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Abstract

Traditional methods of time-frequency and multiscale analysis, such as wavelets and Gabor frames,
have been successfully employed for representing most classes of pseudodifferential operators. However
these methods are not equally effective in dealing with Fourier Integral Operators in general. In this pa-
per, we show that the shearlets, recently introduced by the authors and their collaborators, provide very
efficient representations for a large class of Fourier Integral Operators. The shearlets are an affine-like
system of well-localized waveforms at various scales, locations and orientations, which are particularly ef-
ficient in representing anisotropic functions. Using this approach, we prove that the matrix representation
of a Fourier Integral Operator with respect to a Parseval frame of sherlets is sparse and well-organized.
This fact recovers a similar result recently obtained by Candés and Demanet using curvelets, which
illustrates the benefits of directional multiscale representations (such as curvelets and shearlets) in the
study of those functions and operators where traditional multiscale methods are unable to provide the
appropriate geometric analysis in the phase space.

1 Introduction

Fourier Integral Operators were originally introduced by Lax [17], with the construction of parametrics in
the Cauchy problem for strongly hyperbolic equations. Since then they have become an important tool in a
variety of problems arising in partial differential equations. For example, consider the hyperbolic equation

0

&uzi)\(t,x,ng) u, (1.1)
where A(t,x, D,) is a smooth one-parameter family of pseudodifferential operators with symbol A(¢, z,£) ~
At z, &) + Ao(t, z,§), where \;(t, z,€) is homogeneous of degree j in & and A1 (¢, z,§) is real valued (which
makes the equation hyperbolic). The solution operator S(t,s) to (1.1) taking wu(s) to wu(t) is essentially
(modulo a smoothing operator) given by an integral of the form

Tu(t) = / 28 o(t, 2, €) f(€) dE,

where the phase ®(t, x, &) and the amplitude o(t, x, &) are C* functions. In particular, if Tu(t) = S(¢, s) u(s)
is the solution to (1.1), then, for small ¢, ®(¢, z,£) is close to £ z and ® solves the eikonal equation

%cp — (o, Va®), B(0,2,6) = £

It follows (see, for example, [23, Ch.8], [21]) that the canonical transformation
(véq)(t, Z, 5); 5) - (xa vm(p(ta Z, f))
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defines a bijective map C(t) for all ¢ close to ¢ = 0. Then one can show that C(t) corresponds to the
Hamiltonian flow (or bicharacteristic equation):

) = Vot z(t),£(t), £(0) =&,
{)S(t) = —Vg)q(t,l‘(t%f(f)% m(O):mo.

Traditional methods of time-frequency and multiscale analysis, such as wavelets and Gabor frames, have
proven to be very effective in providing efficient representations for a large class of operators, including
pseudodifferential operators and Calderén—Zygmund operators (see, for example, [18,; 10]). Unfortunately,
they fail to provide equally efficient representations for most Fourier Integral Operators. This paper is
motivated by some remarkable recent results by H. Smith [19, 20] and E. Candeés and L. Demanet [2] who
have shown how to obtain sparse representations of Fourier Integral Operators by combining the methods
of multiscale analysis with a notion of anisotropy and directionality. More specifically, in [2], a Fourier
Integral Operator T is represented using a Parseval frame of curvelets. This is a multiscale system of
functions {¢, : © € M}, at various scales, locations and directions, having anisotropic compact support in
the frequency domain [3]. Then, denoting by T'(u, p) the matrix elements of T with respect to the curvelets,
it is proven that, for each N > 0,

T (p, )] < Cnv wlpa, (1)) Y, (1.2)

where w is a certain distance and h is an index mapping. Let us recall that the ability to provide sparse
representations of an operator is very significant for the theoretical analysis of the operator as well as its
numerical implementation. In fact, sparse representations are useful to deduce sharp estimates [20] and can
be exploited to design low complexity algorithms [1].

In this paper, we show that the shearlets, introduced by the authors and their collaborators [13, 15, 11]
provide an alternative approach to the construction of sparse representations of Fourier Integral Operators.
Shearlets are Parseval frames of well localized functions at various scales, locations and directions. Similarly
to the curvelets, they provide optimally sparse representations for two-dimensional functions that are smooth
away from discontinuities along curves [12] and have the ability to exactly characterize the wavefront set of
distributions [16]. In addition, the shearlets have some distinctive features:

e They form an affine-like system. That is, they are generated from the action of translation and dilation
operators on a single function.

e They are defined on a Cartesian grid.
e Thanks to their affine-like structure, they exhibit a group structure.

These properties do not hold for curvelets, and provide a number of advantages for some theoretical as well
as numerical applications of such representations (see further discussions in [6, 7, 15]).

In this paper we, show that, by using the shearlets to represent a Fourier integral operator, one ob-
tains an estimate on the matrix representation of the same type as (1.2). Thus, shearlets provide sparse
representations of such operators. As we will describe later in the paper, the main outline of our proof
follows the one in [2]. However, to prove our sparsity result, we had to introduce new ideas to deal with
the distinctive mathematical structure of the shearlets. In particular, the notion of almost orthogonality
of shearlet molecules, in Sec. 4.2, has to be adapted to the Cartesian geometry, and to the combination of
both horizontal and vertical shearlets. For the analysis of the operator T2, in Sec. 4.3, since we do not have
radial symmetry, we cannot use the Smith approach involving Fourier multipliers. Our argument introduces
a new atomic decomposition. The methods developed in our proof are of independent interest, and show the
potential of representation methods based on shearlets in the study of operators and functions spaces.

Shearlets are a special case of composite wavelets, introduced by the authors and their collaborators
in [13, 14, 15]. This theory unifies and extends the theory of wavelet systems, and provides a general
framework for constructing multiscle directional systems using the affine framework. Some of the benefits of
this approach are the ability to extend this framework to any dimensions, the existence of a multiresolution



analysis (MRA), and the ability to exploit a group structure. In particular, thanks to this group structure,
there are function spaces naturally associated to composite wavelets, which are useful in variational methods
for image processing. As an additional benefit, the shearlet decomposition of FIO indicates that the whole
machinery of composite wavelets can be brought into play. For example, higher dimensional extensions can
be easily obtained, and the MRA structure can be exploited.

The paper is organized as follows. In Section 2 we recall the construction of the shearlets. In Section 3
we defined the class of Fourier Integral Operators that will be discussed in this paper and present our main
theorem. The various steps needed to prove the main theorem are presented in Section 4.

1.1 Notation and definitions
T
We adopt the convention that z € R™ is a column vector, i.e., x = - |, and that £ € R™ is a row vector,
Ln
ie, & = (&,...,&). A vector x multiplying a matrix M € GL,(R) on the right is understood to be a
column vector, while a vector £ multiplying M on the left is a row vector. Thus, Mz € R™ and (M € R™.
The Fourier transform is defined as

& =] fla)e " du,

R™

where £ € @”7 and the inverse Fourier transform is
fla)= [ f(e)e*™ee de.
R?’I

For any E C R", we denote by L2(E)V the space {f € L*(R") : supp f C E}.
Recall that a countable collection {1;}ics in a Hilbert space H is a Parseval frame (sometimes called a
normalized tight frame) for H if

STUL )P =f?  forall feH.

icl

This is equivalent to the reproducing formula f = 3".(f, ;) v, for all f € H, where the series converges in
the norm of H. This shows that a Parseval frame provides a basis-like representation even though a Parseval
frame need not be a basis in general. We refer the reader to [4, 5] for more details about frames.

2 Shearlets
The shearlets are elements of an affine collection of functions in L?(R?) of the form
Aap () = {¥jen(z) = |det AP (B Az — k)« (j, (k) € M}, (2.3)

where M = {j > 0,-2/ < ¢ <2/ k€ Z?}, v € L*(R?) and A, B € GL,(R). It will be more convenient
to define the function 3 and examine the shearlets in the frequency domain. After computing the Fourier
transform, the functons v, ¢, given by (2.3), have the form

bj0(€) = | det A|79/2 (EA~I B~t) ¢ 2miEAT BT R,

For any & = (&,&) € R, & #0, let ¢ be given by

D(€) = (&1, 62) = 1 (&1) o <Z) ;

w



where ¢1, 92 € C®(R), supp ¢y C [~3, —15] U [5, 3] and supp v C [~1,1]. We assume that

SIhE PP =1 for o] > o,

and R . R
[a(w =D + [¢ha (W) + [ha(w+ D[ =1 for ] < 1.

There are several examples of functions 11, 19 satisfying these properties (see [12, 15]). It follows from the
last equation that, for any j > 0,

27
3 @ wt P =1 for|u| <1 (2.5)
(=—27

It also follows from our assumptions that ¢ € Cg° (R?), with supp v C -1, 12

~ 2

&

Figure 1: (a) The tiling of the frequency plane R? induced by the shearlets. (b) Frequency support of the
shearlet 1 o1, for & > 0. The other half of the support, for & < 0, is symmetrical.

Let A and B be the matrices given by

4 0 11
=2 melo)
Observe that (£1,&) A= B~¢ = (2729¢;, —027% ¢ +277¢&,). Thus, using (2.4) and (2.5) we have that:

27

SN AP = 30 Z (272 €)2 | <2ﬂ§ P

520 =—2i 520 =—2i

Y
Sl 3 @ 2+ of =1,

7>0 0=—27

for (&1,&2) € D¢, where Do = {(£1,&2) € R2: &1 > 1 |§—f\ < 1}. This equation describes the tiling of the

region D¢ in the frequency plane illustrated in Figure 1( ) (solid line). Since 1/1 is supported inside [—2 5 §]2

)



this implies that the collection of horizontal shearlets:

3j , . .
S() = {Wjen(z) =27 (B Az —k): j>0,-2 < (<2 ker?), (2.6)
is a Parseval frame for the subspace of L? defined by
L*(Dc)Y = {f € L*(R®) : supp f C Dc}.

