 5.3 in [15].

Let 
 0 be the parameter found in Section4. Let 
 2 (0; minf 
 0; 1g) be arbitrary
and let � K 2 (0; minf 1; 2
 g). Let r 2 K and f 2 H 
 satisfying (2.17) be given, and
let � (� ; � ) 2 H ( � 
 )

1+ � K
be a solution to the �xed boundary problem (3.18) found in

Section 4. Further, supposethat ~r (� ), � 2 (� � ; � =2), is a solution to the problem
(3.19).

To show (a) we needto show that ~� 2 K. Clearly, ~r (� =2) = � s, and

~r 0(� =2) = � s

s

 
�

� 2
s

s2(� s ; � 0)
� 1

�
= � s

s
� 2

s

s2(� s ; � 0)
� 1;

by the choice of � � . Next, note ~r 0(� ) � ~r (� )
p

� � ; implying d~r
~r �

p
� � . After

integrating from � to � =2, we get

(5.2) ~r (� ) � � s ; � 2 (� � ; � =2):

On the other hand,

~r 0(� ) � ~r (� )

s

 
�

� 2
s

c2(� 0)
� 1

�

� ~r (� )

s
� 2

s

c2(� 0)
� 1; by the choice of � � ;

implying d~r
~r �

q
� 2

s
c2 ( � 0 ) � 1, and after integrating from � to � =2 we obtain

~r (� ) �
� s

e( � =2� � )
p

� 2
s =c2 ( � 0 ) � 1

�
� s

e( � =2� � � )
p

� 2
s =c2 ( � 0 ) � 1

:

Together with (5.2), this implies the desired boundednessof the curve ~r (� ). Once
this boundednessis established,the required monotonicity is clear.

It is left to show that we can �nd 
 and � K so that

(5.3) ~r 2 H1+ � K

and that (b) holds. This part of the proof is identical to the proof of Lemma 5.3
in [15]. In short, Theorem 2.3 in [21] gives that there exist � 0 and C such that a
solution � to the �xed boundary problem (3.18) satis�es

[� ]� 0 � C

in a neighborhood of �. Here, � 0 dependson the bounds for the ellipticit y ratio of
the operator ~Q and on the obliquenessconstant of the operator ~N , and on � 0j� j0,
where � 0 is the constant in (4.7). The constant C also depends on 
. Using the
bound (4.3) for the ellipticit y ratio of ~Q and the choice (4.5) for � 2, the bound
(4.4) for the obliquenessconstant of the operator ~N , uniform bounds (4.2) on the
solution � , the de�nition of the set K and the choice (5.1) for � � , we have that � 0

and C depend only on the �xed parameters� 0, � 1, k, � � and � � , and the parameter
� 1 which will be chosenin Section 6 also in terms of � 0, � 1, k and � � . We replace

 0 by minf 
 0; � 0g and we take 
 2 (0; minf 1; 
 0g). This implies j~r 0j 
 � C and

(5.4) j~r j1+ 
 � C(� =2 � � � ):
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Therefore, ~r 2 H1+ 
 . We choose � K 2 (0; 
 ] to ensure (5.3). Since (5.4) holds
independently of ~r , we have that the set J (K) is contained in a bounded set in
H1+ 
 and to show (b) we take � K = 
 =2. �

We also note that the map J : K ! K is continuous. Therefore, the hypothesis
of the �xed point theorem from the beginning of this section (Corollary 11.2 in
[14]) are satis�ed and the map J has a �xed point r 2 K. We use this curve r (� ),
� 2 (� � ; � =2), to specify the boundary �, and using Section 4 we �nd a solution
� 2 H ( � 
 )

1+ � �
, for all � � 2 (0; � K ], of the modi�ed free boundary problem (3.17).

Remark 5.3. Once the density component � is determined in the domain 
, we
�nd the momenta m and n in 
 from the secondand the third equations in (2.4).
Thesetwo equationsare the transport equations for m and n:

(5.5)
@m
@s

= p� and
@n
@s

= p� ;

wheres = (� 2 + � 2)=2 stands for the radial variable. Note that m and n are known
in the hyperbolic part of the domain and along the boundary � using the Rankine-
Hugoniot relations (3.6). We �nd m and n in the domain 
 by integrating the
equations (5.5) from � towards the origin. We note that r p 2 H � and, hence,r p
is absolutely integrable on �.

