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Abstract

We consider strictly hyperbolic and genuinely nonlinear systems of hyperbolic bal-
ance laws in one space dimension. Sharp decay estimates are derived for the positive
waves in an entropy weak solution. The result is obtained by introducing a partial
ordering within the family of positive Radon measures, using symmetric rearrange-
ments and a comparison with a solution of Burgers’s equation with impulsive sources
as well as lower semicontinuity properties of continuous Glimm-type functionals.
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1 Introduction

We study the spreading of rarefaction waves for systems of balance laws in
one-space dimension

Ou+ 0 f(u) + g(u) =0. (1.1)
Here z € R, u(t,z) € R", f and g are smooth functions from R™ to R". We
assume that system (1.1) is strictly hyperbolic, that is, the Jacobian matrix
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A(u) = Df(u) has n real and distinct eigenvalues
A(u) < Ao(u) < ... < Ap(u), (1.2)

known as characteristic speeds. Let < [;(u),r;(u) > denote the corresponding
left and right linearly independent eigenvectors associated with these charac-
teristic speeds normalized so that

1, if i=j

0, if i+#j. (1.3)

Liu)ry(u) = {

Here, and in what follows, we assume that all characteristic fields are gen-
uinely nonlinear, namely for each ¢ = 1,...,n, the product of the gradient of
the characteristic speed with the corresponding right eigenvector is nonzero.
Without loss of generality, this condition can be expressed as

DX (u)ri(u) = 1. (1.4)

The assumption of genuine nonlinearity plays a crucial role in many aspects
of the forthcoming analysis.

The aim of this paper is to establish a sharp estimate that allows to compare
the decay of the measure of positive waves for each characteristic family of
(1.1) with the distributional derivative of a scalar balance law with a forcing
term.

Systems of conservation laws, i.e. ¢ = 0, with Cauchy data
u(0,x) = up(x) (1.5)

have been studied extensively. Such equations arise in elasticity, continuum
mechanics, magnetohydrodynamics and other applied areas. Global existence
has been established when the initial data has small total variation. More
precisely, four different techniques have been developed for constructing global
weak solutions, namely the random choice method of Glimm, the front tracking
method, the vanishing viscosity method and the functional analytic method
of compensated compactness. Expositions of the current state of the theory
together with relevant bibliography may be found in the books [7,16,32,33].

For systems of balance laws with general source term g, we expect blow-up of
solutions in finite time even when the initial data is of small variation. Indeed,
because of the presence of the production term g(u), small oscillations in the
solution may amplify in time, hence in general one does not have long term
stability in BV. Local in time existence of BV solutions was first established by
Dafermos and Hsiao [17], by the random choice method of Glimm [18]. On the
other hand, global existence is expected if g satisfies some special mechanism



that induces dissipation. Dafermos and Hsiao in [17] also investigated this sit-
uation and constructed global BV solutions under a suitable dissipativeness
assumption on g using the same approximating procedure. Under the same
dissipativeness assumption, existence as well as stability results have been
established via the front tracking method by Amadori and Guerra [2] for hy-
pebolic balance laws whose characteristic fields are either genuine nonlinear or
linearly degenerate. These wellposedness results have also been established for
hyperbolic balance laws with general flux, even in the case of non-conservative
systems, via the method of vanishing viscosity by Christoforou [13].

The dissipativeness hypothesis on the source g is the following: Consider a
constant equilibrium solution u* to (1.1), i.e. g(u*) = 0. If we linearize the
hyperbolic system (1.1) about u* and then decompose the solution u along
the right eigenvectors of A(u*), the resulting linear system is

U@t + )\Z'<'LL*)U1"I + Z Bij (U*)'Uj =0 s (16)

J=1

where B;; are the entries of the n x n matrix

B(u) = [ri(w), ..., rn(w)] " Dg(u)[ri(w), ..., rn(u)]. (1.7)

The natural condition that renders the above linear system stable in L! is
that the matrix B(u*) is strictly column diagonally dominant, i.e. there is a

positive constant 3 such that

Byi(u*) =Y |Bji(u*)| > 3>0 foralli=1,...,n, (1.8)
JF#i

which is equivalent to 3
|l —7B(u")| <1—p7, (1.9)

for every 7 > 0 sufficiently small and |- | stands for the /' norm of a matrix. It
is obvious that this hypothesis depends on the choice of the right eigenvectors
ri(u). Therefore, for practical use, one can find an equivalent condition in [1]
which is independent of the choice of the eigenvectors. We remark that such

condition holds in the case of frictional damping, but for 5 = 0.

In addition to global existence and stability results [17,2,13] to (1.1) under the
diagonally dominance condition (1.8), the uniqueness of BV solutions within
the class of wviscosity solutions is presented in Christoforou [14]. This result
implies that the entropy weak solutions constructed using the three different
schemes (the random choice, the front tracking and the vanishing viscosity
method) coincide.

It should be added that the results in [17] are obtained when the flux f and
the source g can depend explicitly upon (¢, z) under additional assumptions



on Df and g. We also refer to Liu [27] for global existence results to (1.1) for
a different class of source terms.

A sharp decay estimate on the spreading of rarefaction waves was established
by Bressan and Yang for hyperbolic systems of conservation laws without
source term g(u) = 0 in [11]. This sharp estimate has proven to be extremely
important in providing information on the rate of convergence for vanishing
viscosity approximations for hyperbolic systems of conservation laws, cf. [12].
See also [4] and the references therein. The aim of this paper is to show that
sharp decay estimates can be established even in the case of hyperbolic balance
laws (1.1), to analyze the effect of the source g and to provide a comparison
with a solution to the Burgers’s equation with impulsive sources.

