Math 3333 Name: SOLUTION

HW 5

Please, write clearly and justify all your statements using the material cov-
ered in class to get credit for your work.

(1) Prove that

lim vVn2+1—n=0

n—oo

Proof. Observe that

1 1
Vvn?i+1—n|= < —
| | vn?+1l+n n

Given any € > 0, let N > %, then

1
IVn?+1—n|<—<e ifn>N.
n
This proves that lim, o VN2 +1—n = 0.

(2) Prove that if lim,,,, s, = 0o and if (¢,) is a bounded sequence, then

lim (s, +t,) = o0

n—oo

Proof. Since (t,) is bounded, there exists an Ny such that t,, > L if n > Nj.
Note that L can be a negative number.

Since lim,, o s, = 00, qwen any M > 0, there exists an No such that
Sp > M — L if n > Ns.

Hence, provided n > max Ny, Ny, we have that s, +t, > M. Since M is
arbitrary, this proves that lim,_, (s, + t,) = co.

(3) Prove that if lim,,_,, s, = 0o and lim,, ¢, = L > 0, then

lim (s,t,) = o
n—oo

Proof. Since lim,,_,« t, = L, there exists an Ny such that |t, — L| < L/2 if
n > Ny. Hence, t, > L/2, isn > Nj.

Since lim,, o S, = 00, gwen any M > 0, there exists an Ny such that
Sp>2M/L if n > Ns.

Hence, provided n > max Ny, Ny, we have that s,t, > M. Since M is
arbitrary, this proves that lim,_,(syt,) = co.



(4) Prove that the sequence below is monotone and bounded. Next find its
limit.

Proof. Note that s1 =1, s9 = %(1 +7) =
Claim: s, < 2. Proof by induction:
s1=1<2.

Assume s, < 2.

Then s,11 = %(sn +7) < Spy1 = %(2 +7) = % < 2.

Clavm: s,11 > Sn. Proof by induction:

S9 < S1.

Assume Ss,41 > Sp.

Then spqp0 = %(Sn+1 +7)> %(sn +7) = Spi1-

Since (s,) is monotone and bounded, then it is convergent. Thus

1 1
s = lim s,,41 = lim g(sn +7)=—-(s+7).

Hence
b5s=s+7 and s=

o}
7
T

(5) Let (ay,) and (b,) be monotone sequences. Prove or give a counterex-
ample.

(a) The sequence (c,) given by ¢, = a, + b, is monotone.

FALSE. Let (a,) = (1,2,2,2,...) and (b,) = (2,2,1,1,...). Then (c,) =
(an +b,) = (3,4,3,3,...) is not monotone.

(b) The sequence (c,) given by ¢, = a, b, is monotone.

FALSE. Let (a,) = (1,2,2,2,...) and (b,) = (2,2,1,1,...). Then (c,) =
(anbn) = (2,4,2,2,...) is not monotone.



