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2.3 TIIE COMPLETENESS PROPERTY OF R 35

d- properties described in the preceding sections, but we have seen that O cannotbe
r?r€sented as a rational number; therefore Ji does not belong to Q. This observation
fu*: the necessity of an additional property to charucteize the real number system. This
ditional property, the Completeness (or the Supremum) Property, is an essential propefty
d R, and we will say that R is a complete ordered field. It is this special property that

Fnits us to deflne and develop the various limiting procedures that will be discussed in
L chapters that follow.

There are several different ways to describe the Completeness Properfy. We choose to
girc what is probably the most efficient approach by assuming that each nonempty bounded
sbset of lR has a supremum.

Saprema and Infima

Te now introduce the notions of upper bound and lower bound for a set of real numbers.
These ideas will be of utmost importance in later sections.

L3.1 Definition Let S be a nonempty subset of lR.

(a) The set S is said to be bounded above if there exists a number z e IR. such that s < a
for all s e S. Each such number z is called an upper bound of S.

O) The set S is said to be bounded below if there exists a numb er w e. IR such that tu < s

for all s e S. Each such number ro is called a lower bound of S.

(c) A set is said to be bounded if it is both bounded above and bounded below. A set is

said to be unbounded ifit is not bounded.

For example, the set S :: {x e lR :r < 2} is bounded above; the number 2 and any

number larger than 2 is an upper bound of S. This set has no lower bounds, so that the set

is not bounded below. Thus it is unbounded (even though it is bounded above).
If a set has one upper bound, then it has infinitely many upper bounds, because if u

is an upper bound of S, then the numbers u + l,u +2,... are also upper bounds of S.

(A similar observation is valid for lower bounds.)
In the set of upper bounds of S and the set of lower bounds of S, we single out their

least and greatest elements, respectively, for special attention in the following definition.
(See Figure 2.3.1.)

---.a------, 
\--------Y.-

lower bounds of S upper bounds of S

Figure 2.3.1 inf S and sup .S

2.3.2 Definition Let S be a nonempty subset of lR.

(a) If S is bounded above, then a number u is said to be a supremum (or a least upper
bound) of S if it satisfies the conditions:

(1) u is an upper bound of S, and

(2) if u is any upper bound of S, then a < u.
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2.3 THE COMPLETENESS PROPERTY OF R 37

Proof. If zisanupperboundof ,sthatsatisfiesthestatedconditionandif u < a,thenweput a := u - u.Thene > 0, so there exists s, e S such that u : ;_;-.sr. Therefore, uis not an upper bound of ,S, and we conclude ihr, , _ .up 5.
conversely, suppose thatu - supsandlete > 0. Since u - € < u,theur - e isnotan upper bound of ,s. Therefore, somi erement s, of s must be g."*".rir* u - e; that is,u - € < s,. (See Figwe 2.3.2.) 

e.E.D.

u-E 't€ a

+
,s

Figtre 2.3.2 u : sup ,t

It is important to rearize that the supremum of a set may or may not be an erementof the set' Sometimes it is and sometimes it is not, depending on the particurar set. weconsider a few examples.

2'3'5 Examples (a) If a nonempty set s, has a finite number of elements, then it canbe shown that s, has a rargesr eleLent 
"- 

ina uleast elemena ,. ii", z : sup,s, andur - inf s,' and they are 
lgth 

members of s, . (This is clea'i i, t r, #i, on" elemenr, andit can be proved by induction on the numbei of erements in s, ; see Exercises 1r and r2.)(b) The set sr:: {xr 0-: , < 1} ctearry has I for * upp", bound. we prove that 1 isits supremum as fo110ws. rf u < l,there exists an element s, € ^i, such that u < J,. (Nameone such etembnt s'.) Tlrerefore u is not uo rpper.boond;ir; ;j, ;"" , r, an arbitrarynumber u < 1, we concluderhat sup Sr-: 1. Iiis similarly .h;, thr,l; Sz : 0. Note tharboth the supremum and the infimum if S, *"contained in ,Sr.(c) The set s, := {x :.0 < r < 1} clearly ha1 1_ for un ,pp". bound. using the sameargument as given in (b),. we see that sup S: : L In this case] ;. ; S,. does notcontainits supremum. Similarly, inf S, : 0 is not cintained in Sr. n
The Completeness property of lR
It is not possible to prove on the basis of the field and order properties of IR that werediscussed in Section 2 r 

+a! every nonempty subset or m trrui irTorno"o above has asupremum in JR.. However, it is a deep and funiamental property of the rear number systemthat this is indeed the case. we wilr make frequent and essentiar use of this property,especially in our discussion of limiting pro."rr".. The fonowingrtut.;rt concerning the
":;:";;r:frsuprema is our final 

""ioptio' about IR. rr,ur, *-" ,uy,lru, m i, a comptete

2'3'6 The completeness Property of JR Every nonempty set of rcal numbers that hasan uppil bound also has a supremum r.n JR.