Related results for approximate solutions to hyperbolic systems of conserva-
tion laws constructed by the random choice method of Glimm were given
by Glimm and Lax [19], Lax [22,23] (genuinely nonlinear systems) and Liu
28] (piecewise genuinely nonlinear systems). An estimate on the spreading
of rarefaction waves for general BV solutions of genuinely nonlinear systems
of hyperbolic conservation laws was established by Bressan and Colombo [8],
and Bressan [7]. Glimm-type estimates for general BV solutions were also
presented by Dafermos [16] and Trivisa [34] for hyperbolic systems of two
conservation laws using the method of generalized characteristsics. We also
refer to Dafermos [15] and Jenssen and Sinestrari [21] for scalar conservation
laws with one inflection point, to the article by Ancona and Marson [3] for the
study of systems of two conservation laws with a single inflection point and
to LeFloch and Trivisa [25] for hyperbolic systems of conservation laws with
a more general flux-function. The spreading estimate controls the decay of
solutions for large times. Further results on the large-time decay of solutions,
especially for systems of two conservation laws, can be found in Dafermos [16].

In the next subsection, we introduce a notion of partial ordering within the
family of positive Radon measures, define the positive i-measures and the
Glimm functionals of a function of bounded variation and in Subsection 1.2,
we present the main results.

1.1  Preliminaries

Let u(t, -) be a function of bounded variation, as such its distributional deriva-
tive D,u is a Radon measure. Here and in what follows, u(t,-) will denote a
function of small total variation. Following [7], we define the wave measures
u' of i-waves in u: Consider the distributional derivative D,u and define

it = 1;(u) - Dyu



on the sets of continuity of v and

p({z}) = o;

at the points of jump of u. Here, o; denotes the strength of the i-wave in the
Riemann solution with data the left u; = u(x—) and right u, = u(x+) states.
If we denote by u; = ug, uq,...,u, = u, the states in the Riemann solution,
and take into consideration the fact that all characteristic fields are genuine
nonlinear, then we can define the strength of the i-wave to be

g; = Az(”z) — Ai(ui,l) .
Taking into account that
o = Li(u) - (up — ) + O(1) - Ju, — wl?,

one can identify a vector [;(x) such that

() — L — O - lu. —
o = Li(x) - (u, —w).
Therefore, we can now define the measure p' as
p' = 1; - Dyu, (1.11)

where [;(z) = l;(u(x)), at points of continuity for u, while at jump points [;(z)
is defined through relations (1.10).

Throughout this paper, we use O(1) to denote a large positive constant.

We denote by pt and pu'~ the positive and negative parts of p’ and by |A|
the Lebesgue measure of a set A.

Definition 1.1 Let pu, ;' be two positive Radon measures. We say that
p=u' if and only if  sup pu(A) < sup p'(B), (1.12)
[Al<s |B|<s
for every s > 0.
We remark that the usual relation
p <y ifand only if p(A) < p'(A) (1.13)

for every A C R, is stronger, in the sense that it impies u < i/, but the reverse
does not hold.



In association with the measures pf, we define the Glimm functionals

V() =3 I1W|(R), (1.14)

Qu) =3 (1K1 ® W D{(z,y)sx <y} + 2 (0~ @ [ D{(z,y)iz £y} (1.15)
i<j i
Let us denote by u = u(z,t) an entropy solution of system (1.1). Under the
dissipativeness condition (1.8), if the total variation of w is small and the
constant c is large enough, the functionals

Q1) = Qu(t), T(t) = V(u(t)) + cQ(u(t)) (1.16)

are nonincreasing in time and more precisely, they are decaying exponentially
fast. The decrease in () controls the amount of interaction, while the decrease
in T controls both the interaction and the cancellation in the solution. A
sharp estimate on the measure pi" of positive i-waves will be obtained by a
comparison with a solution of Burgers’s equation with source terms.

1.2 Main results

In this section, we present the main results of the article. We start our pre-
sentation by stating two theorems. The first refers to hyperbolic balance laws
(1.1) under the assumption that the dissipativeness condition (1.8) is satisfied
for the source term g = g(u), while the latter refers to the case of a general
source term g = g(u). We remark, that in the more general case there is a
price to be paid, in the sense that the result is local. For hyperbolic balance
laws with a general source we have, in general, blow-up of weak solutions in
finite time. Therefore, the decay estimate in that case, holds within the time
interval of existence of solutions.

Theorem 1.2 Consider system of balance laws (1.1) with initial data (1.5)
and assume that the system is strictly hyperbolic, each characteristic field is
genuinely nonlinear and the dissipativeness hypothesis (1.8) holds.

Let w = w(t, ) be the solution of the Cauchy problem for the scalar Burgers’s
equation with impulsive source term

2

Ow + 0, <u;) + pw = —ksgn(x d Q(u(t)), (1.17)

(@)=

i+ A
w(0,x) = sgn(x) - sup o (A)
|A|<2|z|

(1.18)

with 3, k denoting some positive constants.



Then, for every solution u = u(t,x) of (1.1), (1.5) with small total variation,
and for everyt >0, andi=1,...,n,

pit = Dyw(t). (1.19)

The following theorem states the result in the general case of a local in time BV
solution to system (1.1), i.e. when hypothesis (1.8) does not hold necessarily.

Theorem 1.3 (Local in Time) Consider system of balance laws (1.1) with
initial data (1.5) and assume that the system is strictly hyperbolic, each char-
acteristic field s genuinely nonlinear. Denote by T' > 0 the mazimal time of
existence of a solution to (1.1), (1.5).

Let w = w(t, z) be the solution of the Cauchy problem for the scalar Burgers’s
equation with impulsive source term

Ow + 0, (g) = yw — ksgn(x) - C;iQ(u(t)), (1.20)
w(0,x) = sgn(x) - sup ' (A) (1.21)
|A|<2lz| 2

with v, k denoting some positive constants.