In order to obtain a Parseval frame for the whole space L?(R?), we can construct another Parseval frame
of shearlets for the functions whose frequency support is contained vertical cone Dg = {(£1,&2) € R?: |&] >
%, |§—;\ < 1}. Namely, let

and () be given by
P(€) = P(&1,&) = V1 (&) o (2) .

Then a similar computation shows that the collection of vertical shearlets:

S0 = (B (2) = 27 9O (Bl Al w—k): j > 0,-20 < £ <2,k e 22}, (2.7)
is a Parseval frame for the subspace of L?(R?) given by L? (5)v Finally, we can easily construct an or-
thonormal basis for L2([—%, £])" (for example, by using Fourier series). As a result, any function in L?(R?)
can be expressed as the sum f = Pof + Pxf + Pof, where each component corresponds to the orthogonal
projection of f into one of the 3 subspaces of L?(R?) described above. The tiling of the frequency plane R2
induced by this system is illustrated in Figure 1(a). Additional details about this construction can be found
in [12, 11].

The conditions on the support of ); and 1[)2 imply that, for each j, ¢, the functions %7“ have frequency
support contained in the sets:

Wie = {(62,6) : € € [-2271, 224U 224,921 |& — ¢27] <277},

As shown in Figure 1, for each j, ¢, the set W, is a pair of trapezoids centered about +¢;,, where &, =
272(2% ¢27). Each trapezoid is approximately contained in a box of size 22/ x 27 in the frequency domain
(see Figure 1(b)). Thus the frequency support of the shearlets becomes increasingly thin as j increases. In
addition, since the function ¢ is in C§°, then the shearlets are well localized. In the spatial domain, they
are centered at kj, = A~7B~‘E, and oriented along the line % = —¢277. Similar observations hold for the

vertical shearlets 1[)](”[) i~ These properties are essential in the ability of shearlets to provide very efficient
representations for functions containing distributed discontinuities. In fact, shearlets provide optimally
sparse representations for a large class of functions with discontinuities along curves [12]. These properties
will also play a crucial role in the arguments used to prove the main results of this paper.

In the following, we will use the notation {¢, : p € M} and {1/1,(;)) : € M} to denote the collection
of shearlets (2.6) and (2.7), respectively, where p stands for the multi-index (4,4, k). Each shearlet 1, has
frequency support in the set W;, and is associated to a location (k; ¢, +£; ) in the phase space. A direct
calculation shows that the set W, , has area % 237, Similar observations hold for the vertical shearlets

() e M}



3 Shearlet Representation of Fourier Integral Operators

In this paper, we consider Fourier Integral Operators T of the form

Tf(z) = / AT (1 €) f(€) de, (3.8)

where the phase function ®(x, &) and the amplitude function o(x, &) satisfy the following assumptions:

o O(x,¢) is a real-valued function, C* in (z,¢&), for £ # 0, on the support of o, and homogeneous of
degree 1 in &; that is, ®(z, A§) = A P(x, ), for all A > 0. In addition, we assume that

|det @pe(x, )| > ¢ >0, (3.9)
uniformly in z and £, where ®,¢ =V, V®;
e o is a standard symbol of order 0, that is, o is in C*° and
08 070 (2, €)| < Cap (1 + €)1 (3.10)

in addition, we assume that ¢ has compact support in the x variable.

Observe that, for each ¢ fixed, the solution operator to the hyperbolic problem described in the Intro-
duction is of the form (3.8). The above assumptions about ® and o are consistent with the study of Fourier
Integral Operator associated with the solutions of hyperbolic problems (see [22, Ch.9]).

As described in the introduction, there is a notion of Hamiltonian flow associated with hyperbolic equa-
tions. The same notion also exists for Fourier Integral Operators and is encoded in the phase function ®.
Indeed the canonical transformation associated with the phase ®(z, &) is the mapping (x,&) — (y,n) of the
phase space:

As mentioned in the introduction, this formulation is equivalent to that involving trajectories along the
Hamiltonian flow. This canonical transformation induces a bijective mapping on the indices of the shearlet
denoted by h(u), for p € M.

This is the main theorem of this paper:

Theorem 3.1. Let T be an Fourier Integral Operator satisfying the assumptions given above, acting on
functions on R%. For pu,p/ € M, let T(u, 1) = (T, ), where 1, and 1, are elements of the Parseval

frame of shearlets {{, : p € M} U {w,(f)) i € M}. Then, for each N > 0, there is a constant Cny > 0 such
that

T (s, )| < Cn w(py by (1)) .

In the statement of the theorem, the function w is the dyadic parabolic pseudo-distance associated with
the indices u, ' € M, whose definition will be given in Section 4.2. As mentioned above, for each ¢/ € M, the
function h, is a bijective mapping on M, induced by the canonical transformation associated with the phase
® of T (see further discussion in Section 4.3). As we observed above, the Parseval frame of shearlets is made
up of two collections: vertical and horizontal shearlets, given by (2.6) and (2.7), respectively. Theorem 3.1
holds for any combination of vertical and horizontal shearlets. Since the structure of the two systems is
very similar, in the following we will analyze in detail the representation of the operator T" with respect to
the Parseval frame of horizontal shearlets only. We will point out the differences of the representation with
respect to the vertical shearlets where this is needed (in particular, in Section 4.2).

As described in the Introduction, a result similar to Theorem 3.1 is obtained by Candeés and Demanet
in [2]. As in [2], using Schur’s Lemma, it follows from Theorem 3.1 that, for every 0 < p < oo, T'(p, p') is
bounded from ¢P to ¢P.



We shall now start to examine the matrix representation of a Fourier Integral Operator T with respect
to a Parseval frame of shearlets. For j > 0 and |¢| < 27, let

1 027
BM:(O 1,)

Wy =Wjo=W;eBje={(61,6): & € [-271, =297y 2¥ 4 2271 2| <27}

and define the sets

and
E=WiBj A7 =W; A7 = {(&,6) : & e [-271, =27 u 274,271, |8 < 1}.

That is, the shear matrix B;, is mapping W;, into another pair of trapezoids oriented along the &; axis,
and Bj A7/ is mapping W, , into a pair of trapezoids inside the unit square [—1/2,1,2]%. Also observe that
B A7 = A7 B

For v a fixed index triple in M, let v, be a shearlet with location (m#, &) in the phase space. Then, using
the notation we have introduced and the change of variables & = nB y; and w = nA~7, we have

Tyua) = / PO (1, €) ,(€) de
= 2*ﬂ2/‘ (PO AT (5 ) (€A™ B de
Wi.e

— sz [ e B AT o0 B (B AT B dy
5 Do,

= 2_3j/2/ il @@n B ATK) o (4 B} dh(n A7) dn
w.

J

_ 93j/2 / 2mi(@(@w BAN-0K) (0 BEATY () doo (3.11)
E

In order to proceed with the analysis of T, it will be convenient to locally linearize the phase ®(z,&) to
separate the nonlinearities of £ from those of x. This is a standard approach in the study of of Fourier
Integral Operators and can be found, for example, in [22, Ch.9].

We define
T B(x,n B;}) —nB;} - Ved (2,(1,0) Bjj;) . forne Wi 1)
7 @(m,nB;el) - nB;} -Ve® (z,(-1,0) B;L;l) , formew;,
where
=W (&, &) €20}, W, =W;({(&,&): £ <0} (3.13)

For p fixed, this allows us to decompose T as
T — 7 7
,LS ) /5. )a

where

TS = [ Gy Fa B

J

f(¢#(x))7

N
O
By
~—
8
S~—"
I



Wlth ﬁM(I‘,’ﬂ) = 627Ti6j'2(¢;1(w)777) U(¢;1(I>7T/B;l})7 and (bu(l‘) = vﬁq) (.Z', (17()) B]T})

Observe that the operator TF(LU obtained from this decomposition has linear phase but is not a ‘standard’
pseudodifferential operator. That is, §,(xz,n) is not a standard class symbol in general. To illustrate
this point, consider the following example. Let ®(£) = ||, for £ = (£1,&) # 0, and &, = 27 ¢, where
ey = (cosB,,sin6,). Then

b _

= =e
&l "

Vﬁ(b(gu)
and
6u(8) = B(&) — Ve@(§u) € = B(£) — ey .
For 6, =0, then e, = (1,0) and
0u(8) = €] =& = /EF + &5 &,

which is unbounded. Notice however that ¢,(&) is a bounded function if we impose that the components
of & = (&1,&) satisfy a parabolic scaling condition &; = ¢£2, for some ¢ € R. This is one reason why the
shearlets and the curvelets are effective in dealing with the operator T' (see Lemma 4.3). Also notice that
the derivatives of 0,,(§) are homogeneous of degree 0 in . Hence they exhibit no decay in £ and, as a result,
B, (z, &) does not satisfy (3.10) unless 6,,(z,&) = 0.

The detailed analysis of the operators Tlsl) and Tlsl) and the proof of Theorem 3.1 will be given in the
next section.

4 Proof of Main Theorem

In order to prove Theorem 3.1, we will now proceed with the analysis of the operator Tl(tl) and Tf).

4.1 Analysis of the operator T,El)

In this section, we show that the operator T, ,51) maps a shearlet ¢, into a shearlet-like function m,, which,
for analogy with similar notions in wavelet analysis, will be referred to as a shearlet molecule.

