Math 4355 — Spring 2010 Name:

TEST #1

No books or notes allowed. Please, write clearly and justify all your steps, to get proper credit for

your work.

(1)[3 Pts] (i) State the definition of orthogonal complement of an inner
product space V.
(ii) Let V = R3 and consider the subspace of V' given by

Vo = span {(1,0,2), (—1,—1,1)}.
Find the orthogonal complement of V() in V.

(2)[3 Pts] Consider the inner product space V = L*([0,1]). Compute the
orthogonal projection of the function f(z) = 22, for z € [0,1], onto the
subspace Vy = span {¢, ¥}, where

¢(x) =

1 0<z<1
0 otherwise.

1 0§$<%
P(x) =4 —1 %§x<1

0 otherwise.

(3)[3 Pts] Consider the sequence of functions (f,,) defined by

nT O§x<%
fn(x): 1 %Sl‘<1

0 otherwise.

Draw the graph of f,(z) for two values of n (e.g., n = 2,4). Show that
(fn) converges to the function f(x) =1, z € [0, 1], in the L? norm.



Math 4355 — Spring 2010 Name:

TEST #2
Please, write clearly and justify all your steps, to get proper credit for your work.

(1)[5 Pts] Let f(x) = cos®(z) .

(a) Sketch a graph of f over the interval [—m, 7]

(b) Expand the function f(x) = cos?(z) in a Fourier series valid on the
interval —m < z < 7.

(b) Does the Fourier series of f converge uniformly to f? Justify your
answer.

(2)[6 Pts] Consider the function

(a) Sketch a graph of f over the interval [—1,1].
(b) Expand the function f in a Fourier series valid on the interval —1 <
<1

[HINT: You can take advantage of the symmetry of f]

X

(3)[4 Pts] (a) Show that if f is continuous on the interval 0 < z < a, then
its even periodic extension is continuous everywhere. Justify your answer.

(b) What about the odd periodic extension? What conditions are neces-
sary to ensure that the odd periodic of f is continuous everywhere? Justify
your answer.

[HINT: In both cases, it suffices to check the behavior near x = 0]



Math 4355 — Spring 2010 Name:

TEST #3
Please, write clearly and justify all your steps, to get proper credit for your work. Open book test

(1)[5 Pts] Let

0 otherwise .

f(t)—{t TSty

(a) Compute f, the Fourier transform of f. )
(b) Express the real and imaginary part of f.
[HINT: You can take advantage of the symmetry of f]

(2)[5 Pts] Let

0 otherwise .

¢(t){1 0<t<l1

and

t 0<t<l1
0 otherwise .

(a) Compute h(z) = (¢ * g)(z).
(b) Sketch the graphs of ¢, f and h over the interval [—1, 3].

(3)[3 Pts] Consider the filter

f - f * hdv
where
1/d 0<t<d
haty = 0=t
0 otherwise .
Let

f(t) = e (cos2t + sin 3t + cos 18t +sin90t), t € [0, 27].

Which value(s) of the parameter d for the filter hy will ensure that the
components of the signal f with frequencies above 50 are removed and the
frequencies in the range 0 to 18 are retained? Justify your answer.
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