Then, for every solution u = u(t,z) of (1.1), (1.5) with small total variation,
and for every t € [0,T] andi=1,...,n,

pit < Dow(t). (1.22)

As the Burgers’s equation represents the prototype example for hyperbolic
conservation laws, the Burgers’s equation with impulsive source terms repre-
sents the prototype example for hyperbolic balance laws. In some interesting,
yet special, cases the characteristic speeds of systems of conservation laws are
due to (1.4) solutions of Burgers’s type equations.

The outline of this article is as follows: In Section 2, we present the result in
the scalar case in the context of an example. A suitably modified wave front
tracking algorithm and the operator splitting method for the construction of
solutions to the hyperbolic balance law (1.1) are outlined in Section 3. In
Section 4, we prove the main theorems, in particular, we derive a sharp decay
estimate on the spreading of rarefaction waves for general solutions of bounded
variation to hyperbolic balance laws. Throughtout this paper, the emphasis is
on the proof of Theorem 1.2 in the dissipative case.



2 Motivation

In this section, we study the scalar balance law as a motivation that gives rise
to the results of the theorems.

Let u = u(t, x) be a solution of the scalar balance law
2

with smooth initial data

u(0, ) = ug(x)
where § > 0 constant. Define w = w(t,x) as the solution of the Cauchy
problem for the scalar Burgers’s equation with source term

2

and initial data

w(0,x) = sgn(x) - sup oY) dy.
|A|<2lz| /A 2

It should be noted that the above initial value problem corresponds to problem
(1.17)-(1.18) with @ = 0. Now along each characteristic curve

d
= =ult, (),
the gradient satisfies
d 2
Eux(t, z(t)) = —(ug)” — Pug. (2.1)

Note, when u, is positive (2.1) yields that

which implies that wu,(¢,2z(t)) is a nonincreasing function.
Clearly, when w, (¢, z(t)) is positive, (2.1) implies that
e Pt

(557) + luoa (a1

By virtue of (1.19), for every ¢ > 0 we have the relation

u(t,x(t)) <

pt = Dyw(t),



which includes the additional information (2.2). We remark that this relation
is sharp in the sense that the reverse

Dyw(t) =< pyt

also holds, as long as no positive waves are cancelled by interacting with
shocks.

3 Properties of hyperbolic balance laws and wave measures

In this section, we determine the solutions of the initial value problem

O+ Oy f(u) + g(u) =0 (3.1)
u(0,x) = ug(x) (3.2)

by constructing a family of Lipschitz semigroups P, with some desired proper-
ties as the s — 0 limit of an approximate sequence of operators P; constructed
by a suitably modified wave front tracking algorithm. In the following construc-
tion, the source term is handled by the operator splitting method.

Given a system of hyperbolic conservation laws, g = 0, with initial data of
small total variation, existence and stability of solutions have been established
in a series of articles. We refer the reader to the articles [7,16,9,10,6] and the
references therein.

Roughly speaking, if we denote by D the domain
D(6) = cl{u € L' "BV (R;R") : u is piecewise constant and Y (u) < &},

where the closure is taken in the L!-topology, then there exist dg, Lg > 0 and
a unique dynamical system (semigroup)

S+ [0, +00] x D(85) — D(ds)

satisfying a series of properties [7,16,9], such that if uy € D is piecewise con-
stant, then, for ¢ sufficiently small, u(-,t) = Syug coincides with the solution
obtained by piecing together the standard entropy solutions of the Riemann
problems determined by the jumps of ug. Moreover, for each § < dg the do-
mains D(0) are invariant under the evolution of the semigroup S.

A Lipschitz evolution operator P for the hyperbolic balance law (1.1) has been
constructed in [1]. Under the diagonally dominance assumption, the evolution
operator P : [0,400) Xx D — D turns out to be a semigroup defined on a
suitable domain D. Moreover, the evolution operator P satisfies the following



key estimate:

| Phug — Spug + h - g(ug)||;r = O(1)h* as h — 0. (3.3)

We state below the theorem which determines the global existence of solutions
for the inhomogeneous system (3.1)—(3.2) as established in [1].

Theorem 3.1 Under the dissipativeness assumption (1.8), there ezist a closed
domain D C L'(R,R") N BV(R,R"), containing all L'-functions with suffi-
ciently small total variation, positive constants 3, Cy, Lp > 0 and a unique
semigroup P : [0, +00) X D — D satisfying for each ug,vo € D and all s,t >0
the following properties:

1. Poug = ug, Piysug = Py Psuy,

2. ||Ptu0 — PSUOHLl S Lp(|S — t| + ||U0 — U()HLl),

3. || Phug — Spug + b - g(ug)||rr = o(h) as h — 0.

4. the function u(z,t) = (Puyo)(x) is a weak entropy solution of (1.1) with
Tot. Var. u(-,t) < Coe P Tot. Var. ug(-) (3.4)

5. For all t > 0, L'-stability of solutions holds:

|| Piug — Pyvollnr < Lpe*ﬁtHuo — vg||Le- (3.5)

On the other hand, assume that a Lipschitz map u : [0, T] — L'(R) satisfies
for allt €10,T) : u(t) € D and

|lu(t + h) — Su(t) +1- g(u(t))||L = o(l), asl — 0. (3.6)
Then u(t) coincides with the flow trajectory Pau(0).

It should be noted that the exponential decay factor is due to the dissipation
induced by g.

In the case of a general source term g = g(u), we have in general blow up of
solutions. More presicely, there exist time 7" > 0 and a unique semigroup P
defined on [0,7) x D — D that satisfies the properties of the above theorem
with the difference that estimates (3.4)—(3.5) become

Tot. Var. u(t,-) < Coe?Tot. Var. ug(-) (3.7)
||PtU,Q — HUOHLl S LPGVtHU,Q — ’U()HLl. (38)

where 7 is a positive constant that depends on the source g. One can see that
(3.7)—(3.8) imply possible blow up of solutions in finite time.