Definition 4.1. For u = (j,4, k) € M, the function m,(z) = 2%/2 a,(B* Az — k) is an horizontal shearlet
molecule with reqularity R if the o, satisfies the following properties:

(i) for each v = (y1,72) € Nx N and each N > 0 there is a constant Cn > 0 such that

07 au(z)] < Cn (1+ [2))~; (4.14)
(i1) for each M < R and each N > 0 there is a constant Cn s > 0 such that

|4, (€)] < Onoar (L4 1) 27% +a)™. (4.15)

For u = (4,£,k) € M, the function m&v)(x) = 237/2 a/L(B(KU)A{U)x — k) is a vertical shearlet molecule with

regularity R if the a,(f)) satisfies (4.14) and for each M < R and each N > 0 there is a constant Cy > 0
such that

A < Croar (141D (@79 416 )M,

The constants C'y and Cy pr are independent of .



The second factor in the inequality (4.15) is associated with the almost vanishing moments. By this
property, the frequency support of a shearlet molecule m,, is mostly concentrated around |¢| & 2%7. Observe
that a shearlet 1, is also a shearlet molecule, but a shearlet molecule has no compact support in the frequency
domain, in general. Coarse scale molecules are defined as elements of the form {a,(z — k) : k € Z*}, where
a, satisfies (4.14).

Our definition of shearlet molecule is inspired by the curvelet molecules introduced by Candes and
Demanet [2]. Both definitions adapt the notion of vaguelettes of Coifman and Meyer [18].

Let us examine a few implications of Definition 4.1. If m,(x) is an horizontal shearlet molecule with
regularity R, then it follows from (4.14) that

|(2mi€)" @, (§)] < (107 apllr < Cy,
and, thus, for all N > 0 there is a constant C such that
|4, (8)] < Cn (14 €))7,
It follows that for all N > 0 there is a constant C'y such that
()] < Cn 2732 (1+6A BN, (4.16)

On the other hand, from (4.15) it follows that for each M < R and each N > 0 there is a constant Cn.m >0
such that

i, ()] = (€A™ B < Onar 279972 {272 (1 &)} (L4164 B " (4.17)

Thus, combining (4.16) and (4.17), it follows that for each M < R and each N > 0 there is a constant
Cn,m > 0 such that

7, (€)] < Cvar 273972 min {1,272 (14 &)} (1+1€4~ B 7. (4.18)

Similarly if mff )(x) is a vertical shearlet molecule with regularity R, then for all N > 0 and all M < R
there is a constant C', s independent of i such that:

s , . NN
()] < Onar 2759/ min (1,27 (14 |} (14164 BSl) (4.19)

Let m,(z) = mje(z — A7/ B~‘k), where we use the notation m;,(z) = mjo(x). Then m;,(z) =
2%/2 q,(B*AVx) and
iige() =242, (€A BTY).
Thus, by direct computation, observing that (&;,&) A= B~ = (27%¢,,279 (& — £277¢1)), we have that
et e(€) = 2730 (279 Pi(&) — €27 Py(6))
ety e(€) = 2727279 Py(9),

where P,,(§) = 0y,a(n)|y=( a3 p—¢y, for n = 1,2. Similarly for higher order derivatives. Observe that, by
an argument similar to the one given above, it follows that also the functions P, (&) satisfy (4.18). Thus, for
each a = (a1, @2) € N X N, we have that for all N > 0 there is a constant Cy such that:

5 —3j 9—j(2a1+az ai : —2j —i gt~
|08 1hj,0(€)] < Cy 2729 277CmFe2) (1 4 ¢y min {1,27% A+ la™ 1 +1€A B ). (4.20)

Next, using the partial derivatives we can compute the directional derivative Dy m,,(£) in the direction 6 as
follows

Dg1nje() cos 0 g, 1vj,0(§) + sin 6 Og, 1 ¢ (§)
= 273127% P(£)cosf+ (277 sinf — £27% cos §) Py(£)

— 9737 cosf (27% Pi(&) + 277 (tan — £277) Py(©)) -



Thus we have that for all N > 0 there is a constant C such that:
1Dy o(€)] < Ciy 2739 275 (1 4 27| tan 0 — €27%]) min {1,272 (1 + &)} (14147 B~ ™", (4.21)

Similar estimates can be derived for the vertical molecules m&v)(x).
We have the following result.

Theorem 4.2. Let {1, : p € M} be a Parseval frame of shearlets. For each p € M the operator T,Sl) maps

¥, into a shearlet molecule m,, = Tlgl)’(/JM with arbitrary reqularity R, uniformly in . That is, the constant
in Definition 4.1 is independent of .

The same result holds for the vertical shearlets {77/1‘(7) i € M}. Since the argument is essentially the
same, in the following we will only examine the case of horizontal shearlets.

To prove Theorem 4.2 we need the following lemmata. We will use the notation introduced in Section 3.
In particular, d;, is given by (3.12) and VVjjE is given by (3.13).

Lemma 4.3. For z € suppo, n € W; and a = (a1, a2), we have
|3f 316; 8.0(z, ,7)| < Cap 2*(2a1+a2)j7
where Cy g s independent of x,n,j and £.

Proof. Without loss of generality, we will consider only the case n € Wj+. The case n € W™ is similar.
Since ®(x,n) is homogeneous of degree one in 7, it follows that

®(z,m) =n-V,®(z,n)

for all z and n. Also Vy®(x,n) = O(|n|*~1*1) and 7 - V%@(w, n) = 0 and . By the definition of §; ,(z,7), we
have that d; ¢(z,n) is homogeneous of degree one in 7, d; ¢(z,71,0) = 0 and 9,9, ¢(x,71,0) = 0 for all n > 0.
These equations imply that, for each n, 97 d;¢(z,m1,0) = 0 and 0,,0; ; ¢(x,n1,0) = 0. Thus, the Taylor
series expansion of §; ¢(x,n) about 7y =0 is

2
5;.0(@,m) = 02,8, 0(x, m1,0) %2 + h.odt. (4.22)
Recall that on the set Wf, we have that:
1 . 1 . 1.
— 2% <y <=2 andmy < - 20
16° =h=35° amdiR=g

Thus, using (4.22) and the homogeneity assumptions on ®, we obtain that ':

O 8(wn) = O(lmef* | ™' =) = O@279) on Wi
O, 05 01.0(w,m) = O(|ma| [n]717%) = O(2797247) on W5
9020018, (x,m) = O([n|'~172) = O(27209 =20 ) on W, for as > 2.

In the last estimate, we have used the observation that, for as > 2,
|,',]|1—O£1—(12 S I,’71|1—(11—(¥2 S C2—2(¥1j22(1—(},2)j S 02—2(11j—(12j.

Therefore:
9205 @u(@) N < 0, 272i T on Wi O

1We only need these estimates for « € supp a(qﬁ;l(x), £). Since o has compact support in z, the estimates are uniform in z.

10



Lemma 4.4. For x € suppo and w € E we have

0295 (Bule,wA?) b(w))| < Casp,

where Cy g is independent of x and p = (4,4, k).
Proof. It follows from Lemma 4.3 that

sup |6£ o 6j,g((/);1(x),wAj)‘ < Cou s (4.23)

weE, zed);l(supp o)

where C, g is independent of j and ¢. Notice that w # 0 on the set E. Also recall that o is a symbol of
order 0. Thus |8§6§‘0(¢;1(x),§)| < Cy (14 €)1l This implies that

swp  [02080(6; (2),wAT B, )| < Ch s, (4.24)

weE, w€¢;1(supp o)

where Cy, ;5 is independent of j and £. It follows from (4.23) and (4.24) that

sup
wEE, x€¢; " (supp o)

02 05 (B, wA”) b)) | < Ko,

where K, g is independent of j and 4. O

Lemma 4.5. Suppose that
fa)= [ e g de,

where A € GL,(R), k € R", F is C§° and, for all a = (a1, a2) satisfies |O¢ F(x,f)‘ < C,, where C, is
independent of €& and x. Then, for each N € N, there is a constant Cy such that, for any x € R"™, we have

[f(2)] < On (L + Az — k)[) ™. (4.25)

If, in addition,

9% F(x,€)| < Cg, where Cg is independent of & and , then

107 f(2)] < |8 Cn sup ‘(éA)fl (€4)5| (1 + Az — k)%~ (4.26)

fesupp F

In particular, Cy = Nm(R) (||1,2||OC + ||A£¢V1L||OO), where R = supp F, A¢ = S g—; is the frequency

domain Laplacian operator and m(R) is the Lebesgue measure of R.

Proof. First observe that
|f(@)] < m(R) | Foo- (4.27)

An integration by parts shows that
/R 2R A (3, €) dé = —(2m)? | Az — K[? F(2)
and thus, for every x € supp F,
(2m | Az = k)*N [ f(2)] < m(R) AN F| oo (4.28)
Using (4.27) and (4.28), we have

(1+ @ Az — k)*N) | f(2)] < m(R) (IF ]l + AV Fllsc)- (4.29)

11



Observe that, for each N € N,
1+ 2N < (14 @m)? 2[2)Y < N (1+ (2 [2])?V).

Using this last inequality and (4.29), we have that for each x € R™

[f(@)] < Nm(R) (1 + Az — k)™ (||F|loc + AV Flloc).
This proves inequality (4.25). In order to prove (4.26), observe that

W fa)= Y cay / (& A) 2miEATHR) o1 P () de.

at+y=ph "

Inequality (4.26) now follows using the same argument as above. O

We can now prove Theorem 4.2.

Proof of Theorem 4.2.
From (3.11), using the change of variables w =7 A™7, we observe that:

mua) = T0a) = 27 [T 5 o) A

231/2 / 2mi(wA? Bj ja—wk) Bz, w A7) h(w) dw
B
933/2 / 2riw(B Aa=k) 3 (1w A7) (w) dw. (4.30)
B
For u € M, let a, be defined by
my(x) = 2%/ a,(B* Az — k).