6. Pr oof of Theorem 2.3

In this sectionwediscussthe conditions under which � , a solution to the modi�ed
free boundary problem in Theorem 3.1, together with m and n as in Remark 5.3,
solves the free boundary problem in Theorem 2.3. More precisely, we investigate
whenthe cut-o� functions � 1, � 2, � and  canberemoved. Recall that the functions
� 1 and � 2 are intro duced in (3.1) so that the operator ~Q given by (3.3) is strictly
elliptic, the function � is given by (3.12) and ensuresthat the operator ~N de�ned
in (3.13) is oblique and  , given by (3.16), is intro ducedso that the equation (3.15)
of the evolution of the re
ected shock is well-de�ned.

Recall that we choosethe parameter � 2 in the de�nition of � 2 sothat the bounds
(4.5) hold. This implies that the cut-o� function � 2 is identit y.

Next we show that in a neighborhood of the re
ection point � s = (0; � s) the
cut-o� functions � 1 and  can be replaced by identit y and the cut-o� function �
can be replacedby � . Note that at � s we have

c2(� ) � (� 2 + � 2) = c2(� s) � � 2
s > 0;

becauseof our assumption that the point � s is subsonicwith respect to the state
Us = (� s ; ms; ns) (see(2.11)). Further, note that at � s we have

(6.1)
r 2

s2(�; � 0)
� 1 =

� 2
s

s2(� s; � 0)
� 1 > 0

by Remark 2.1. Sincethe functions

c2(� ) � (� 2 + � 2) and
� 2 + � 2

s2(�; � 0)
� 1; (� ; � ) 2 
 ;

arepositiveat the re
ection point � s , by continuit y wehavethat thesetwo functions
are positive in a closedneighborhood �N of � s . We take the parameters � 1 and � �
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such that

� 1; � � 2
�

0; min
( � ;� )2 �N

�
c2(� ) � (� 2 + � 2);

� 2 + � 2

s2(�; � 0)
� 1

� �
:

Hence, we can remove the cut-o� functions � 1,  and � in the neighborhood N
of the re
ection point � s . Therefore, a solution � of the modi�ed free boundary
problem in Theorem 3.1, with m and n found as in Remark 5.3, solves the free
boundary problem in Theorem 2.3 in the neighborhood N .

Appendix A: Parameter Values f or Regular Reflection

Consider the Riemann initial data (2.2) consisting of two sectors with states
U0 = (� 0; 0; n0) and U1 = (� 1; 0; 0), separatedby half-lines x = � ky, y � 0, with k
positive, as in Figure 1. We choose� 0 > � 1 > 0 arbitrary and we take

n0 =

p
1 + k2

k

p
(p(� 0) � p(� 1))( � 0 � � 1):

This implies that each of the two initial discontinuities x = � ky, y � 0, results in
a one-dimensionalsolution consisting of a shock and a linear wave (Figure 2). In
this part of the paper we describe how to choosethe parameter k, depending on the
densities � 0 and � 1, so that the above Riemann data leads to a transonic regular
re
ection.

Remark 6.1. Most of our discussionwill be for a generalfunction of pressurep(� ),
� > 0, with property that

(6.2) c2(� ) := p0(� ); � > 0; is a positive and increasingfunction.

We will give more details for the example of the 
 -law pressurewith 
 = 2. We
recall that a 
 -law pressurerelation is given by

p(� ) = � 
 =
 ; � > 0;

for some
 > 1. We have c2(� ) = � 
 � 1, � > 0, and we note that the system (2.1)
admits a scaling

(x; y) 7! � ( 
 � 1)=2
1 (x0; y0); � 7! � 1� 0 and (m; n) 7! � ( 
 +1) =2

1 (m0; n0):

Hence,in this case,the 
o w behavior dependsonly on the density ratio � 0=� 1, or,
equivalently , on the velocity ratio or Mach number

(6.3) M =
c(� 0)
c(� 1)

=
�

� 0

� 1

� ( 
 � 1)=2

:

Therefore, the Riemann data (2.2) can be parameterizedin terms of � 0=� 1 and k.

Following the notation in Section 2.1, the one-dimensionalRiemann solution
with states U0 and U1, on the left and on the right, respectively, consists of the
linear wave la : � = k� connecting U0 to the intermediate state Ua = (� 0; ma ; na)
and the shock Sa : � = k� + � a connecting Ua to U1. Further, the one-dimensional
solution with states U1 and U0, on the left and on the right, respectively consists
of the linear wave lb : � = � k� , the intermediate state Ub = (� 0; � ma; na) and the
shock Sb : � = � k� � � a (seeFigure 2). Here, � a , ma and na are found using the
Rankine-Hugoniot relations and are given by (2.7).
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Let � s = (0; � s) denote the position of the projected intersection point of the
shocks Sa and Sb. Recall, that � s is given by (2.8). We distinguish the following
three regionsaccording to the position of the point � s :

� Region A: This region corresponds to those values of k, depending on � 0

and � 1, for which we have

(6.4) � s < c(� 0):

Hence,the point � s is inside the soniccircle C0 : � 2 + � 2 = c2(� 0). The two
shocks Sa and Sb interact with C0 and a regular re
ection cannot happen.