10



3.1  The Operator Splitting Method

In view of the discussion in the introduction, existence and stability of so-
lutions to the balance law (1.1) are established in [17,2,13] using the three
methods of construction. Here, we choose to present now the algorithm for
the construction of solutions using a modified front-tracking method since the
properties of the approximate solutions u®™ fit better in our analysis. We refer
the reader to [16,2] for further details.

The algorithm is initiated, at time ¢y = 0, by approximating the initial data by
a piecewise constant data u. For convenience, we drop the index s and denote

this piecewise constant initial data by uy To pass from ¢t = t; to t = tq1, we
first solve approximately the ordinary differential equation

O+ g(u) =0 on (ty,tg1)
and then solve independently, the conservation law

O + 9, f (u) = 0.

More precisely the process is described below.

Let S be the semigroup for the homogeneous system and § denote a fixed
parameter d € (0,¢). Given a mesh time interval At = s > 0 and a function
u € D(0) the approximate operator P? is defined as follows:

e Att=0,
PSUO:UO

e For every t € (ks, (k+1)s), and for every k > 0, we solve the homogeneous
problem by applying the semigroup operator S;_, to the solution P, namely

.PtSUO = St—ksP]:SUU
e To estimate the solution at time ¢t = ks, k > 1, we add to the value of the
solution P}, u estimated as

s T s _ s
Pps—uo = lim Ppug = SsP,_1)5u0,

the value of an approximate solution to the differential equation d,u+g(u) =0
evaluated at time t = ks—, namely

S 3 S S
P uy = thgslf Plug — s - g(Py,_up).

11



Using the above operating splitting method, given a mesh size s = At, an
approximating sequence Py is constructed for all times ¢ > 0 and as s — 0,
P? converges to the Lipschitz semigroup P associated with (3.1)—(3.2). Under
the dissipativeness condition (1.8), the Lipschitz evolutionary operator P?® is
an approximated semigroup defined for all t > 0 that satisfies

Psuy € D(min(1, e2Pse=20) . §),
Tot.Var. Pfuy < Cy min(1, e?%e=2%)Tot. Var.u, (3.9)
T(Prug) < e P (up)

for suitable positive constants C; and (. Tt should be noted that 0 < § < 3
and § — = O(Tot. Var. uy).

Similarly, for a general source g, for any u within the domain D(¢), the ap-
proximate trajectories Pfug are defined within the interval [0, 7] and it holds

Plug € D(e9),
Tot. Var. Pfuy < Cie?* Tot. Var. ug, (3.10)
Y(Pfug) < e’ Y (up)

for suitable positive constants C and ~.

So far, following [2], the above construction gives rise to a sequence of ap-
proximate solutions u®(-,t) = Pfug, s = At with the property that as s — 0,
we can pass to the limit and u® converges to the solution of balance laws
(3.1)-(3.2). Now, the so called modified front-tracking approximate solution
u®™(x,t) can be obtained by approximating the semigroup S by the semigroup
S™ associated with the front-tracking approximate solutions for the system of
conservation laws (¢ = 0). Here, m denotes the front-tracking parameter and
as m — oo, u™(-,t) = Sj"uy converges to the entropy weak solution of the
system of conservation laws (¢ = 0). For more details on the front-tracking
method, we refer the reader to Bressan [7], Dafermos [16] and Holden-Risebro
[20]. In other words, at every time step (tx, tx+1) = (ks, (k+1)s), we obtain a
piecewise constant function u®™(t) = P, ug using the front-tracking approx-
imate semigroups S™, and at times t = ks, we apply the operating splitting
method as described above on the modified operator P*™ at t = ks—. In this
way, u®(t) = P""uj is a globally defined piecewise constant function with a
finite number of discontinuities that enjoys all properties of a front tracking
approximation and as m — oo, u*™(t) converges to u®(t) = P’ug. Thus, as
m — oo and s — 0, we can extract a subsequence such that u®™ — u, where
w is an entropy weak solution to balance laws (3.1)—(3.2). This sequence is em-
ployed in the proof of the theorems in Section 4. By the references mentioned
above, it is clear that this construction is global in time for dissipative source
g and it can be extended up to ¢t =T > 0 for general source g.

12



Similarly, one could employ the random choice method of Glimm to approxi-
mate the semigroup S in each time step. This is precisely the idea in Dafermos—
Hsiao [17]. In our analysis, we choose to employ the modified front-tracking
sequence described above.

3.2  Wave measures

Here, we quote the main properties of the partial ordering. For a longer expo-
sition, we refer to [11,7].

Let v be a bounded, nondecreasing function v : R +— R and pu = D,v its
distributional derivative. A positive Radon measure p can be decomposed as
the sum of a singular and an absolutely continuous part with respect to the
Lebesgue measure, namely

= lusz'ng 4 Mac.

The absolutely continuous part corresponds to the usual derivative z = v,,
which is a nonnegative L! function defined almost everywhere.

Definition 3.2 The symmetric rearrangement of z, denoted by Z is defined
to be the unique even function with the properties

2(x) = 2(—x), Z(z)>2() if 0<ax<a, (3.11)

meas ({x; 2(x) > c}) = meas ({z; 2(x) > c}) for every ¢ > 0. (3.12)

In accordance, the odd rearrangement of v, denoted by Zz is defined to be the
unique function v with the property

o) = —i(x), 2(0+) = LuI(R), (3.13)
O(z) = 0(0+) + /Om 2(y)dy for x> 0. (3.14)

Hence v is convex for z < 0 and concave for x > 0.
The relation between the odd rearrangement v and the partial ordering =
introduced earlier as well as further properties are expressed in the following

lemma.