It follows from (4.30) that

au(y) =272 m, (A7 B~ (y + k) = /Eez’”“’y Bu(A™ B~ (y + k), w A) h(w) dw. (4.31)

We need to show that a,, satisfies (4.14) and (4.15).
By Lemmata 4.4 and 4.5 applied to (4.31) it follows that, for all N > 0, there is a constant Cy such that

lau(y)] < On (1 + [y~ . (4.32)
For any v = (71,72) € N x N, we have that
Oanly) = [ 97 (70 5u(47T By + k) A1) D) o
E
By applying to this expression Lemmata 4.4 and 4.5 we obtain the same estimates as a,(y), given by (4.32).

This gives (4.14).
To deduce the second estimate, let us compute the Fourier transform of a,(y), given by (4.31). We have:

(€)= /R 2 /E 3y =21 § (A B (y + k) ,w AY) (w) dw dy. (4.33)

The integral (4.33) is well defined since 3, (y,w) has compact support in y. Next set Dy = 5--8,, and observe
that

D1 e27riwy =uw e27riwy.
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Thus, using an integration by parts, we have that

0u(6) = [ [ D () DY (e, (A7 B ) 0 A1) ) dudy

/R2 /Ewl_N ™y DM (e 3 (A~ B~ (y + k),w A7) O (w) dw dy.

This expression can be written as a sum of the form

M M
(&) =Y g2 M /R IR (y)dy =) a gy 27TV (), (4.34)
=0

=0

where
Fi(y) = /E e2miew Q21 (M=1) oM=L (g, (A= B~ (y + k), w AT)) wi ™ dh(w) dw.

Observe that, in the expression above, w;' < 16 on E and [22M=D 9M=1 (g (A=J B~ (y + k),w A7)) | <
C)y uniformly. Thus, by applying Lemma 4.5, we have that for all M > 0 there is a C'y such that

Byl < Cor (1+1y2) 7
and, similarly, that for all M > 0 and all «
95 Fi(w)| < Canr (14 1)
It follows that, for all £ € supp Fy,
|(2m&)* Fi(§)] < [|0°Fi| 11 < Cla,
and, thus, for all M > 0 there is a constant Cj; such that
[Fi(&)] < On (1+1e) 7N, (4.35)

The estimate (4.15) now follows from (4.34), the binomial theorem, and (4.35). O

The following observation shows that the molecules m,,, © € M are well localized.

Proposition 4.6. Let m, = T,Sl)wﬂ, For all N € N there is a constant Cy, independent of j, €, k,x such
that
Im,.(z)| < On 23972 (1 + |B® Alx — K)|?) V. (4.36)

Further, for all 8 = (81,02) and all N € N there is a constant Ky, independent of j, 0, k,x such that
10%m,,(x)| < Oy 2%9/2 2% B1+62) (1 1| B ATz — K)|?) V. (4.37)

Proof.
To prove inequality (4.36) we apply Lemma 4.5 to the function m,(z), given by (4.30). Observe that the
assumptions of Lemma 4.5 are satisfied by Lemma 4.4. Next observe that

(w1, we)BYAY = (2% w1, 27 (w1 + wy)).
Thus, inequality (4.37) also follows from Lemmata 4.4 and 4.5 by observing that, for w € E:

(wBZAj)fl (waAj)gz < (C22%h 2J‘Bzwﬂz < 02%Bitp2)
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4.2 Almost orthogonality

While shearlets do not form an orthogonal family, they are associated to a notion of almost orthogonality.
In fact, the inner product of two shearlets 1, and 1),» exhibits an almost exponential decay as a function of
an appropriate distance defined on the indices p and g’ in M.

Given a pair of indices u = (j, 4, k) and p' = (§/,¢', k') in M, the dyadic parabolic pseudo-distance w(u, i)
is defined by:

w(p, p') =207 (1 + 270 d(p, u’)) :
where _ y
d(p, p') = 0277 = 0277 P 4 |kjo — Ky o + |ew, kjo — Ko o),

ey = (cosf,,sind),) and 0, = arctan(£277). Observe that the term [(e,,, kj¢c — K/, /)| induces a non-Euclidean
notion of distance. This definition is motivated by a similar pseudo-distance introduced by Smith [19] which
was later modified and used in the work of Candés and Demanet [2].

Proposition 4.7. For p,u',pn” puo € M, the dyadic parabolic pseudo-distance w satisfies the following
properties.

(1) Symmetry. w(p,p') ~w(p', ).
(2) Triangle Inequality. There is a constant C > 0 such that d(p, p') < Cd(p, p'") + d(p”’, u1').

(8) Composition. For every N > 0, there is a constant Cy > 0 such that

> w(up") N o, w) N < Oy w(p, )TN

/4//

(4) Invariance under Hamiltonian flows: w(p, 1') ~ w(p'(t), u(t)), where p(t) is the shearlet index p evolved
along the Hamiltonian system.

Proof. The proof follows essentially from the arguments in [2, Prop.2.2]. For brevity, in the following,
we will only indicate how to adapt those arguments to our definition.

(1.) In our definition of d, the term |27 — /277" |2 4 |k, — K o |2 is obviously symmetric. Thus we only
have to show that

e ki = Ky o) ~ K€l by = K )] (439)

Since this non-Euclidean term is defined formally as in [2], the proof of (4.38) follows verbatim as in the
proof of [2, Prop.2.2].

(2.) A direct calculation shows that:

‘kj,[ - k;/7z/|2 |kj,[ - k;///,ell + k;ll/yg// - k}/7g/|2

2 (|k],é - ‘;///’£//|2 + | ;/”,Z" - k;-;‘l,ll|2).

A

Thus, the triangle inequality certainly holds on the symmetric part of d. As above, for the non-Euclidean
term the proof follows verbatim as in [2, Prop.2.2].

(3.) The proof is again very similar to [2, Prop.2.2]. We will only indicate the minor adjustments that
are needed. In particular, using our definition of d, equation (7.4) in [2] becomes

291 291

S a2 N <O S 3 (120 (270 2k 2 k)

€=0 kez? =0 kez?
Now, arguing as in [2, Prop.2.2], we have that

271

ST 2t )N < 0220 (4.39)

{=0 keZ?
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where the subscript + denotes the positive part. The remaining part of the argument follows as in [2,
Prop.2.2]. For example (we refer there for the definition of I,,), using (4.39), the estimate for the case
0<j2<jis

Zlm < C(1420dgy)™N Z 9—(2j1—jo—j2)N 94j1—2j>
m Jj12J2

< (2 U2—d0)N (14270 dgs) N = Cw(pg, )N

(4.) This property follows from [20, p.804]. Indeed, the symmetric part of d is clearly the invariance
along the Hamiltonian flow. We only have to consider the non-Euclidean part of d. However, this term is
defined as in the curvelet case and the proof for this part is given in [20, p.804]. O

The following Propositions 4.8 and 4.9 show that the shearlet molecules, defined by Definition 4.1, form an
almost orthogonal family with respect to the dyadic parabolic pseudo-distance w. The almost orthogonality
will play a major role in the proof of Theorem 3.1.

Proposition 4.8. Let m, and m,s be two shearlet molecules with regularity R. Let j,j' > 0. For every
N < f(R), there is a constant Cy > 0 such that

[(my, my)| < Cnw(p, '),

The number f(R) increases with R and goes to infinity as R goes to infinity.

Proof. The following argument adapts some ideas from Lemma 2.3 in [2].
Consider the integral:

I(p, 1) ://]RQﬁu(fhﬁz)Pu’(fhEz)d§1 déo,

where the functions p,, pj, satisfy the estimate (4.18).
For j' > j, we split the integral as
I(/’La M/) =1 (,Uw /’6,) + I2(M7 /’Ll) + I3(IU/7 /’6,) + I4(IU/7 /’6/)’

where I corresponds to the region of integration {(&1,&2) : |&1] > 22j/}, I to the region of integration
{(&1,&) : 2% < |&] < 229}, I3 to the region of integration {(£1,&2) : 1 < [&] < 2%} and Iy to the region of
integration {(£1,&2) : 0 < |&] < 1}.
We can assume & > 0 (the case £ < 0 is similar). Using the change of variables &, = u &, we have
9-2(i+5")

Lpp') < On / / . : : : - :
22 J oo (142726, + 270 |6 — €277 &)Y (142727 & 4+ 277" € — 0277 &)

N d€2 dgl

oo poo 2-30+" ¢
Cx / / | | 2 ! . duds,
227" J oo (1427208 + 270 & |u—0273)" (14272 & + 273" & |u—£/2-7'))
oo poo 2-30+) ¢
= Oy / / - , N 7 »
220" Jmoo (142726 + 277 & ul)” (14272 & +277 & lu+ Ay )

v dudé,

-/
277 &
142-207¢,7

277¢,

T2 9ig, we can factorize

where A, v =1 273" 0277, By introducing the variables oo = and o/ =

the fraction inside the integral sign to obtain

hp) <oy [ 2780t ¢, = !
wzon [
PHHT=EN o T 270 )N (14 277 €08 o (14 afu)™ (L+ o [u+ A, )

v dudé;.