� RegionB: In this region the parameter k(� 0; � 1) is speci�ed sothat we have

c(� 0) < � s < � � ;

where � � is the value below which the quasi-one-dimensionalproblem at
� s with states Ua and Ub on the left and on the right, respectively, does
not have a solution. Therefore, in this case,the shocks Sa and Sb could
intersect at the point � s , which is hyperbolic with respect to both states
Ua and Ub. However, a regular re
ection cannot occur becausethe quasi-
one-dimensionalproblem at � s does not have a solution. We do not have
scenariofor the solution in this region.

� Region C: The value of the parameter k(� 0; � 1) is such that

(6.5) � s > � � :

In other words, the shocks Sa and Sb intersect at the � -axis at the point
� s and moreover, the quasi-one-dimensionalRiemann problem at � s has a
solution. Hence,a regular re
ection occurs. We show in this section that
there are, in general, two solutions to this quasi-one-dimensionalRiemann
problem, each consisting of two shocks. As in Section 2.1, we denote the
two intermediate states for thesetwo solutions by

(6.6) UR = (� R ; mR ; nR ) and UF = (� F ; mF ; nF );

where we assumethat � R � � F . We will further discussfor which valuesof
k satisfying (6.5) we have a transonic regular re
ection and we will explain
the de�nition (2.11) of the state Us := U(� s).

The main goal of this section is to �nd the boundariesbetweenthe regionsA, B
and C. Following Remark 6.1, in the caseof a 
 -law pressure,theseboundariescan
be described by the curves in the (� 0=� 1; k)-plane. For 
 = 2 they are numerically
computed in Figure 5 (the region A being above the curve kA , the region B is
betweenkA and kC , and the region C is below the curve kC ).

Let us �rst consider the region A. Using the expression(2.8) for � s, we get that
the condition (6.4) is equivalent to

k >
s(� 0; � 1)

p
c2(� 0) � s2(� 0; � 1)

=: kA (� 0; � 1);

where s(�; �) is de�ned in Lemma 2.2. Note that for a �xed � 1 > 0 we have

lim
� 0 ! � 1

kA (� 0; � 1) = 1

and

lim
� 0 !1

kA (� 0; � 1) = lim
� 0 !1

s
p(� 0)

� 0c2(� 0) � p(� 0)
:
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 = 2.

For a 
 -law pressurewe can write

kA

�
� 0

� 1

�
=

s
F (M )


 M 2 � F (M )
; where F (M ) =

 
M

2


 � 1 � 1

M
2


 � 1 � 1

!

;

and M is given by (6.3), and also

lim
� 0 !1

kA

�
� 0

� 1

�
=

1
p


 � 1
:

In the case
 = 2, we have (seeFigure 5)

kA

�
� 0

� 1

�
=

s
� 0=� 1 + 1
� 0=� 1 � 1

:

Next we investigate the regionsB and C, i.e., we suppose� s > c(� 0). Therefore,
the projections of the shocks Sa and Sb intersect at the point � s , hyperbolic with
respect to the states Ua = (� 0; ma ; na) and Ub = (� 0; � ma ; na), with values of
ma and na given in (2.7). We want to solve the quasi-one-dimensionalRiemann
problem at � s , along a line segment parallel to the � -axis, with states Ub and
Ua on the left and on the right, respectively. (A general discussionon quasi-one-
dimensional Riemann problems is given in [3] and formulas for a solution in the
caseof the NLWS are given in [5].) The condition for a solution to this quasi-one-
dimensional Riemann problem to exist is that the shock loci S+ (Ua) and S� (Ub)
intersect. The formulas for m(� ) along the shock loci S� (U), for a given state U,
are obtained in [5] (App endix 6B). We have that if U = (�; m; n) 2 S+ (Ua), then

(6.7) m(� ) = ma +
p(� ) � p(� 0)

� s

s
� 2

s (� � � 0)
p(� ) � p(� 0)

� 1;

and if U = (�; m; n) 2 S� (Ub), then

m(� ) = � ma �
p(� ) � p(� 0)

� s

s
� 2

s (� � � 0)
p(� ) � p(� 0)

� 1:
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Moreover, along both shock polars S+ (Ua) and S� (Ub) we have

(6.8) n(� ) = na +
p(� ) � p(� 0)

� s
:

Note that (6.8) implies that the intersectionsof the projectedshock loci S+ (Ua) and
S� (Ub) in the (�; m)-plane correspond to intersections of the loci in the (�; m; n)-
space.