Lemma 3.3 Let p and u' be two positive Radon measures. The following
properties hold:

13



(@) If u = Dyv, ' = Dyv" and © and 0" denote the odd rearrangements of v, v’
respectively, then

p =D 0= p
Moreover,
() = uA)
0(x) = sgn(x) - sup : (3.15)
Al<2lz| 2
and
p = u'if and only if o(x) < 0'(x) for allx > 0. (3.16)

(b) Consider any finite partition R = J; U---U Jy. Let us denote the restric-
tions of p, )’ to the set Jy, k=1,..., N by

(@kwﬂzmAﬂh%(MJNQZMMﬂh)

k

Then,
if u(AJJ ) < u’(AJJ ) for each Ji, then p =<
k k

(c) Assume that i < Dsw for some nondecreasing odd function w.

If |u# —p|(R) <e, then p* < D, |w+ sgn(s) % .

Proof. We refer the reader to [11] for the proof. O

The next proposition yields the lower semicontinuity of the partial ordering
=< and it will be crucial in obtaining our main result.

Proposition 3.4 The following statements hold true:

(a) Consider a sequence of measures , converging weakly to a measure p.
Assume that the positive parts satisfy u} < Dw, for some nondecreasing odd
functions s — w,(s), concave for s > 0. Let w be the odd function such that

w(s) = liminfw,(s) for s> 0.

V—00

Then the positive part of u satisfies
ut < Dw. (3.17)

(b) Consider a sequence of functions w, s with uniformly small total variation
and call pit the corresponding measures of positive i-waves. Let s +— wy(s),
v > 1, be a sequence of odd, nondecreasing functions, concave for s > 0, such
that

1" =X D [w, + Cosgn(s)(Qo — Q(uy))] (3.18)

14



1

for some Qq. Assume that u, — u and w, — w in Lloc'

positive 1-waves in u satisfies

Then the measure of

't = Dy [w + Cosgn(s)(Qo — Q(u))] . (3.19)

Proof: The proof follows the line of argument presented in [5], [11]. O

4 Proof of the main theorems

In this section, we present the proof of Theorems 1.2 and 1.3. We focus on the
proof of Theorem 1.2 with an extensive and detailed analysis in Subsections
4.1 and 4.2. The presence of the source g, under the diagonally dominance
condition, brings additional challenges, therefore, new delicate estimates need
to be derived. We present these estimates in great detail. First, we establish a
version of the results in Subsection 4.1 in the context of a prototype hyperbolic
balance law and then we use them in an iteration scheme in the proof of the
theorem in Subsection 4.2. The proof of Theorem 1.3, for a general source g,
follows easily and it can be found in Subsection 4.3.

4.1 A “simplified” model

The aim in this subsection is to obtain a spreading estimate for a ”prototype”
balance law presented in Lemma 4.1. This decay estimate will be of use in an
approximation argument given in the sequel in the proof of Theorem 1.2.

Lemma 4.1 Let u be an entropy weak solution of the hyperbolic system of
balance laws (1.1) and (1.5) of small variation under hypothesis (1.8) and ;"
be the corresponding measure of its positive i—waves at time t.

Consider the solution w : [0,7) x R — R to Burgers’s equation with source

w2

and initial data "
w(0,x) = sgn(x) - sup o (4) : (4.2)
jAl<2fe] 2
where 3 > 0 is given in Theorem 3.1. Fort = 1, set
w(r,z) = w(T—,2) + rsgn(z) - [Q(uo) — Qu(r))], (4.3)
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then the following estimate holds

pit = Dyw(r). (4.4)

Our analysis follows similar line of argument to the one presented in Bressan—
Yang [11] in the context of hyperbolic conservation laws (¢ = 0). New delicate
estimates are presented here in order to deal with the challenges that the
presence of the source term g = g(u) involves. In order to pass from the
hyperbolic conservation laws (g = 0) to the balance laws (g # 0), important
modifications in these techniques need to be made for the treatment of the
source g. For the benefit of the reader, the presentation of the proof has an
emphasis on the role of the source g.

Before we prove this lemma, we introduce quantities that approximate the
distributional derivative D,w of (4.3) and the measure of positive i—waves
(1 of u over subintervals that are bounded by i-characteristics. We prove
an important relation between these quantities in Proposition 4.2 that would
lead the proof of the above lemma in the end of the subsection.

We assume that the initial data ug to (1.1) has the following property: There
exists a finite number of points

T < T < - <X

such that ug(x) is constant for x < z; and = > Z,, smooth away from these
points Z; and its derivative component [;(u)u, is constant on each interval
(%1, T111). Moreover, we assume that the Glimm interaction potential

£ Qu(t)) (4.5)
is continuous at time ¢t = 7.

Let € > 0 be a fixed small positive parameter. By the assumption on the initial
data, we can approximate the positive measure ;" of i~waves by a piecewise
constant function ¢7(z) with jumps at finitely many points

21 (7) < 2o(7) < -+ < an(7),
i.e. there are contants i, j=1...,N

Y(x) =95, for  xi(1) <x < wi4a(T),
such that the integral of ¢)7(-) is equal to the measure of positive i—waves over
each subinterval [z;(7), z;4+1(7)) and it is a good approximation over the whole
real line. Namely,

P (L(7)) = W (2541(7) — 25(7))
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and

dr < e.

/‘duT s

Moreover, we consider i—characteristics ¢t — z;(t), t € [0, 7] that emanate from
the points (z;(7),7) of discontinuity of ¢"(-). We set ¥%(z) = l;(u)u,(z,0),
such that either x;(0) = x;41(0) or else ¥°(z) is constant on (x;(0), z;41(0))
and we denote its constant value by w?. By convention, we assume that
(19)7" = 0 when 2;(0) = x;41(0).

