Department of Mathematics, University of Houston
Math 4332. Intro to Real Analysis. David Blecher, Spring 2015
Homework 10 Key.

As usual, exercises marked with * are to be turned in by the graduate students in the class.
(1) We do the converse first: if f is a continuous function on the unit circle and v(0) = € = (cos#,sin6) (see
Homework 9 Question 1 and the matching class notes) then « is continuous and of period 27 on R, and so also
f= f o7, is continuous and of period 27. [4 points for the above part.] For the other direction, suppose € > 0 is
given and w = ¢ and f(w) = f(0) = 8. Choose a small § > 0 so that |f(z) — f(#)] < € whenever = € (6 — 6,6 +6).
Then V = ~((6 — 6,0 + §)) is clearly a small open arc containing w. For any z € V we have z = ~(z) for some
x € (0—06,0+0)so that |f(z) — f(w)] = |f(z) — f(#)] < e. So we have verified the e definition of f being continuous.

27 ik 2 T=—m

o= ["_cos(kx)dz +i [*_sin(kz)dx =---.) [3 points]

= 0 this is obvious, otherwise 5= [ e**dy = L Leika]m = 0. (Or one can do this like 5= ["_ e *dy =
2) If k= 0 this is obvi h'lﬂwmd ranet 0. (0 do this like L [7_ei*ed

(3) First we suppose that ay, bk, cr are any numbers. Then the first part fqllows because cye** = ¢, cos(kz) +
icy sin(kx), which equals ¢y, cos(|k|z) —icy sin(|k|z) if k < 0. Thus Y po e =co+ Y 7, ((ex + c—k) cos(kz) +
(ick, —ic_y)sin(kx)). Similarly, the second part follows because a, cosnz = %anem“ + %ane_i""”, and b, sinnz =
2Lbpe™® — Lb,e” " Thus ag + Y pey (@n cosnz + by sinnx) = ag + 3 Y pey ((an — ibp)e™® + (an, +iby)e™ "), [2
points for completeness only]

If now ay, by, ck are the usual Fourier coefficients of x, then we have that

f( ) cos(kx)dz—i ! f(z)sin(kz)dx) = QL ! f(z)(cos(kx)—isin(kz))dx = !

27 _,r ) _a Tom )

ap—1ibg) = f( ) T gy = Ck.

5
That is, 7(ak — zbk) = ¢. Similarly, ay + ibg = c_g. Clearly ag = ¢g. So the line at the end of the last paragraph
actually says that ag + > pe; (ay, cOSNT + by SINNT) = o+ Y poy €™ +c_pe” T =30 crethr,

(4) (i) This is an even function, and so f(x)sin(kz) is odd, so by = 0 for all k¥ € N. Similarly, f(x )cos(kx) is even,
so if k € N then a; = fo xcos(lm)dm =201 1) —L by Calculus (integration by parts). Clearly ag = + fow rdr = 7§

So the Fourier series of f is T — 2372 W [5 points]
(ii) Again this is an even functlon and so for all k € N we have b, = 0 asin (i), and ap = 2 [« cos(km)dx which
again one can do by Calculus (integration by parts) to get aj = 1& kQ . Clearly ag = + fo de = 7. So the Fourier
series is ? +4> 02, (k—lz cos(kx). [4 points]
(iii) For all k € N we have

I 1 1—(—1)*

by = — kx)de = —— kx)| = ———

RE /0 sin(kx)dx - cos(kx)]h —

and a, = L [ cos(kz)dx = 0. Clearly ap = 5= [, 1dz = . So the Fourier series of f is & + 2377 Sm((;kki:ll)z) [4
points]

(5) This follows because [ |f,— f|2dz < [ || fa—f)|%dz = (b—a)| fa—f||%. That's, [|fn—Flla < Vb= al| fo—flloo-
If f,, — f uniformly on [a,b] then || f, — fll2 < Vb—a ||fn — flloo = 0 as n — oo, so by ‘squeezing’ || f,, — f|l2 — 0.
That is, f, — f in 2-norm on |[a, b]. [4 points]

