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• (1) [3 Pts] Let A > 0 be a fixed number. Does the following functions define a causal
filter? Justify your answer.

(a) h1(t) =

{
eAt if t < 0;

e−At if t ≥ 0.

(b) h2(t) =

{
0 if t < 0;

e−At if t ≥ 0.

SOLUTION: A causal filter h has the property that h(t) = 0 of t < 0. Thus h1 is not
causal, whereas h2 is causal.

• (2) [9 Pts] Let f(t) =

{
1 if − π ≤ t ≤ π;

0 otherwise.

We found that its Fourier transform is f̂(ω) =
√

2
π
sin(πω)
ω

.

(a) Use the Fourier transform of f and the properties of the Fourier transform to compute
the Fourier transform ĉ(ω) of the function c(t) = (f ∗ f)(t)

(b) Use the Fourier transform of f and the properties of the Fourier transform to compute
the Fourier transform of

h(t) =

{
1 if − 1 ≤ t ≤ 1

0 otherwise.

(c) Use the Fourier transform of h and the properties of the Fourier transform to compute
the Fourier transform of

g(t) =

{
t2 if − 1 ≤ t ≤ 1

0 otherwise.

SOLUTION:
(a) By the Fourier convolution theorem,

ĉ(ω) =
√

2πf̂(ω)f̂(ω) = 2

√
2

π

sin2(πω)

ω2

(b) Since h(t) = f(πt), then

ĥ(ω) =
1

π
f̂(
ω

π
) =

√
2

π

sinω

ω



(c) By the multiplication property of the Fourier transform,

ĝ(ω) = F [t2fh(t)](ω) = i2
d2

dω2
ĥ(ω) = − d2

dω2

(√
2

π

sinω

ω

)

d2

dω2

(
sinω

ω

)
=

d

dω

(
ω cosω − sinω

ω2

)
=

d

dω

(
cosω

ω
− sinω

ω2

)
=
−ω sinω − cosω

ω2
− ω2 cosω − 2ω sinω

ω4
=
−2ω2 cosω − (ω3 − 2ω) sinω

ω4

Hence

ĝ(ω) =

√
2

π

2ω2 cosω + (ω3 − 2ω) sinω

ω4

• (3) [6 Pts] Let

f(t) =

{
1 0 ≤ t ≤ 2

0 otherwise;
g(t) =

{
t 0 ≤ t ≤ 1

0 otherwise.

(a) Compute h(t) = (f ∗ g)(t).
(b) Sketch the graph of f, g, h over the interval [−1, 4].

SOLUTION

1. If t < 0 or t > 3, h(t) = 0

2. If 0 ≤ t < 1, h(t) =
∫ t
0
(t− x) dx = (tx− x2

2
)
∣∣t
0

= t2

2

3. If 1 ≤ t < 2, h(t) =
∫ t
t−1

(t− x) dx = (tx− x2

2
)
∣∣t
t−1

= 1
2

(area of triangle)

4. If 2 ≤ t ≤ 3, h(t) =
∫ 2

t−1
(t− x) dx = (tx− x2

2
)
∣∣2
t−1

= −1
2
(t− 1)(t− 3)

2