A classical estimate (see [9, Appendix K]) gives that, for a > o/, and N > 1,

e 1 1
/—oo (L+afu)™ (L4 a fu+ Ay )™ a (1+a | Ay )"
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From the definition o, for & > 2%, we have that 127" < o/ < 27", Thus, for & > 2%/, provided N > 1,
from the last inequality we obtain
> 1 1+27%
/ > <Cy a+2776) e &)
oo (Lt alful) (1+a'fu+ Ay 276

(1 + 27 A |) . (4.41)

DNdu_

If o/ > «, arguing in a similar way, we obtain that, for N > 1 and & > 2%

0o 1 1 _~_2—21/ . -
/ N NdU/SCN(ﬂi,gl) (1+2]|AP«>P/|) N.
—oo (Tt aful)” (T4 Ju+ Ay 278

Also observe that, for each N, N’ € N, we have that

/Oo N} d§; < (1 +22(j/7j))7N /°° ;N,d&
2 (14272 &)™ (14272 &)Y 229 (142720 &)

L, ON-N ., o 1
= (1422070) "o / Tre
1 1

For N’ > 1, it follows that

> 1 . S NN
_ g, < O 2% (1 4220 *J>) . 4.42
/22j’ (1+2-%" gl)N (1+2-% fl)N ( )
Thus, using (4.41) and (4.42), for a > o' > 1, we have that
I on [ 2 30+ 29 (1427 |1A, v)  d
< - - ’
1(/“’[’? 1 ) = N sz/ (1 + 2—2j é—l)N_l (1 + 2_2]/ é—l)N ( + | s b |) 51

3.1 . . ./ ./ . -N -/ -

< Oy2 20 +9) 9it2i (1 + 920 *J)) (1 4+ 97 ‘A”’”/D
I g . -N

< On220' =0 9=2N(G"=3) (1 + 97 |Au,u’|>

N

< Oy 230" 9=2NG'—j) (1427 A )" (4.43)

The same estimate holds for o/ > a.

To estimate the integral I we will use the additional factor 272N (1 4 [&])N from (4.18) (we choose
N = M). We still assume that j' > j > 1. Thus, for o > o (the case a < ¢’ is handled in a similar way)
we have:

224’

9-8G+i") ¢, 2-2'N (1 4 ¢ )N [ 1
12(,“7//[1/) S CN / &1 ( 51) / = dud&

20 (14272 )V 142726V Jooo A+ au)N 0+ Ju+ A, )
Thus, using (4.40) we have

Y] v . ./ N
924’ 2*%(]+] )51 9-2j’'N (1 +€1)N (1 + 2—2j gl) (1 + 9—2j 51)
I(p,p') < Cn , : : : : d&y
22 (14272 e)V (1+2-2¢)Y 256 1+ 272" & + 277 & A, )Y
924’ N
— Oy 2 38 92N (1+&) _de,
2 (14272 6)N T (142796 + 2776 | Ay )
L(j+35') 9—2j'N 1 2 &
< COy23lt3) 92 _ / S g
(14227 A w DN Jozs (14272 51)N 1
e y . 1 220" 92jN N
— Oy 2 2F35") 9=2i'N 92j - / e,
(L2279 Ay DY o (1+ u)N !
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Thus, observing that
922G’ =5 uN
—_dE < 220,
1 (1+u)™

we conclude that

Lu ) < COy230=9)9720" )N (1+22j_jl|Amu’|>

N

< On23U =) 270N (14 27 |A, 0]) (4.44)

To estimate the integral I5 we will use the additional factor 2-2("+9)M (1+ &)™ (notice that we choose
M # N). We still assume that j* > j > 1. Thus, for a > o' (the case o < o’ is handled in a similar way)
we have:

22 H_3 i1’ 00
2-50+i") ¢, 9-20+i)M (1 2M 1
(14272 51) (I+272¢&) (IT+au)”™ A+a |ut Ayl
Using again (4.40) we have
N
: 2 9mHGH 2 HOM (L M (14272 6) (14279 ¢))
Ii(p,p') < Cnm / ” , , ; ~ d&y
A+2-% e)V (14272 e)V 2756 (14272 & + 279 & A )Y
2% 2M
= Oy 2R 9-2GHM / (1+&) _de
7 1 (14278 T (1427 G 427 G A e)
) ( - ‘/) e '/)M 227 %M
< COnp 27272772720 / , ; dé,
L (2 Ea)Y (127 A )Y
< > 2~ M ¢M

Oy ap 272030 /

| ! dt.
12 e (12 e A )Y

Let M = 2N. Then

L(j+34") > 2 2N ¢
Ig(p,p') < COn2720F%9 / ; ” 5 d&;
1 (22N 2NN (14277 ¢ |Au,u’|)N
227 —2j/N N
< COn272 j+3])/ ; 2N 3 o ngl
1 (1+2728)7 (L+27[Auwl)
2% —2j'N ¢N
< On27 30+ / 2 ‘J & _dg,
1 (L4+27|Au )
< On2730'=0) 9=20"=N)N (1+2j|Au,u/|)7N (4.45)
To estimate the integral I; we choose M = N. Then, still assuming that j* > j > 1, we have
oo 9—3(i+i") 2(3+3)N (1 2N
Li(p, ) < On / / § 51 (1+&) du dé;
1+279 & ful)™
)2N
< Oy 230+ 920 +HN / / j (L&) dv d&;
B 0 (14 )Y
< Cy 9= 3(i+35") 9=2(j+5") (4.46)
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Combining the estimates for (4.43), (4.44), (4.45) and (4.46) we conclude that, if 7/ > j, for all N € N
there is a constant Cn such that:

—-N

I(p, ') < On 270 =N (1429 |A, o])” (4.47)

We will now deduce another estimate for the decay associated with the spatial location. We still assume
that j' > j. Recall that, for u = (j,£,k), mu(z) = m;¢(x — A~ B~'k) and 1, (€) = 1 ¢(€) e~ 2m6A "B~k
Let A = 8521 + 8522 be the frequency Laplacian operator. By (4.20), we have that for all N, M > 0 there is a
constant Cy, s such that:

272 9780+ min{1,2°2 (14164 )} min{ 1,272 (141}
(142727 |€1|+277 [€2—£277 &)V (142207 || +23" |€a—€/ 27 £1])"

& (1) 000 ©)| < Cnna (4.48)

Let D,, be the directional derivative in the direction of y, that is, tan# = 277¢. Then, using (4.21) we have
that
R _ 3. A . 9 M s _ —N
| D) 1ie(€)] < Onaar272727% min {1,279 (1+ &)} (1416477 B7)

and
" B a4 ./ . o M s _ —N
| D2 g (€)] < COnoar 278279 (14228 2) min {1,279 (14 1))} (1416477 BT)

It follows that
247
(1+2%[A 0 2
286+ min {1,229 (1 + &)} min {1,272 (1 + )}
(L4272 [+ 277 & — 0277 &)Y (14272 |G| + 279" |& — €277 &)Y

)Dﬁ (mj,e(ﬁ) T e (f)) ‘

< Cnum (4.49)

Set, A 4
. 247

L=1-2% — : D2,

(2m)2  (2m)2 (1 +229]|A, w )

Then, using (4.48) and (4.49), we have that, for all N, M > 0 and for each n < N there is a Cy s such that

2780+ min{1,272 (1416 )} min{ 1,272 (1416}
(142729 €1 |[+279 |e2—€273 1)) (14272 &1 [+277" |ea—/ 277 &)

‘L” (mj,e(f) T (5))‘ <Cn,m (4.50)

We also have that for each n € N
) , ) 24j
L™ <6727r’bf(k'j,2*kj‘1{)> — (1 4 92 ‘kj,[ _ k;,é|2 +

(1 + 22j|Awﬂ|2)

—n
eps ki — k;,e>|2) o 2wiElhi K, )

(4.51)
where kj, = A~/ B~k K= A= B=Yk’. Repeated integrations by parts give

(my,my) = /_OO /_OO i.0(€) Ty o (6) e~ 27€ =K, 1) ge e,
/_O; /_O; Lt (mjl(f)m) L (6_2”15@%4_’“;,@)) dg, dés.

Therefore, by (4.50) and (4.51) we have that for all N, M > 0 there is a constant Cy s such that:

, 94j -N
|<ml»“m#/>| < CN,M (1 + 22] |kj,£ - k;’,f|2 + (1 ¥ 22j|Au u’|2) |<€#7 kjae - k;',l>|2>

30 min{1,27% (141€a )} minf 1275 (1 4le )}
//(1+2 2j { 1 } { - } d§y d§o,

l€1]4+273 [€2—027 £, )N (142720 |&1|+2-3" |2~/ 2= &1])"
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where the integral is of the same form as I(u, ). Thus, from the last expression, using (4.47), we have that
for every N > 0 there is a constant C such that:

247

-N
—(j'=§)N 2j 2\~ 2j 2 2
|<m;umu’>| S C’N 2 ('=9) (1 +2 ! |Alhﬂl| ) (1 +2 j|kj»€ - k;,€| + (1 + 22j|Au7u’|2) |<6#’ kjuz - k;,€>| >

s ) 94i N
S CN 2 U (1 + 22J (|A#7#/|2 + |kj7[ - k;',l|2) + (1 + 22j|A ,|2) ‘<6H’ kjl - k;’,[>|2)
[

i : -N
< On2 VIV (14 2% (|80 P+ LRy — K5 ol + [ews e — K5 001))

In the last step we have used the observation that

j ; 2% e, kjo — K, )]
27 e kje— K o)l = 14224, 1+ 29|A ]7|2
Hop!

2% (e, kje — k‘},e>l2>

IN

Cl(1+2%|A, 17 :
(( + 27 A7) + 1+ 2%|A,, 2
The case j' < j is symmetric to 7 < j’ and follows easily from the estimates above. O

The almost orthogonality of shearlets molecules extends to the situation where there are both vertical and
horizontal molecules. The case where both shearlet molecules are of vertical type follows easily by adapting
Proposition 4.8. The case where one molecule is horizontal and the other one is vertical is proved by the
following proposition.

Proposition 4.9. Let m, and mfﬁ) be a horizontal and a shearlet molecules with reqularity R, respectively.
Let j,j' > 0. For every N < f(R), there is a constant Cy > 0 such that

[(mp, mi))| < O (g, )™,
The number f(R) increases with R and goes to infinity as R goes to infinity.