(6*) The complex scalar case of the Theorem on Best Approximation was indicated in class by green ink marking

the terms that need to be ‘conjugated’ (the conjugate of z being z), up to a certain part of the proof. The next few
steps in the complex scalar case should read

N b N b N - N
1F15+ |bk|2—/ £y bkqskdx—/ O begw) fda = [IF1I5+ D [bel* —w —w,
k=1 @ k=1 @ k=1 k=1

where

b N N o b L N o
w =/ Iy brbrde =" bk/ f drda =) brer.
¢ k=1 k=1 a k=1

Thus we are looking at

N N N N
I3+ 1Bkl =D brew = Y bwew = IF15 + D (1ol — beer — bui + lewl* — en?).
k=1 k=1 k=1 k=1

1



The rest is as in class.

(7) This is basically just the Corollary labelled ‘Parseval’ at the end of class on March 24, in the particular case of
the usual orthonormal set on [—7,7|. In the real case this orthonormal set on [—m, 7] is {\/%7, ﬁ cosnz, ﬁ sinnz :

n=1,2,---}, and so the (¢,) sequence in that Corollary labelled ‘Parseval’ is:

g 1 g 1 g 1
1 = f(z) (E)dI = \/%ao; Ca = f(z) (ﬁ cosz)dr = \/may; c3 = f(z) (ﬁ
and so on, for example ¢4 = ffﬂ f(z) (- cosx)dx = /T az, cs = /7 ba, cg = /T as, etc. Then

sinz)dz = /7 by,

Jr
oo [ee]
Z lek)? = 2mad 4 wat + 7b? + was + b3 + - - = (203 4+ a2 + b3 4+ a3 + b3+ ) =7r(2a3—|—2(ai+b,21)).
k=1 n=1
Also,
2N+1
Z e br = V21 ag +V/mag—=cosx + /Tby—=sinz + - + /T a,—— cos(Nx) + /7 b, sin(Nx),

p W f f f f

which is just the Nth partial sum of the Fourier series of f. So by the Corollary labelled ‘Parseval’ in class,
1113 =m(2a3 +>°°7 (a2 +b2)) iff the Nth partial sum of the Fourier series of f converges to f in 2-norm. [3
points for completeness only]

In the complex case (for graduate students only) there is a notational issue, since the ¢, in that Corollary labelled
‘Parseval’ is different from the usual nth complex Fourier coefficient usually also called ¢,,. To avoid the ambiguity,
lets write the ¢, in that Corollary labelled ‘Parseval’ upper case: C,. Here the appropriate orthonormal set on
[—7, 7] is {\/%eim in=---,-2,-1,0,1,2,--- }, and it is easy to see that

Cl = \/27‘(00,01 == V27T01,02: \/27TC,1,032 \/27‘(02,04: \/27‘(072,05:\/27('03,-'- .

Z |Cx|?* = 21 Z Jex]?,

k=—o0

Then

Also,
2N+1

Z Cr o = Z V2 e \/—zkw Z cre™

k=—N
which is just the Nth partial sum of the Fourier series of f. So by the Corollary labelled ‘Parseval’ in class,
1 £113 =27 >3 |ck|? iff the N'th partial sum of the Fourier series of f converges to f in 2-norm.

(8) Suppose >_po; brpr = f (convergence in 2-norm), Then

b N N b
/ O brpr) Prdae =Y bk/ ©or Bj dz = b;
& k=1 k=1 @
if N > j. Hence fab f@jde —b; = fab (f — Zszl brr) @5 dx if N > j, so by Cauchy-Schwarz,
b b N N
[ twde = =1 [ (5= 3 o) wrdal < 1f = 3 buerlla I3l 0
a a k=1 k=1
as N — oo. Thus b; = f: [o;dx. [8 points]

The two assertions about the case that [a,b] = [—, 7] can either be done by very slight variants of the argument
in the last paragraph, or can be deduced from the last paragraph as in Question 7.