For every t € [0,7] and j =1,..., N, we consider the interval

Li(t) = [2(8), 2541 (1)) (4.6)
of length

Sj(t) = .Tj+1(t) — l’](t) s (47)

and the region

AP = ((s,2): s €[0,8], ,x € L;(s)} . (4.8)
Now, for each j we denote by Fgo’t] the total amount of wave interaction that
took place within the region Ag-o’ﬂ. We can view this quantity as the difference
between the interaction potential at the initial time ¢ = 0 and a later time ¢,
that is,

04— ,(u(0)) — Qy(u(t)

where @;(u(-)) denotes the interaction potential in u along the interval I;(-)
as defined in (1.16).

Then, the measures of positive i-waves over the interval I;(t) at time ¢t = 7
and t = 0 satisfy

o} = p (4(7) = ¥ (2 (1) = 25(7)) (4.9)

= lim p"(1;()) . (4.10)

t—0+

The goal is to compare the measure u‘" of positive i—waves in u with the
distributional derivative of the solution to (4.3) over the interval ;(7). To
achieve this, we define a nondecreasing function ¢ — w;(()

—ﬁrg
W5+ 501
which corresponds to (4.1)-(4.3). Note that the second term in parenthesis

corresponds to the solution of Burgers’s with source fw and having initial
data ¢§')- The last term is due to the amount of interaction that is included in

w;(() = min{ 5700 Ty } + ke PTsgn(¢) FE«O’T] . (4.11)
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(4.3). It should be noted that the above function reduces to the one considered
in Bressan—Yang [11] as ¢ tends to 0 uniformly.

In addition, we define a nondecreasing odd function ¢ — 7;(¢) as follows
1;(€) = ¢j min{¢, [zj(r) —z;()]}, >0, (4.12)

Note that 7;(0) = 0 and 7;(¢) is constant for { > s,(7). By (4.9), one can see
the relation between n; and p*(I;(7)). Figure 1 shows the graphs of both w
and n; for ¢ > 0.

oy kLG w;(C)
utIi(r) o G Q)
/ﬁJF]‘ ././'/./ |
sj(T) C»

Fig. 1. The graphs of w; and n;

As mentioned above, the two quantities that would be studied to prove esti-
mate (4.4) in Lemma 4.1 are w; and 7;. The key estimate is given in the next
proposition.

Proposition 4.2 For each j =1,..., N, consider the functions w; and n; as
defined in (4.11) and (4.12), respectively. Then for every ¢ > 0,
i () < w;(C) - (4.13)

Proof. It is easy to show that the result holds when 0? = 0. Indeed, in such
a case, (1.16) and (3.9) imply that there is a positive constant ¢ so that

n;(Q) < it (I(7)) < TP for all ¢ >0. (4.14)

i ’
Choosing k > ¢, (4.11) yields

w; () = kTP > e (4.15)

J

which implies the result.
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Now, lets consider the case a}) > 0. Without loss of generality, we can assume
that the length of the interval I;(0) is positive, namely z;(0) < ;41(0). Other-
wise, one could treat the case z,;(0) = x;41(0) in the limit z,,,(0) —z,(0) — 0.

By account of (1.16) and (3.9), there is a positive constant ¢ such that
P (I(r)) < e Pl 4 ce T (4.16)

over the region ABO’T]. It should be noted that the exponential decay factor
n (4.16) is due to the dissipativeness assumption on g. If the amount of
interaction is dominant in comparison to the initial amount of i—waves, namely

Tl > = 50 (4.17)

then it yields 4
ni(Q) < Wi (I;(r)) < Tee TY (4.18)
and estimate (4.13) holds for k > 7.

It remains to investigate the opposite case, when the initial amount 0? is

dominant to FBO’T], i.e

¢ﬂ<é¢ (4.19)
Recall that
09 = (25:1(0) — 7;(0))8 > 0. (4.20)
and
o = 5;(T)5 . (4:21)

To prove (4.13), it suffices to establish it for the special value ¢ = s;(7), see
Figure 1. For this value of ¢, (4.13) reduces to

—Brg.

77].(3].(7—)) — UJT < min{ —pr ;)7 e S]<7') }—l—e ﬂTK,F[OT] _ wj(Sj(T)) '
n_y, L—e€

(4.22)

By virtue of (4.16), it suffices to verify that there is a constant x > 0 so that

e 77s;(7)

0\-1 1 —ef7
(@Z)J) /6

<
0 <

+ e_ﬁT/ng»O’T] : (4.23)

which can be deduced by

1—ePr 1—ePm

g al3

for some positive constant ¢; using estimate (4.16).

5;(0) + 09( + (@) P < si(r) (4.24)

19



Thus, from here and on, the goal is to establish estimate (4.24). Let {u®"},,
be a sequence of front-tracking approximate solutions of the solution u(t, x) to
system of balance laws (1.1) that can be constructed as described in Subsection
3.2. Hence as m — oo and s — 0, u*™ converges to u in L},.. Moreover, the
approximate initial data u®™(z,0) contains exactly m rarefaction fronts that
are equally spaced along the interval 7;(0) and each initial front has strength

0,(0) = ag/m for k =1,...,m. For the convenience of the reader, we drop the
index s that corresponds to the time step s = At and denote this sequence by
u™.

We fix j = 1,..., N and decompose the interval [;(¢) = [z;(t), z;41(t)) into
subintervals Jy(t) = [yx(t), yx+1(t)) with the property that at time ¢ a front of
strength o () is located at x = yy ().

For each k = 1,...,m, we denote the length of the interval Ji(t) by
() =y () — ua(t) (4.25)
consider the region

APY = {(s,2); s[04, x€ Ji(s)} (4.26)

and let I‘Lo”f] be the amount of interaction of " within A][S’ﬂ Then for all
t < 7, we have F,E’;ﬁ < FES,’J-T].