Proof. Consider the integral:
I(Haﬂ/):// ]5#(51752)1327)(51752)6151 d&a,
R2

where the functions p,, and ;[)I(zf) satisfy the estimates (4.18) and (4.19), respectively. It will be sufficient to
estimate the integral in the region I' = {|&2| < |£1|}. The estimate in the complementary region follows by
interchanging the roles of &1 and &;.

As in the proof of Proposition 4.8, for j' > j, we split the integral as

I(ps ') = o (o i) + T ') + Is (o ') + Lapas ).
Our estimates will make use of the following inequality, valid for |al, [b] < 1:
|1 —ab| > |a—0l. (4.52)

Observe that, unlike Proposition 4.8 the case j/ < j is not symmetric to the case j > j' and will be
discussed later.
For & > 0 (the case & < 0 is similar), using the change of variables & = u&; we have:

L) < C /Oo /Oo 220" déy de
1\ > N - - - - - - 2
223 J oo (142726 + 277 |6 — 0275 &)Y (1+ 272" |&] + 277" |6 — 029" &)Y '
[e'e] [e'e} 2*§ jJFj/)
2o (142721 ) 4270 &y |u — 029N <1 + 272" &y fu| + 27250 &y |u — 2%|>

IN

o /°° 2-3G+" ¢ /oo 1 du de
- U ,
N o M+ 2725608 | (1 y afu— 279 (1 + o'fu— 025N !
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where a = % and o/ =272 0 ¢&.
If « > o/, using (4.40) and (4.52) we have

, oo 9—-30+i") 9J
L) < CN/ ) — . gy
(1 427%e) 1+2_2j/£’§1|%_€2_j|>
o o0 92— 3(i+35") ”
= N - — : : : 1
22 (1+2-2¢) N (14277 g1 — 023" 02-3)N
oo 9—3(+34")
S CN TN d§1

227 (14 27276)N (14279 |0 277" — £277))

On (1497 |0o-7 —gpapv [T 230D

< N + = )T / S . o . \N—1 1
220’ (1+2-2¢)" !

< Cn 93’ —4) 925" ~)(N-2) (1+ 97’ 4 9-3" _ 62_j\)_N.

If & < o/, using (4.40) and (4.52) we have

o0 9-30+5")
hip,u') < Cn /2,, ~ . p S

229 (1 4 9-2g)N o <1+a 2 —£2—j|)
oo 2-30+) g

< Cx , : — d§
22 (1+2-26)N o (L+ a2 — 2=V
oo 9—3(+34")

< C1N Nd§1

220 (14+2-20€) N1 (1420 |23 — £2-3))
< Oy2730'=0) 9-20"-DH(N-2) (1420|0277 —g27i)~N.
For I, when & > 0, using the change of variables £&; = u&; we have:

22’

2-30+i) 2=2'N (1 4 &)V

Bui) < oy [ ] 4 4 4 : _ ey ds
2 Jil<e (142726 +279 | — 02776 (14272 6] + 279 |6 — 0277 &))"
25" L .
< Oy / 2 / | 273010 627N (14 &afu))™ du dg,
- 2 Ja (14272 +270 G u— 027N (14279 &1 — 0 2-3" u))N
< Oy /22j 2730+ ¢, 272N (1 4 & |ul)Y /°° : du d&;
- 22 (1+2726)N oo (1+alu—02-i)N (14 o/ ju — 2= )Y ’
22]'/ 8y AN o9 o
2-2(+s") N+ 9-2j'N 1
< Oy / L / : — dudé,.
22 (1+27%&)N oo (T4 afu— 2= 1+ o/ ju— 2= YN '

Now we proceed as for I;. When « > o, using (4.40) and (4.52), and then proceeding as in Proposition 4.7
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we have:

22j' B o .
9—5(+i") ¢N 9—-2i'N 9j
L(p,p') < Cn [ 3 - w d&1
229 (1 4 9-2¢ )N (1+2f2j’ aAcs ,m,”)
22

2-3(+35") ¢N 9=2'N
22 (142720 N (14279 & |02 — £2-3))
sy R S\ it
< COn 273030 (14220 |27 — 82_J|)_N/ I—I\H dg
22 (142720&;)
< Cn2720) 270N (1 4 9 ¢ 277" — go7I|) =N,

IN

Cn

N dgl

The case where o < o is similar.
The integrals I3 and I, are treated as in Proposition 4.7.
We next consider the case j' < j.
For & > 0 (the case & < 0 is similar), using the change of variables & = w&; and (4.52) we have:

nww) < on [ 2 U du d
) < Cn / / , ; , ” " " udgy
25 Jooo (142726 + 277 & |u—0279)N (14 220" & |u| + 279" & |1 — 02-3 u|)™
- 2-30+i" ¢,

CN/ / | | ‘ | | dudg,
22i Jju|>172 (14 2729 §1+2*J§1|u—€2*J\)N (1+2*2ﬂ’§1+2*J’§1\u—€/2*3’|)N

%) 2—%(j+j/) 51
+CN / / : ] N -, - - N dUdgl
227 J|u|<1/2 (1 4272 51 + 277 £1|U, — 62_]|) (1 422 £1|u| + 2= §1 |1 — V12— u|)
Observe that the first of the two integrals in the last sum can be estimated similarly to the integral I; in
Proposition 4.7. Since |u| < 1/2 (and, thus, |1 — #2797 u| > 1/2), the second integral is controlled by
o 2-30+i) ¢, i - oy
Cx , yda < Oy [ R Vg,
o2 (142726)Y (14277 &)Y i (L+y)N
< Oy 93(5i=3§") 9= (=i )N 9—jN
For I, when & > 0, using the change of variables £&; = u&; we have:
92j 1 CB(aia it Y
9-50+i") ¢, 272N (1 1+ &, |u|)N
) < O [ f — a2 7 Uralul) L dudg,
22 Jo1 (142728 +277&|u—£279])" (14272 &lu| + 279 &)1 — /279" u)

229 9—5(j+i") 9—2iN g{VJrl

IA

Cn / : : ‘ , _dude
25 Jizjulz1/2 (14277 &lu— 027N (14272 & + 277" & |u— 02-7|) '

L /22j / 9-3(+i") 9=2N ¢N+1
N ; ; ; , , ,

225" J|u|<1/2 (1 422 §1 + 27 §1|u — 42— |)N (1 4 2-25 §1|U| + 27 51 ‘1 — 6/273,u|)N
Observe that the first of the two integrals in the last sum can now be estimated similarly to the integral I,
case j' > j. Since |u| < 1/2 (and, thus, |1 — 277 u| > 1/2), the second integral is controlled by

925 B0l o_os N+1

9—5(+i") 9—=2jN ¢N+

e [ — g
225" (1+277&)

du dé,

25
iy 2~ 2353 9~(@i=3)N /2 y" !
925 (14+y)N

< Oy 2:Biti) 9=(i—=i")N 9=iN

dy

The integrals I3 and I are treated in a similar way.

The remaining part of the proof, involving the estimate for the spatial decay, is very similar to the one
in Proposition 4.8. O
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4.3 Analysis of the operator T,EQ)

To analyze the operator bel) in Section 4.1 we have taken advantage of the compact frequency support of

the shearlets {1, : p € M}. In contrast, to analyze the operator 7, ,52) it will be convenient to introduce a
family of shearlet-like functions with compact support in the space domain. Using this analyzing family, it
will be possible to introduce an atomic decomposition

f@) =Y vupul@),

for functions f € L?(R?), where the shearlet atoms p, have compact support and satisfy certain regularity
and vanishing moments conditions. Their precise definition will be given after Proposition 4.18. Recall that
the notion of atomic decomposition is standard in harmonic analysis (see, for example, [8]).

We have the following result.

Theorem 4.10. Let {p, : pf € M} be a family of shearlet atoms with regularity R. For each ' € M, the
operator T,Ez) maps pys into a shearlet atom my, () with the same regularity R, uniformly over uw e M.

As in Theorem 3.1, for each 1 € M, the function h,, is a bijective mapping on M. The precise definition
of h will be given later in this section.

We will construct a family of shearlet-like functions with compact support of the form

Vast(x) = |det Ag| V2 (A7 BT (2 — 1),

oo ) 5o

and a, s,t are continuous parameters satisfying: 0 < a < 1, |s|] < 2, t € R. Notice that, in the Fourier
domain, 1, (€) = a®/* e 2™t h(¢B, A,). The following construction adapts several ideas from H. Smith
[19].

where

Definition 4.11. We say that a Schwartz function ¢ has k vanishing moments in the x1 direction if ¢ can
be expressed as

¢(x) = 0y, 6(x)

for some other Schwartz function ¢.

Observe that if ¢ has a certain number of vanishing moments in the z; direction, then é(g) = (2772'51)’“(/;(5),
and, thus, 5(0,52) = 0. This shows that gﬁ({) is concentrated along the £; axis way from the origin. As a
consequence, gZA)(gBSAa) is concentrated in elongated regions, symmetric with respect to the origin, along the
direction &, = s&;. These regions become increasingly elongated as a — 0.

Let p(z) be a Schwartz function with & vanishing moments in the z; direction. That is

wa) = 0y, ¢(),

where ¢ is another Schwartz function. We assume that qg(il, 0) # 0.
We use the notation
o) = a=2u( A7 0) = a2 (a1, 07V 20)
and
tas () = a_?’/zu(AngS_lx) = pg (21 — ST2,22) = a_3/2u(a_1(x1 — 8.272)7@_1/2.’172)

Since f1(¢) = (27i&;)Fp(€), it follows that

f1a(€) = [1(€A,) = fi(a&y, a'/?&) = (2mia&y)F d(aky, a'/?E),
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and

fias(€) = (EBsA,) = fuaky, a/? (o — s€1)) = (2mia&y)* d(a&i,a'/? (& — s&1)).