In Figures 6 and 7, we consider the 
 -law pressure with 
 = 2 and, for an
example, we take � 0 = 64 and � 1 = 1. For the caseof k = 0:5, we plot the
projected shock loci S� (Ua) and S� (Ub) in the (�; m)-plane in Figure 6. In Figure
7, we vary the parameter k and depict the projections of the corresponding shock
loci S+ (Ua) and S� (Ub).
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Figure 7. The projected shock loci S+ (Ua) and S� (Ub) in the
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Note that becauseof the symmetry of the states Ua and Ub, the boundary be-
tweenthe regionsB and C occurs at those valuesof the parameter k = kC (� 0; � 1)
for which

max
( �;m;n )2 S+ (Ua )

m(� ) = 0:
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To �nd the valuesof kC (� 0; � 1) at which the maximum of the function m(� ) given
by (6.7) is zero, we solve the system of equations m0(� ) = 0 and m(� ) = 0, i.e.,

(6.9)
c2(� )( � � � 0) + p(� ) � p(� 0) � 2(p( � ) � p( � 0 )) c2 ( � )

� 2
s

= 0;

m2
a = (p(� ) � p(� 0))( � � � 0) �

�
p( � ) � p( � 0 )

� s

� 2
:

Weexpress� from the �rst equation in (6.9) and substitute into the secondequation
to �nd kC (� 0; � 1). Even in the caseof the 
 -law pressurewith 
 = 2, we obtain
only an implicit relation between kC and � 0=� 1, and we depict k = kC (� 0=� 1)
numerically in Figure 5.

When k = kC (� 0; � 1), the two loci S+ (Ua) and S� (Ub) are tangent, and they
intersect at a single point. This implies that there exists a unique solution to
the above quasi-one-dimensionalRiemann problem at � s . When k is such that
0 < k < kC (� 0; � 1), there are two points of intersection,

UR = (� R ; mR ; nR ) and UF = (� F ; mF ; nF );

corresponding to di�eren t intermediate states in the two solutions of the quasi-
one-dimensionalRiemann problem at the re
ection point � s . Note that, by the
geometry of the shock loci S+ (Ua) and S� (Ub) (seeFigure 6) and by symmetry,
we have

� R ; � F > � 0 and mR = mF = 0:

We assume� F > � R . Each of the two solutions of the quasi-one-dimensional
Riemann problem consistsof a shock connecting the state Ub to an intermediate
state (either UR or UF ) and a shock connecting this intermediate state to Ua.

For the caseof the 
 -law pressurewith 
 = 2, we �nd numerically that c(� F ) =
p

� F > � s for any 0 < k < kC , and that c(� R ) =
p

� R > � s , for su�cien tly large
valuesof k. More precisely, the point � s is within the sonic circle

CR : � 2 + � 2 = c2(� R )

only if k� < k < kC , for somevalue k� (� 0=� 1). The curve k = k� (� 0=� 1) is depicted
in Figure 8. Hence, the re
ection point � s is subsonic for the state UF for any
0 < k < kC and is subsonic for the state UR if k� < k < kC , explaining our
de�nition of Us := U(� s) in (2.11). Even though we show this numerically for the

 -law pressurewith 
 = 2 (we checked it also for 
 = 3), we believe that it is true
for any function p(� ) satisfying (6.2).

By analogy with the gas dynamics equations or the unsteady transonic small
disturbance equation, we can think of UR and UF as \w eak" and \strong" regular
re
ection, respectively.

Appendix B: Str uctural Conditions f or the Fixed Bound ar y Pr oblem

We state the structural conditions of Section 4.3 [15] in the notation of this
paper.

First, we de�ne

(6.10) ~f (� ; � ) :=
�

f (� ; � ); (� ; � ) 2 � ;
� s; (� ; � ) = � s :

By (2.17) we have
� 0 + � � � ~f � � s;
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which implies boundson ~f independent of r 2 K and of � . (This is the �rst condition
in (4.8) [15].) Note that, in the context of the NLWS, the secondcondition in (4.8)
[15] on the function ~f is replacedby

c2( ~f (r )) > r 2 on � = f (r; � � ) : 0 � r � r (� � )g;

ensuring that the solution is subsonic(as we have stated in (2.17)).
Next, we intro duce the boundary operator ~N on � [ � 0 as

(6.11) ~N (� ) := ~� � r �;

where the vector ~� is de�ned by

(6.12) ~� :=
�

�; on � ;
(1; 0); on � 0;

with � given by (3.12).
Then the �xed boundary value problem (3.18) can be written as

~Q(� ) = 0 in 
 ;
~N (� ) = 0 on ~� := � [ � 0;

� = ~f on @
 n ~� = � [ � s ;
(6.13)

where ~Q is the operator given in (3.3), ~N is given by (6.11) and ~f is given by (6.10).
Moreover, we write the operator ~Q as

(6.14) ~Q(� ) =
X

i;j

aij (�; � ; � )D ij � +
X

i

bi (�; � ; � )D i � +
X

i;j

cij (�; � ; � )D i �D j �:

The structural conditions imposedon the problem (6.13) in [15] are as follows.

