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I tte same relationship for thei
naOte

l)"r

t-

i c: lQ-r. find an integer .^r' that

J-.:d-t
,af-:;l (e)ltm\/ATn-

L-
ilbL<M.

:r rc infnrq,. a7 gets closer and

EEI
?

,-es 61 sri51.

It a. :0 for all n > lr'.

=r'd,.Er,= Mimptythat

Iq,'fre it when it exists.

+v4f,rn > 6.

t-

1

nZ

.r( I rmi6
19

Ittperties of Limits

hfOSmIoN. f @)l:t is a convergent sequence of real numbers,; {-q: a 
= 

N} is bounded.

.l,a.L: _lrlrr. If we set e : 1, then by the definition of limit, there is some
*at sn - Ll < 1 for all n ) N.In other words.

L-l<an{L*1 forall n}N.
,I : max{at ,a2,.,.,eN_l,L * l} and m : min{a1,a2,..,,a11_1,L - l}.

Ifu all n. we have m I an l lVl.

I i r,bo crucial that limits respect the arithmetic operations. proving this is
ilfrrrard. The details are left as exercises.

TsBonBN4 . If limao: L, .limbn: M, and a e R, thenn+6 n+e -

3_oo*bn:L*M,
}aan: uL,

$orbn: LM, and

-.a"L#- y*: fi ,r, *0.

- h t sequence (arlb")Lt, we ignore terms with bn:0. There is no problemrhrg this because M * 0 impties that bn l0 for all suiflciently rarge n (see Exer-ffr 2.4.G). (wb use "for all sufficientry \arge n" as shorthani for"saying there isme i{ so rhar this holds for all n > N.)

frercises for Section 2.5

t Prove Theorem 2.5.2. HrNr: For part (4), first bound the denominator away from 0.
L Compure the following limits.

1u1 1;* tun-t= 
tu) rim#* (cl ti,nttc* *2atctann,-€u sln- ! n46 eail' tv n .* n logn

c rt !11an: r ] o, prou. , hat lim {dn:\2. Be sure to discuss the issue of when 
^/an 

makes
sense. HrNr: Express lrlr" * \/Ll in terms of la, _ Ll.

D. \"t (!)7=, and (b,)i, be two sequences of real numbers such that lo, - b*l < j. Suppose
that L: ltman exists. Show that (br)i=, converges to I also.

D D:_r,.,--1og(2+3n)E. rinO tim:\-:-1. HrNr: tog(2+3n) :bg3" *logzti,
R (a) Let xn : {,q * 1. Use thr fact that ( 1 +-rr), : n to show tnat fi < Z / n.

HINr: Use the Binomial Theorem and throw away most terms.
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Real Numbers

. In general,

-:':'\1.\lmateS

r-'3 general

..:-i rational,

- rJreasing

-.1,.rfl.

Cauchy Sequences 27

(a) Supposethat(-t,)f,:, isasequenceof realnumbers'IfL:liminf;r'?'showthatthereisa
.rbr.qu.na. (r,,^ )f r such that lim xr, ' - L'

(b) Similarly, prove that there is a subsequence (x,,,)!, such that lim-ra, -' limsup"tn'

Let (r,)f-1 be an arbirary sequence. Prove that there is a subsequence ("*)L, which con-

verges or lg-rr* - - or *L*r,r 
: -*.

L. Consffuct a sequence (r,,)f,:1 such that fol every real number L, there is a subsequence

(r,*)L, with 
1im 

rr* - t.

2.8 Cauchy Sequences

Can we decide whethel a sequence converges vtithout first {inding the value of the

limit? To do this, we need an intrinsic property of a sequence which is equivalent to

convergence that does not make use of the value of the limit. This intrinsic property

shows which sequences are 'supposed' to converge. This leads us to the notion of

a subset of lR being complete if all sequences in the subset that are 'supposed' to

converge actually do. As we shall see, this completeness property has been built into

the real numbers by our construction of infinite decimals'

To obtain an appropriate condition, notice that if a sequence (a,,) converges to L'

ihen as the terms get close to the limit, they are getting close to each other.

2.8.L. PnOpOsrrION. Ler (ar)|:t be a sequence cowetging to L' For every

e ) O, there is an integer N sltch tha't

la,, - a,r\ < e for all m,n ) N.

PRooF. Fix e > 0 and use the value e f 2 in the definition of lirnit. Then there is an
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feness Theorem

2.9 Countable Sets 31

implies the Least Upper Bound Principle, go through our proof to obtain an increas-
ing sequence of lower bounds, )7., and a decreasing sequence of elements .r1 € S

with 4 < )r * 10*ft. Show that the sequence xt,!r,x2,!2,... is Cauchy. The limit I
will be the greatsst lower bound. Fill in the details yourself (Exercise 2.8.G).

Exercises for Section 2.8

A. Let (xr) be Cauchy with a subsequence (.r,0) such that fSxnr 
: a. Show that lim -rn : a.

B. Give a sequence (ar) such ttrat Jggla, - an+tl:0, but the sequence does not converge.

C. Let (ao) be a sequence such that jim f,f= tlan * an+rl ( *. Show that (a,) is Cauchy.

D. If (rr)f:1 isCauchy,showthatithasasubsequence (.r,0) suchthatf,f,-, lrno-rro*rl 1*.
E. Suppose that (an) is a sequence such that a2y 1 a2ra2 { azn+3 I a2n+t for all n > 0. Show

that this sequence is Cauchy if and only it 
)1g1la" - a,+r I : 0.

F. Give an example of a sequence (ar) such that a2,r 1 a2n+2 { a2n+3 I a2n+t for all n > 0
which does not conveage.

G. Fill in the details of how the Completeness Theorem implies the Least Upper Bound Principle.

H. Let an:0 and set ar11 : cos(an) for n ) 0. Try this on your calculator (use radian model).

(a) Show that a2n I a2n+2 I d2n+3 I a2ry 1 for al1 n > O.

(b) Use the Mean Value Theorem to flnd an explicit number r < I such that

lar+z - ar+tl I r)an - analt for all n ) 0. Hence show that this sequence is Cauchy,
(c) Describe the limit geometrically as the intersection point of two curves.

[. Evaluate the continued fraction I,______
I r_

r+ lr:
J. Let 16 : 0 and xr11 : .r$=n for n ) 0. Show that this sequence converges and compute

the limit. HtNr: Show that the even terms increase and the odd terms decrease.

K. Consider an infinite binary expansio n l0.e1e2q. . .)uare z, where each ei e {0,1}. Show that
an : Y!:r2-'e; is Cauchy for every choice of zeros and ones.

L. One base-independent construction of the real numbers uses Cauchy sequences of rational
numbers. This exercise asks for the definitions that go into such a proof.

(a) Find a way to decide when two Cauchy sequences should determine the same real number
without using their limits. HtNr: Combine the two sequences lnto one.

(b) Your definition in (a) should be an equivalence relation. Is it? (See Appendix 1.3.)
(c) How are addition and multiplication defined?
(d) How is the order defined?

2.9 Countable Sets

Cardinality measures the size of a set in the crudest of ways-by counting the num-
bers of elements. Obviously, the number of elements in a set could be 0, 1,2,3, 4,
or some other flnite number. Or a set can have infinitely many elements. Perhaps