2 41 da
= -85 22
3 /_2/0 a7 |fias(§)] a ds,

and I' be the region in the frequency plane:

Let

- {(ghf?) S RQ . |§1| Z 11

@gl}
&
Lemma 4.12. For each £ €T and k > /2, we have that

B—2k
[t mr L <cge (1+5250)
a<l |§|

Proof. Since ¢ is a Schwartz function, for any N > 0 we have:

‘Qg(aflax/a&)‘ <Oy (T+al&]+ \/&|§2|)7N

This implies that
~ — —N/2
(@) < Cx la& [ (1+ale)™ (1 +al?) ™.

Using the last inequality and the change of variables u = a |¢|, it follows that

B~ o da 8 2%—B N ( |52|2)_N/2 da
| i@PE < ovlel [ @ (ale)™ (1+algt2 -
2\ —N/2
= One)f =01 <1 |£2|) du. 4.53
vl [ s (el : (15)

Using the change of variables v = u Lol

61 e da o ( | )2’“‘5< |§|) w2 dv
/a<1a |10 (€] 0 < Cnlé /v<§22 ‘£2|2 L+w |£2|2 (1+wv) .

2k—3
< ol (idp) [ 0" ae

< Cle? < d >2kﬁ (4.54)
- &2[? ’

where, in the last inequality, we have used k > (3/2 and N large. We still have to consider the case £&; = 0.
However, it is easy to see from (4.53) that, for all £ € T,

# 0, we have

d
| lin©r G < clel (4.55)

Thus, the Lemma follows from (4.54) and (4.55). O
Lemma 4.13. For each £ €T and k > (34 1/2), we have that

d
/ / 0 (@) % s < 0 jeP 2,
|s|<2 Ja<1 a

where C' > 0 is independent of €.
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Proof. Using Lemma 4.12, we have that

I da 4 da
/ 0 s (62 20 = / 0 ia(€B)2 2
a<1 a a<1 a

€81\
< CleBJ? <1+ el (5 ) (4.56)
Since |s| < 2, then [€B| ~ |£]. Also, for £ € T and |s| < 2, we have
(LeBklY"_ st EF e
| Bs| G+ E—s6)? 1+ (— —5)2 @ .

Thus, from (4.56) we have that

[P ator & <l (1416 (5 - S ws7)

Using (4.57) and the change of variables ¢ = |¢|'/2 ( — s), it follows that for £ € T and k > (8 + 1/2):

2da o B2k
[ i <ol [ (vl (g-0))  as
Is|<2 Ja<1 s|<2
_ B—2k
< Clefiel 1/2/]R(1+t?) s
< ClfFYR o

Lemma 4.14. Assume that ¢(£1,0) # 0. Then, for each £ € T
ps(€) > Cl¢[P~1/2,
where C' > 0 is independent of €.

Proof. We will only consider the case & > 0, under the assumption that cf)(l,()) # 0. The situation
where £ < 0 is treated in a similar way, using the assumption that ¢(—1,0) # 0.
Using the change of variables u = a £;, we have

p® = [ [ e bt vae - sa) T ds
= [ e e v (& - e s

Since ¢(1,0) # 0, we can find a § > 0 such that ¢(wy,ws) > C > 0 for |wy — 1| < 8, |ws| < 8. Since £ €T,
then & > 1 and therefore, by (4.57), we have

1
d
g=cwe [ [ wrtas

where Es = {s: |s| < 2, s — %‘ < C(9) _1/2} with m(E5) > C(9) 1_1/2. Thus, it follows that p(§) >
Ce P frcer. O

We can show that there choices of ¢ such that, for { € I and k > 1(8+1/2),

Cy €172 < pp(€) < Co[€°7 12,
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for C,Cy > 0. In fact, let

- 171%2, if |t < 1/4
= 16
0, if [t > 1/4,

and define ¢(x1,x2) = ¥(x1) ¥(z2). Then it is easy to verify that
(i) ¢ € S(R?);
(i) supp¢ C [~ 1/%
(i) @(£1,0) # 0.
To verify (iii) observe that

) o 1/4 ' 1/4
$(1,0) = $(1)(0) = / emityyd [ (e de

—1/4 —1/4

1/4 1/4
= / cos(2nt) ¥(t) dt Y(t) dt # 0.

—1/4 —1/4
Lemma 4.15. For each { € T and k > 3(3+ 1/2), we have

1 el

|0g ps(&)] < ClEP ==,
where C' > 0 is independent of €.

Proof. By direct calculation:

2 d
O, o) = /| . [, (s vale - sa)l) Las

This show that Jg, ps(§) behaves essentially as pg_1/2(£) and, by Lemma 4.13,

10, ps (&) < C[€]°71, for € €T,
provided k > (ﬁ + 1/2). By repeating the partial integration we have that

108 ps(&)] < Cl¢P~ T2 for ¢ €T

In order to estimate the partial derivative with respect to &1, it will be useful to write the function pg(¢) in
the following form. For £ > 0 (the case £ < 0 is similar), using the change of variables a&; = u, we have

/|<2/ P (a6 |, va (e — se) = ds

s 2%—B 17 138 2du
b € et

From the last expression a direct computation gives

e, pp(&) = 11(§) + 12(8) + I3(8),

ps(§)

where
ne = sd [ /j(uf’c-@$<u,ués%<§2—sgl>>|2‘ﬁ‘ds;
L = & / (€% 1660 (2 — sea) T
1) = /|/ W0, (160, %é(?—sam)a& (e (@ —se) Las



Since I1(€) = B&7 pa(€), then, by Lemma 4.13, |I,(€)] < C[¢]P~271 for € € . Also, since ¢ € S(R?), we
certainly have that I satisfies the same type of decay. Thus, it only remains to control I3. After computing
the partial derivative with respect to &; inside the integral in I3, we can write

I3(8) = I31(§) + 13,2(8),

where

&1 . . o .
faalt) = 5'16 />|<2/ (u)%_ﬁ n, (|¢( Eff(% _551))|2> u2§; ? (Z —351) Zuds;

1
5
ha© = & [ / 00l €2 - sc)P) (‘““>> W s

Using the change of variables u = a&;, we have that

I5a(6) = 5 &7 /|/ P (06 0y, (|6(ats, Va (e —s&)P) Va(e - s€) s,

which shows that I31(£) behaves like 3 &' ps(€) and thus |5 1(¢)| < C |£]F~2~1 for € € T. Similarly, using
the change of variables u = a&;, we have that

TE: / / P (0672 0,, (10ags, Va6 — se)?) s,
|s|<2
which behaves like — 53/2 pp(€) (with k replaced by k+1/4). Thus |I51(€)| < C |¢€|?~2~2 for £ € T. Therefore,
by combining the estimated for I1(§), I2(§) and I5(§), we have that, for £ € T,

_1_1
|0, pa()| < Cl¢)°727 2,
The proof is completed by repeating the partial integration. O

We can now prove the following result, which is similar to [19, Lemma 2.11].

Proposition 4.16. Let ¢ be a Schwartz obeying 1&(:|:1, 0) # 0 and having at least one vanishing moment in
the x1 direction. Then there is a function q(£) such that the following formula holds

o0 [ ] e fiesaf

—ds=1, for§el.
a
q(&) is a smooth function satisfying |0%q(§)| < C |§|_% onT.
Proof. Observe that

z<g>:[9|§2/aS1a3/2 beB.a)| ds—/|<2/<1 a7 |i(eB.A)

Thus, by Lemmata 4.13 and 4.14, there are constants Cy,Cs > 0 such that

¢ da dS = p1/2(§)-

Cl < I(&) < C27 for 5 € F)
provided k > 1/2. Thus, for £ € T, the function

1

q(§) = ®
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is well defined and smooth. Observe that
I, (€) 21(8) 12.(§) — Ie,e. (§) T7(€)
1(6)*’ 1(§)* ’

and so on for higher order derivatives. The estimate on [0%¢(£)| then follows by applying Lemma 4.15 with
B=1/2. O

e, q(&) = — 02 q(&) = i=1,2

There many choices of v satisfying the assumptions of Proposition 4.16. In the following, we will choose
1) of the form

(21, 22) = Y1(21) P2(22),

where 11, and 1y are C°° functions with compact support, satisfying supp ¢, supp 12 C [0,1]. In addition,
we assume that v has vanishing moments up to order R, that is,

/wl(x)xkd:v:O, k=0,1,...,R.
R

We thus obtain the following reproducing formula.

Proposition 4.17. Suppose thatf vanishes outside I'. Then we have the reproducing formula

fl@ —/R2/|<2 /<1 D) f, bast) Vast(z )df,f ds dt, (4.58)

where (q(D)f)" (&) = q(€) f(€) and Yast(z) = a=3/*h(A; Bz — t)).
Proof. Using Proposition 4.16 we have:

/R2/|<2 /<1 (/RQ F(&)d(EB, A, i€ d£> V(AT BT (2 — 1)) dig’dsdt
:/ ! (5)/ < / ( / 62“‘“1/}<A;1351<x—t>>dt) 0(€) P(EBA) S dsde

g dsd
T g = f(z). O

I
\

The reproducing formula (4.58) can be written as an atomic decomposition where the integral is broken
into several components associated with distinct regions. For u = (4, ¢, k), let

Qu={(a,s,t): 27200 < g < 27% 2771 <5< ({4+1)279, AVB™% € [ky, k1 + 1) X [ko, k2 + 1)}
Observe that the sets @, are disjoint and [, U?:_l;]lﬂ Uko kyezz @u = {(a;s,8) ra < 1,[s| <2t € R2}.