� The coe�cien ts aij , bi and cij are in C1, and for a �xed curve r 2 K we
have ~� i 2 H � � .

� The operator ~Q is strictly elliptic, meaning

(6.15) � � C1 > 0; for all � and r 2 K;
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where � denotesthe smallesteigenvalue of the operator ~Q. We alsoassume
a bound on the ellipticit y ratio of the form

(6.16)
�
�

� C2(j� j0); for all � and r 2 K;

where C2(j� j0) is a continuous function on R+ . Here, � denotesthe maxi-
mum eigenvalue of ~Q.

� The operator ~N is strictly oblique, i.e.,

(6.17) ~� � � � C3 > 0; for all � and r 2 K;

where � stands for the unit inward normal to the boundary ~�. Also,

(6.18) j ~� j � C4(j� j0); for all � and r 2 K;

holds, where C4(j� j0) is a continuous function on R+ .
� For any solution � to the equation ~Q(� ) = 0 in 
 we have

(6.19) 0 �
X

i;j

cij (�; � ; � )D i �D j �;

and there exist � 0; � 2 R, independent of � , such that

(6.20) j
X

i;j

aij (�; � ; � )D ij � j � �

 

� 0

X

i

jD i � j2 + �

!

:

It is noted in Remark 4.7 of [15] that, under the above conditions, a uniform
bound on the supremum norm j� j0, where � is any solution to the equation ~Q = 0
in 
, implies the following:

� the norms jaij j0, jbi j0, jcij j0 and j� i j0 areuniformly boundedin � and r 2 K,
and a uniform bound on the � -Holder seminorm [� ]� implies that [aij ]� ,
[bi ]� , [cij ]� and [� i ]� are uniformly boundedin � and r 2 K (here, � 2 (0; 1)
is arbitrary),

� the operator ~Q is uniformly elliptic,
� the boundary operator ~N is uniformly oblique, and
� since the matrix [aij (�; � ; � )] is uniformly positive de�nite and the coe�-

cients cij (�; � ; � ) are uniformly bounded, there exists K > 0, independent
of � and r 2 K, such that

(6.21)
X

i;j

cij (�; � ; � )D i �D j � � K
X

i;j

aij (�; � ; � )D i �D j �:

(This constant K plays role in the construction of a subsolution to the non-
linear �xed boundary problem (6.13) which is usedto show that a solution
to (6.13) exists. For more details, seeLemma 4.14 in [15]).

In [15] the additional condition � � H 2+ � , where� 2 (0; 1), wasimposed. However
in steps 3 and 4 of the proof of Theorem 4.11 we showed how to eliminate this
condition. This, we require only the weaker hypothesis � 2 H 1+ � � leading to
~� 2 H � � .
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Appendix C: Definitions of Weighted H •older Spaces

For a set S � R2 and a function u : S ! R, we recall the de�nitions of the
following seminormsand norms (for more details see[14]):

juj0;S := supX 2 S ju(X )j supremum norm;
[u]� ;S := supX 6= Y

ju(X ) � u(Y ) j
jX � Y j � � -Holder seminorm,

juj � ;S := juj0;S + [u]� ;S � -Holder norm,
jujk+ � ;S :=

P k
i =0 jD i uj0;S + [D k u]� ;S (k + � )-Holder norm:

Here, � 2 (0; 1), k is a nonnegative integer and D i u denotesthe collection of the
i � th order derivativesof u.

In the de�nition of the set K and in Theorem 2.3, H 1+ � denotesthe spaceof all
curvesr (� ); � 2 (� � ; � =2), such that

jr j1+ � ;( � � ;� =2) < 1 ;

and H ( � 
 )
1+ � denotesthe spaceof functions u(� ; � ), (� ; � ) 2 
, such that

juj( � 
 )
1+ � ;
 nV := sup

� > 0
� 1+ � � 
 juj1+ � ;
 � ;V < 1 ;

with 
 � ;V := f X 2 
 : dist(X ; V ) > � g and V := f O; V; � sg.
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