Following [11], we consider a set of indices K C {1,...,m} with the property
that k € KC if

a1, (0) < 5l (4.27)
Observe that if k, kK +1 ¢ KC, then Ji(t) = [yk(t),yk+1(t)) satisfies
d
W< @ ra Y o). (4.28)
vEAL(t)

for some positive constant ¢;. Here, Vi(t) is the total amount of i—waves in
Ji(t) and Ag(t) corresponds to the set of all wave fronts of different families
that are crossing Ji(t). However, because of the dissipation, there is a positive
constant [, so it holds

PVi(t) > 01, (0) — el (4.29)
Integrating (4.28) and using (4.29), we get

1—e P

Ie(7) > 14(0) + ————(04(0) — T — ¢, / Z |a,, )dt . (4.30)

6 veAL(

Now, we need to control the last term, i.e. the integral of the strengths |o,| of
the waves of different families at time ¢. These wave fronts are of three possible
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types: (i) 0,4 wave fronts that are located in Ji by entering the curves y; or
Yk+1; (ii) 0,50 wave fronts that are generated through wave interactions within

A{f’ﬂ and (iii) 0,,: wave fronts that are located in Jj(0).

CASE (i): Every wave front o, , of different family remains within AL jt] for a
time length proportional to I (t). By account of (4.27), since k, k+ 1 ¢ K, it

follows oy (t) > 0%(0)/2. Then using the total amount of interaction F[O 1 and
o (0) = 09 /m, it yields

Z 00l < ir[‘) i (4.31)
CASE (ii): By (3.9), wave fronts o, 3 that are generated within A}ﬁ’ﬂ satisfy

> lovs| < ce PN (4.32)

v

CASE (iii): Similarly, wave fronts o, that are in J;(0) satisfy

Dlowsl< 32 Jou(0)] +ee” v (4.33)
I/E.Ak()

and initially these fronts are equally spaced along I;(0).
Recalling the property
F[ }<F[OT], fort <7

and using estimates (4.31)—(4.33), we obtain the bound

2 T
D> I (0]t <O1) mas (1) oo T+ o [ el

I/EAk te OT} ] 7 0
1
+O()—(55(0)+1) > |ou(0)] . (4.34)
veAL(0)

Combining with (4.30), we arrive at

1—e P , 2m o~
k(1) 21,(0) + ————(0%(0) — O()TT) — O(1) =5 T} max Iy (t)
I} ’ oy t€[0,7]
1
—0()—(s;0)+1) > |ow(0)]. (4.35)
m VEAL(0)
Next, we need to control tm[gux] l;(t) in the above expression and we claim that
€0,
lp(t) <21 . 4.36
max k(t) < 20(7) (4.36)

To prove the claim, we can follow similar line of argument as in Bressan—Yang
[11], where the case g = 0 was treated. We omit the proof here and refer the
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reader to pp. 672-673 of [11] . Further details of the computations can be
found in pp. 213 of [7].

Since 04(0) = o} /m, inequality (4.35) can be written as

(0) + 5(1 — eFm) 2

B ) 1
lp(T) > I _0O(1)=(1 — e BT\TI07]
{r) 2 14+ 0(1) T 15! s
1
—O0(1)—(s;(0) +1) > lou(0)]. (4.37)
veAL(0)

Using (4.37), it yields

—0()— (50 +1) 3 [ (0)]. (1.35)
veAL(0)

Because > pgx FLOJ] < '™ and the total variation of the initial data is

J
bounded, estimate (4.38) reduces to

50 2 3 [0+ 20 - )20 - 00) Zresh] - o)L - e rryrion
k¢K ﬁ m op:
O (50 + 1)
> Z 1;(0) + l(1 _67)1? O(l)sj([?) FBO»T] 0(1)=(1 - e—ﬁT)FBO,T]
kK B m o
- O(l)E(SJa)) +1), (4.39)

where we used the fact that the intervals Ji(0) are of equal length.

Now by virtue of definition (4.27), we get

m _o,r
J
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where | - | denotes the cardinality of the set. Using [;(0) = s;(0)/m for all
k=1,...,m and (4.40), we have

5 (0) + 51 - ) 2]
kgK
= S(0) + 5 (1— e )T — S 1(0) + =(1— e 7))
k=1 & m- ek g m
— (5;(0) + ;u — a0 (1 - K|/m)
S l —e Pl — 5e Sj(o) l — e P > [0,7]
> 5(0) + 5(1 )0l —5 ( p + 500 )) T (4.41)
Combining (4.39) and (4.41), we arrive at

5;(7) 25;(0) +

(1 —e—ﬁf)a;?—ou)( '

—0(1)—(5;(0) +1). (4.42)

— @

Letting m — oo and s = At — 0, we prove (4.24). In view of the analysis in
the begining of the proof, the result follows. O

By account of estimate (4.13), we now prove Lemma 4.1.