Then, by breaking the integral (4.58) into components arising from different cells @, we have:

29+ 1

D=y D> > vur), (4.59)

§204=—2i+1 (kg ,ko)EZ2
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where

)= [ vt Bt = ([ 101007 )
Also observe that
Jf] Sty

a,(x) =273 p(A7TB (x4 k) =272 p,(B; A7 (z + k).

Define the functions a, by:

They satisfy the following properties:

Proposition 4.18. For all u, the function o, satisfy the following properties:

(i) Compact support: supp v, C C[—1,1]%, where C is independent of j and f.

(i) Regularity: for each B = (B1, B2), there is a constant Cg independent of p and f such that

lafau(xﬂ < Cp.
(iii) Vanishing moments along the x1 direction: for alln =0,1,..., R,

/ au(x1,x2) 2t dey = 0.
R

We will refer to the elements «, satisfying (i)-(iii) as atoms with regularity R. The corresponding
functions p,,, given by

pu(z) = 237 o, (Bt Al — k)

will be referred to as shearlet atoms with regularity R. It is an easy exercise to verify that a shearlet atom
is also a shearlet molecule, according to Definition 4.1.

Proof of Proposition 4.18.
(i) By direct computation we have

()

/// D) f,tast) 272 a3 (AL B (Bre AT (@ + k) — H) 94 s dt

- /// D) f, ast) | det M|~ (M~ (x*(T*k))@dsdt

where 7 = BMA*jt = A9 B~*t and

1 1p-1 j 1p-1 , a127% —am27 (s +£27)
M~ =A, "B, B /A7 =A, BiiinA )= ‘
0 a=1/?273

Observe that, for ¢t € Q,, then 7 € [ki, k1 + 1) X [k2, ks 4+ 1) and, thus, suppy(M*(z — (1 — k)) C
supp (M ~1z) + [~1,1]2. In addition, since 9 is compactly supported with support on the set [0,1]2, over
the region @, we have that supp (M ~1z) C M [-1,1]? C [c1, c2) X [d1, d2), where ¢1, ¢a, d1, d2 are constants
independent of j and ¢. This shows that ., u(x) is compactly supported.
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(ii) By the Cauchy—Schwarz inequality

@l < g [ [ D) et a7 i s
< Wi ([, 1t Basa) " ([[[ s Basa)
< %(24—1>||w||m,

where we have used the fact that |det M|~! <1 for (a,s,t) € Q,. Estimates for the derivatives of «,, are
obtained in a similar way.
(iii) By the assumptions on 1, we have that

/w(xl,xg)xf’dml =0, n=0,1,...,R,
R

and, more generally, by changing the variable z; into y = ¢ 1 +d 22 and expanding the polynomial (y—d x2)*,
we have:

/¢(cx1+dz2,x2)x?dz1 =0, n=0,1,...,R.
R

In particular, since M is an upper triangular matrix, the last equality implies that
/1/1 x)axtdry =0, n=0,1,...,R. (4.60)
Using the Cauchy—Schwarz inequality we have that:

au( )t day

/// D)t 140t M1 [ 0874~ - 0 i
< (] o o) (/// e

and this expression is equal to zero for n =0,1,..., R by (4.60). O
Proof of Theorem 4.10

IN

5 1/2
d—g ds dt) ,
a

/ b(M — k)% day

Using the notation introduced above, we have that
§ -/ ’ -/
pur(@) = 28 0, (BY 47 (2 — ),

where k, = A" B!k and a, () satisfies Proposition 4.18. By expanding the function ¢, about the point
Yo = ¢ k), we can write ¢, (x) as

Gu(®) =k + Ly (T = Yppr) + 9(T — Ypup)s

where L, v = Vé,(yu,v) and g is a C* function (with g(z) = 2%¢'(z), and ¢’ is a C* function). Thus,
with this notation:

3.7 ’ -/
T2 () = pur(8(@)) = 28 g (BY A (L (2 = ) + 90 = )

which shows that the function T,SQ) pu () is centered about the point y,, ..
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Without loss of generality we can assume that y, , = 0. For simplicity let us assume for now that
L, . =1, so that

3 5/

pu(8(a)) =2 a0 (B 47 (@ + g(@))) = 287 6,(B" AT ),

where 6, (x) = o (x + BYAY g(A=3' B=Y1)). The general case L, v # I will be examined later.

By Proposition 4.18, suppa,, C C[—1,1], for some constant C' > 0. Therefore, for each j’,¢, the
support of 3, is contained on a box of side length C'. In particular, the support conditions imply that over
the support of p,s o ¢,:

2| <0279 g(x)| < C27%, |97g(z)| < C, 277, for |y =1, [87g(x)| < O, for |y| > 1.
This implies that, over the support of p,s o ¢,, (in particular, for |z| < C), for each 7:
|BY A7 97g(A™' B~ 2)|| < C,.
This observation together with part (ii) of Proposition 4.18 implies that
|07 By ()| < Cy.

We will now examine the frequency decay of p, o ¢,,. Using the change of variables z = ¢ !(y) (hence:

o
dy
dx = ‘J(¢;1(y))|), we have that

(P © ¢u)" (&)

[ o)) da

_ —2mig; (W)€, dy
/e o) T

/ Se(y) p (y) dy, (4.61)

e,zww;l(y)&
where S¢(y) = =T

all j/,¢. Thus, by the assumptions on ®, over the support of p,/(y) we have that

. Recall that the function p,/(y) is supported over a compact set, uniformly for

1Se(y) < C,

and, more generally, for all m > 0,

07" Se(y)| < Cry (14 1€])™
By expanding S¢(y1,y2) as a Taylor series about the point y; = 0, from the equation (4.61) we have

orS O
(pur © dp)" Z/ & o) (/y{C puf(yhyz)dm) dy2+//Ef(yhm)ﬂw(th)dyl dy2, (4.62)

where Ee¢(y1,92) = Se(y1,92) = 2pen = 2 Sg(O,yz) y¥. By part (iii) of Proposition 4.18, we have that
/ylfpu’(ylvy2)dy1:0, k=0,1,...,R.

In fact p,(y) = 227" o, (B A7 (y—k,+)) and the upper triangular matrix B¢ A7" does not affect the vanishing
moments. Next observe that, on the support of p,/ (where |y;| < 2_2j/):

|Be(y1,y2)| < Cn (1+ [€)N 275N,
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Thus, using these observations, from (4.62) we have:
(o © 6) " (€)] < Oy (1 + )N 272" N3d 9780 < Oy 2757 272N (1.4 [g))V. (4.63)

Thus, we have shown that, for L, ,» = I, the operator T,SQ) maps the atom p,s into another atom of same
regularity having the same scale and orientation. Its original location %, has been changed to y, .

Let us examine now what happens when L, , is included in the computation. In this case (still assuming
Yuw = 0) we have that

pu (Du(x)) = My (Ly ),

where » o,
my(w) =28 0 (B4 (24 g(2)) . 3le) = (L L),
Observe that L;l is uniformly bounded by (3.9). Therefore it follows from the estimates deduced above in

the case L, ,» = I that m, is also a shearlet atom.

Thus, the operator T,SZ) maps the atom p,/, centered at (k,/, &, ) in the phase space into another atom
of same regularity centered at (v, 7, &, Ly,u). This induces the bijective index mapping h,, on M

T2 p(x) = pu (D () = pn,uy (@) O

Remark 4.1. Recall the canonical transformation associated with the phase ®(z, &) of the Fourier Integral
Operator T

Using the notation introduced above, let ¢, (x) = Ve®(x,§,) and ¢, (yu,w) = k. Since ®(z,§) is homoge-
neous of degree one in &, then

‘1)(.13,5) = £V§(I)(1‘,f)

and

Using these observations and the definition of L, ,,» we have that

Ve@(ku&u) = Su(Ypup) =k,
Ve®(ku,8u) = &uVaVeP(kur, ) = &u Ly

This shows that the action of the operator T,SQ) on the phase space coordinates of the shearlet atom p,
corresponds in fact to the canonical transformation:

(ku’v@’) - (ymu’vfu Lu,u’)-

That is, the index mapping h, on M is a bijective mapping induced by the canonical transformation. As
shown by H. Smith in [19, Lemma 2.2], this map preserves the parabolic pseudo-distance.

Also observe that the dependence of ¢, upon p is not essential in the proof of Theorem 4.10. The only
property that was used is that the derivatives of ¢, are bounded uniformly with respect to .

4.4 Proof of Main Theorem

We can now prove Theorem 3.1.
Let 9., and 9, be two fixed shearlets. Without loss of generality, let us assume that they are both
horizontal shearlets.
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By Theorem 4.2, m,, = T,Ei) ¥y, is a shearlet molecule. Also observe that, using the atomic decomposi-
tion (4.59), we can expand ¢, as a superposition of (horizontal) shearlet atoms p,,

where

n = Z Cu pa P
w

1/2
o= ([, 100t )

Therefore, using these observations and Theorem 4.10 we have that

W Te) = (U, TOT )

where mj, , is a shearlet molecule and h=h1

(T2)r %T“ )
= ZCH #1 p#’7muo>

= § :Clt/7H1 mﬁuo(;ﬂ)7mﬂo>?
w

that for every N > 0, there is a constant C'y such that:

lewr | < Cnw (! ).

(4.64)

is the inverse of the bijective index mapping h. Next observe

This follows by discretizing the integral (4.64) and noticing that, since ¢(§) and all its derivatives are bounded
(see Proposition 4.16), the argument of Proposition 4.8 can be applied to this integral.

By Proposition 4.7, the distance w is invariant under the bijective index mapping h,, induced by the
canonical transformation: w(pu, 1') ~ w(hy, (1), by, (1)), uniformly over py € M. Therefore, using Proposi-
tions 4.7 and 4.8, we have that for every N > 0, there is a constant C such that:

|<wH17T’(/)MU>| S

IA

IN

IN

IN
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