Math 3321 — Spring 2024 Name: SOLUTION

Homework #5

You must justify all steps to get credit for your work

Please submit the HW via CASA or email your completed assignment as a single PDF file
to jshi24@CougarNet .UH.EDU.

(1)[4Pts] Consider the following linear differential equation
y/// + y — 0

(a) Find the general solution of the following differential equation
(b) Solve the IVP where y(0) = 0,%/(0) = 1,y”(0) =0

(a) Characteristic polynomial
p(r)y =141

whose 3 roots are
r=Y—1= 61#/3’ em’ 61571'/3

We can re-write the roots as ri = —1 and ry3 = % + 2\/73 Thus
y(ﬂ?) = Cle*JU T Cgex/2 COS(\/TEQZ) + 036x/2 SlH(%gx)

(b)

y(z) = —3e + %BI/Q cos(‘/Tgx) + \/?gex/Q sin(%gx)

(2) Use the method of variation of parameters to compute a particular solution of the fol-
lowing linear differential equation

y -y =z
Characteristic polynomial
plr)=1° —r
whose 3 roots are
r=0,1,-1

The non-homogeneous term is a polynomial of degree 1. Since A is a solution of the homoge-
neous equation, we look for a particular solution of the form y, = ©(A+ Bx) = Ax + Ba®. We
find B =1/2, hence

Yp(z) = %xz

(3) Use the method of variation of parameters to compute a particular solution of the fol-
lowing linear differential equation (note that r =1 is a root of the characteristic polynomial)

y D —4y® L 6y" — 4y +y=e



Characteristic polynomial
p(r)=r*—4r +6r° —dr +1=(r —1)*
whose root r = 1 has multiplicity 4, so the homogeneous solution is
yn(1) = (A+ Bx + Cax? + Da*)e”

The non-homogeneous term e* is contained in the homogeneous solution so we look for a par-
ticular solution of the form y, = Ex*e®. By substitution, we find E = 1/24, hence

Yp(z) = ﬁx%x

(4) Find the general solution of the following non-homogeneous differential equation

"

'y Yy =2
Characteristic polynomial
pry=r* 4+ +r=rF*+r+1)

whose roots are
41

J

1
1 20,7’2,32—5

Hence the homogeneous solution is

yn(x) = C) + Coe™/? cos(%gx) + Cye/? sin(%gz)
The non-homogeneous term x is not contained in the homogeneous solution but f(z) = v = xe®
and r1 = 0 is the root of characteristic equation p(r) = 0 so we look for a particular solution
of the form y, = ©(A + Bx). By substitution, we find A =1/2 and B = —1, hence the general
solution is

y(r) = C1 + Che/? cos(\/Tgx) + C3e—fv/2 Sin(‘/Tgx) + (%xQ _ x)

(5) Find the solution of the following IVP modeling undamped forced harmonic motion
y" +4y =sin(2x), y(0)=3/4, (0)=2

Please, write the solution using sinusoidal functions with amplitude and phase as in Lecture 12.

Characteristic polynomial
p(r) =r*+4

whose roots are
r=42

Hence the homogeneous solution is

yn(x) = Cy cos(2z) 4+ Cysin(2x) = Asin(2z + ¢)



The forcing term is contained in the homogeneous solution so we look for a particular solution
of the form
yp(z) = Brsin(2x + 1)

By substitution, we find B = —1/4, ¢ = 7w/2 hence the general solution is
y(z) = Cy cos(2z) + Cysin(2z) — 1 cos(2x)

We have
= y(O) = 01, 2= y'(O) = 202 — le

Clz
Cy =
3 1

y(z) = 3 cos(2x) + ¢ sin(2z) — 2 cos(2z)

W~

This implies

0[O =W

and