Proof of Lemma 4.1. Consider a sequence of initial data {uf} that converges
to the initial data ug of (1.1) as » — oo with the properties: there exists a
finite number of points

T < To < <X
such that ug is constant for + < z; and = > Z,, smooth away from these
points z; and the i-measure pu;(ug) is constant on each interval (z;, Z;41) for
l=0,...,7—1. Moreover, as r — 00,

Qup) — Quo), g™ = p™ (ug) — ' (uo) - (4.43)

Denote by u,(t,x) the solution to (1.1) with initial data u} and u;*" the
corresponding measure of positive waves. Let w” (¢, x) be the solution to (4.1)
with initial data

w"(0,z) = sgn(z) - |As‘1<1£)| | MSJJ;(A) : (4.44)
for t < 7. Fort =T, set
w'(1,x) = w' (1—,x) + ksgn(zx) - [Q(ug) — Q(u.(1))], (4.45)

where & is the positive constant given in (4.11).
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In view of the analysis before Proposition 4.2, we can define nondecreasing
functions wj(-) and 77 (-) using (4.11) and (4.12), respectively, since the initial
data uy satisfy the assumptions imposed. By Proposition 4.2, it follows

1h(Q) < wh(¢) forall ¢>0. (4.46)

By definition of 7} ((), we have

ME(ANL(T ,
aup HAOLE) ey e (4.47)
|[A]<2(¢]|
where
Y oei<e. (4.48)
J
On the other hand, by (4.11) we get
e 77¢ 0
T < + —pT F[ 7]
w; (C) = (¢?)71 T %(1 _ 6*57) ke Sgn(C) J
<w"(1,() on ¢ € I;(7) (4.49)

Combining (4.47) and (4.49), we arrive at

k|, = Dew' ()], (4.50)

I j

for all j. Since this relation holds over every interval I;, by Lemma 3.3 part
(b), it follows that it holds on R. By the lower semicontinuity property, (cf.
Proposition 3.4), we get

pih < Do’ (1) = Dy[w' (17—, x)+# sgn(@)(Q(uh) —Q(u (1) +O(1)e] . (4.51)

Note that as r — oo, w"(t) converges to the solution w(t) of (4.1)—(4.2) for
t < 7. By (4.45), it yields

w(r,x) =w(r—, ) + ksgn(z) - [Q(ug) — Q(u(1))] . (4.52)

Then by letting e — 0 and r — oo in (4.51) and using the lower semicontinuity
property again, we deduce

i < Dyw(r) = Dyfuo(r—, ) + ksgn(@) Q) — Qu(r))] . (453)

The proof of the lemma is complete. O
4.2 Proof of Theorem 1.2

Consider the system of balance laws

Ou~+ O, f(u) + g(u) =0 (4.54)
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and let p;" be the measure of positive i-measure in u(-,t) as defined in Sub-
section 1.1. We will prove the theorem in the dissipative case, i.e. when the
source g(u) satisfies condition (1.8). By Theorem 3.1, there exists a global
in time solution wu(-,t) that decays exponentially fast to the equilibrium as
t — oo.

Fix 7 > 0. The solution w to (1.17)—(1.18) on [0, 7] can be constructed as a
limit of a sequence of approximate solutions w,, as follows: Consider a sequence
of partitions

O=ty <t"<---<ty =T (4.55)
of [0,7] so that [t}%,, — ]| — 0 as m — oo uniformly in & = 0,... N,,, — 1.
Fix m, we now define the approximate solution w,, (¢, x) on [0, 7] by induction:
First, take

Wy, (0,2) = sgn(z) - sup o' (A) :

4.56
|A|<2lz| 2 (4.56)

Then, let w,,(t,-) be the solution to (4.1) on [0,¢]") with data (4.56) and set

w(t]", z) = w(t—, ) + rsgn(z)[Q(u(0)) — Q(u(t)"))] . (4.57)

Suppose that w,,(t,-) is defined for all ¢ < ¢;,_; for k = 1,..., N,,. Then, we
define wy,(t,) on [t} 4, 1}") to be the solution of (4.1) Wlth 1n1tial data

w(ti'y, z) = wty,—, z) + rsgn()[Qu(ty’ 5)) — Qu(ti’,))] (4.58)

and set

w(ty', z) = w(ty'—, x) + rsgn(z)[Q(u(ty’ 1)) — Q(u(ty"))] - (4.59)

By induction, we obtain w,,(t,-) for all ¢ € [0,7]. Now, we claim that the
sequence {wm} converges to a unique limit w that satisfies the desired system
(1.17)—(1.18). To prove this claim, let ¢ be a test function on [0, 7] x (—00, ),
then by (4.1) and (4.59), we get

2
/ /gotw + gom — pPwdxdt = dim Z / /gotwm + gowam — pBwy, drdt

2
=— lim Z/ /(p(t,x) <8twm+8mwm _'_ﬂwm) drdt
T 2
+ Jim S [l 2y (7 =) = (B, @) () de
k

m—00

zng/nﬂﬁw)mwﬁn—@MKﬁDM

m—00

:/ /th ())d dt (4.60)

Thus, the limit w satisfies system (1.17)—(1.18).
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It should be noted that the flow given by (4.1) is positively invariant on the
set of nondecreasing odd functions ¢ that are concave for x > 0 and it is also
order preserving, i.e. if ¢ and ¢’ are solutions to (4.1), then for every t > 0,

D.¢(0) < D,¢'(0) implies D,¢(t) < D,¢'(t) .

Since the sequence w,, consists of nondecreasing odd functions, concave for
x > 0 constructed via the flow (4.1), we apply Lemma 4.1 on each interval
[t 7] and use the above properties to get

Pt = Dyw,, (7).

As m — o0, the result of Theorem 1.2 in the dissipative case follows. O

4.8  Proof of Theorem 1.3

In view of the discussion in Section 3, when assumption (1.8) does not hold
necessarily, then the entropy weak solution u(-,t) to

Ou+ O f(u) + g(u) =0

exists locally in time. Let 7" > 0 be the maximal time of existence and fix
7 € [0, T]. Then the result of Lemma 4.1 holds when (4.1) is replaced by

w>
where 7 is a positive constant given in (3.7)—(3.8). We continue as in the proof
of Theorem 1.2 and construct the solution w to the Burgers’s equation with
source

Orw + 0, (g) = yw — ksgn(x) - ZQ(u(t)), (4.62)

using the same induction argument. Following similar techniques as in Sub-
section 4.2, Theorem 1.3 follows. O
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