This property is also ca,ed the supremum property of rR. The analogous propertyfor infima can be deduced frgl the compreterr"rs rroperty a, roro*r. suppose that s isa nonemptv subset of iR rhat is bounded berow. Then.the ir"G;;;"j;r,l ;'."Jiis bounded above, and the.fu.nremu- p."p;;y implies ,hil,:,r;;t exists in IR.. Thereader should verify in detail that _u is the infi;m of S.

fr
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2.4 APPLICATIONS OF THE STIPREMUM PROPERTY 39

If weletu :: supS,thenr < ufor allx e S, sothata I x < q * u.Therefore,a I u
.: .1I1 upper bound for the set a * S; consequently, we have sup(a * S) < a * u.

Now if u is any upper bound of the set a * S, then a * x < u for all.r € S. Con-

--quently x < 1) - a for all r €,S, so that u - a is an upper bound of S. Therefore,
, - supS < u -a, which gives us a+u < u. Since u is any upper bound of a*S,
;e canreplace u by sup(a * S) to geta * a < sup(a * S).

Combining these inequalities, we conclude that

sup(a*S):a*u:a*supS.

For similar relationships between the suprema and infima of sets and the operations of
:ddition and multiplication, see the exercises.

lb) If the suprema or infima of two sets are involved, it is often necessary to establish
results in two stages, working with one set at a time. Here is an example.

Suppose that A and B are nonempty subsets of lR. that satisfy the property:

a <b foralla e Aand allb e B.

\\'e will prove that

supA < inf B.

For,givenb e B,wehave a <bfotalla e A.Thismeansthatbisanupperboundof A,so
that sup A < b. Next, since the last inequality holds for all b e B, we see that the number
sup A is a lower bound for the set B. Therefore, we conclude that sup A < inf B. I

Functions

The idea of upper bound and lower bound is applied to functions by considering the
range of a function. Given a function f : D --> 1R, we say that / is bounded above if
the set f(D) : {f(x) : x e D} is bounded above in lR; that is, there exists B e IR. such
that /(x) < B for all x e D. Similarly, the function / is bounded below if the set /(D)
is bounded below. We say that / is bounded if it is bounded above and below; this is
equivalenttosayingthatthereexists B e IRsuchthat l/(x)l < B for allx e D.

The following example illustrates how to work with suprema and infima of functions.

2,4.2 Example Suppose that f and g are real-valued functions with common domain
D c lR. We assume that f and g are bounded.

(a) If f (x) < g(x)forallr e D,thensup/(D) < supg(D),whichissometimeswritten:

sup 
"f k) = sup g(x).

We first note that f (x) < S@) < sup g(D), which implies that the number sup g(D)
is an upper bound for /(D). Therefore, sup f (D) < sup g(D).
(b) We note that the hypothesis 

"f 
(x) < g(x) for a17 x e D inpart (a) does not imply any

relation between sup /(D) and inf g(D).
Forexample, it f(x)::x2 arrdg(x)::x with D:lx:0<x < l),then f(x)<

g(x)forallx e D.However,weseethatsup f (D): landinf g(D) :0.Sincesup g(D):
1, the conclusion of (a) holds.
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2.4 APPLICATIONS OFTHE SUPREMUMPROPERTY 41

Dt. y::{. ,!"Archimedean property ensures that the subset 8.. := lm €N : y = z} of Nrs not empty. By the wer-ordering property r.2.r, E yhas a reaJt element, which we denoteby nr. Then n, - Tdoes notbelong to-Er,' andh;i ;;"*r, :', < ! < ny. e.E.D.
collectively, the corollarie s 2.4.4-2.4.6are sometimes referred to as the ArchimedeanProperty of lR.

":

I.er-

The Existence of J2

-.\a

0a)

:lris

ues

the

of
l-.

ng
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The importance of the Supremum Property lies in the fact that it guarantees the existence ofreal numbers under certain hypotheses. we shalr make use 
"f 

it;-;; way many times. Atthe moment' we shall illustrate this use by proving the existence oi a positive real numberx such that x2 = 2: thatis, the positiv" tquil" root of 2.It was shown earlier (see Theorem2.7.4) that such an r cannot be a rationai number; thus, we .ilL" o"rirrng the existenceof at least one irrational number.

2.4.7 Theorem There exists a positive rcal number x such that xz : 2.

Proof. Let S::{s e lR:0:s,s2 <2}. Since i e S, the setisnotempty. Also, Sisbounded above by 2, because if t > 2, thet t2 > 4 so that t ( s. Therltore the Supremum

r:ri* 
implies that rhe set S has a supremum in lR, and we t"ir',: supS. Note that

we will prove that xr2 : 2 by ruring out the other two possib,ities: xz < z and, x2 > 2.First assume that x2 < 2. we will show that this assumption contradicts the fact that.r - sup S by finding an n e N such that-r * t/ n,e,S,rhr, ii;ti,Jir,u,, i, not an upperbound for S. To see how to choose n, rrote that I /n2 . t / n ,o tii-. 
"'

(. t\, .2x I -1.1-
\'' * ;) 

:x'* 
; + * 

< xz + - Qx 1 11'

Hence if we can choose n so that

le**t)<2-x?,n
then weget (x + t/nlz j xz + 12- xz):2. Byassumptionwe have2_ x2 >0, sothat(2 - x2) I ex + 1) > 0. Hence the Archimedean property (corolrary 2.4.5) canbe used toobtainneNsuchthat

! 'z-*'n 2xll'
These steps can be reversed to show that for this choice of n we have x * 1/n eS, whichcontradicts the fact thatl islrn__u_nperbound of s. Therefore we cannot have x2 < 2.Now assume that x2 > 2. we wil show that it is then porriur"lo nnd z e N such that

inu, 
/* is also an upper bound of S, contradicting the f".i tfr"t, = ,rp S. f" do this, note

2x1
-I_mm'Q -;)', :*2- "2x

m
Hence if we can choose m so that
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2.4 APPLICATIONS OF THE SUPREMUM PROPERTY 43

Pntof. If we apply the Density Theorem 2.4.8 to the real numbers x I Jl and, y I Jl, we
':::.in a rational number r I 0 (why?) such that

l- ., . J-.J'- -J'
l:.en z ,: rJlis irrational (why?) and satisfies x < z < y. e.E.D.

Esercises for Section 2.4

. Showthatsup{1 -lln:n e N}:1.
:. y 5 7 {lln - 1/m:n, m e N}, f,ndinf S andsupS.

the number u - 1 I n is not an upper bound of s, and (ii) for every number z e N the number
u * 7 / n is an upper bound of S, then a : sup S. (This is the converse of Exercise 2.3.8.)

-1. Let S be a nonempty bounded set in IR.

(a) Leta > 0, andlet o5 1: {as'.s e S}. Provethat

inf(aS) : a inf S, sup(aS) : a sup ,S.

(b) Let b < 0 and let DS : {Ds: s e S}. Prove that

inf(bS) : D sup S, sup(bS) : D inf S.

5. Let X be a nonempty set and let f : X -+ IR have bounded range in lR.. If a e lR, show that
Example 2.4.1(a) implies that

sup{a * f (.x): x e X} :a * sup{/(x): x e X}

Show that we also have

inf{a -t f (x): x € X} : a -f irtf{f (x): x e X}

O. Let A and B be bounded nonempty subsets of lR, and let A* B :: {a -lb: a e A,b e B}.
Prove that sup(A * B) : supA * sup B and inf(A + B) : infA * infB.

'7. Let X be a nonempty set, and let f and g be defined on X and have bounded ranges in lR.. Show
that

sup{/(x) -tg(x): x e X} < sup{/(x) : x e X}*supig(x) : x e X}

and that

inf{/(x) : x e X}tinf{s(r) : x e X} < inf{/(x) -t g@) : x e X}.

Give examples to show that each ofthese inequalities can be either equalities or strict inequalities.

8. LetX:Y::{x elR: 0 <-x < 1}.Defineh: X xY --> R.byft(x, y)::Zx -t!.
(a) Foreachx e X,flnd f (x):: sup{ft(x, y):y eY};thenfindinf{/(x): x e X}.
(b) For each y e Y, find g(y) :: inf{h(x, y): x e Xi; then find sup{g(y): y e y}. Compare

with the result found in part (a).

9. Performthecomputationsin(a)and(b)oftheprecedingexerciseforthefunctionh:X x I -+ R
defined by

t, [o ifxcy.rrtx, )) :: lt if x > y.

10. LetXandlbenonemptysetsandlet/r '. X xY -+lRhaveboundedrangeinlR. Letf : X -+lR.
and g : Y -+ lR. be defined by

f (x):: sup{/r(r, y): y e Y}, sO) :: int{h(x, y) : x e X}.
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